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Abstract

We list the so-called Askey-scheme of hypergeometric orthogonal polynomials and we give a ¢-
analogue of this scheme containing basic hypergeometric orthogonal polynomials.

In chapter 1 we give the definition, the orthogonality relation, the three term recurrence rela-
tion, the second order differential or difference equation, the forward and backward shift operator,
the Rodrigues-type formula and generating functions of all classes of orthogonal polynomials in
this scheme.

In chapter 2 we give the limit relations between different classes of orthogonal polynomials
listed in the Askey-scheme.

In chapter 3 we list the g-analogues of the polynomials in the Askey-scheme. We give their
definition, orthogonality relation, three term recurrence relation, second order difference equation,
forward and backward shift operator, Rodrigues-type formula and generating functions.

In chapter 4 we give the limit relations between those basic hypergeometric orthogonal poly-
nomials.

Finally, in chapter 5 we point out how the ‘classical’ hypergeometric orthogonal polynomials
of the Askey-scheme can be obtained from their g-analogues.
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Preface

This report deals with orthogonal polynomials appearing in the so-called Askey-scheme of hyper-
geometric orthogonal polynomials and their g-analogues. Most formulas listed in this report can
be found somewhere in the literature, but a handbook containing all these formulas did not exist.
We collected known formulas for these hypergeometric orthogonal polynomials and we arranged
them into the Askey-scheme and into a g-analogue of this scheme which we called the g-scheme.
This g-scheme was not completely documented in the literature. So we filled in some gaps in order
to get some sort of ‘complete’ scheme of g-hypergeometric orthogonal polynomials.

In chapter 0 we give some general definitions and formulas which can be used to transform
several formulas into different forms of the same formula. In the other chapters we used the most
common notations, but sometimes we had to change some notations in order to be consistent.

For each family of orthogonal polynomials listed in this report we give conditions on the pa-
rameters for which the corresponding weight function is positive. These conditions are mentioned
in the orthogonality relations. We remark that many of these orthogonal polynomials are still
polynomials for other values of the parameters and that they can be defined for other values as
well. That is why we gave no restrictions in the definitions. As pointed out in chapter 0 some
definitions can be transformed into different forms so that they are valid for some values of the
parameters for which the given form has no meaning. Other formulas, such as the generating
functions, are only valid for some special values of parameters and arguments. These conditions
are mostly left out in this report.

We are aware of the fact that this report is by no means a full description of all that is known
about (basic) hypergeometric orthogonal polynomials. More on each listed family of orthogonal
polynomials can be found in the articles and books to which we refer.

Roelof Koekoek and René F. Swarttouw.

Roelof Koekoek René F. Swarttouw
Delft University of Technology Free University of Amsterdam
Faculty of Technical Mathematics and Informatics  Faculty of Mathematics and Informatics
Mekelweg 4 De Boelelaan 1081
2628 CD Delft 1081 HV Amsterdam
The Netherlands The Netherlands
koekoek@twi.tudelft.nl rene@cs.vu.nl
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Definitions and miscellaneous
formulas

0.1 Introduction

In this report we will list all known sets of orthogonal polynomials which can be defined in terms
of a hypergeometric function or a basic hypergeometric function.

In the first part of the report we give a description of all classical hypergeometric orthogonal
polynomials which appear in the so-called Askey-scheme. We give definitions, orthogonality re-
lations, three term recurrence relations, second order differential or difference equations, forward
and backward shift operators, Rodrigues-type formulas and generating functions for all families of
orthogonal polynomials listed in this Askey-scheme of hypergeometric orthogonal polynomials.

In the second part we obtain a g-analogue of this scheme. We give definitions, orthogonality
relations, three term recurrence relations, second order difference equations, forward and backward
shift operators, Rodrigues-type formulas and generating functions for all known g-analogues of the
hypergeometric orthogonal polynomials listed in the Askey-scheme.

Further we give limit relations between different families of orthogonal polynomials in both
schemes and we point out how to obtain the classical hypergeometric orthogonal polynomials from
their g-analogues.

The theory of g-analogues or g-extensions of classical formulas and functions is based on the
observation that

. 1—q"
lim =«
=1 1—gq

Therefore the number (1 — ¢%)/(1 — ¢) is sometimes called the basic number [«].
Now we can give a g-analogue of the Pochhammer-symbol (a); which is defined by

(a)o:=1 and (a)y :==ala+1)(a+2)---(a+k—-1), k=1,2,3,....
This g-extension is given by
(a;q)O =1 and (CL, Q)k = (1 - a)(l - GQ)(l - a'q2) e (1 - aqk_l)v k= 172a37 R

It is clear that ()
. 459k
{55 =

In this report we will always assume that 0 < ¢ < 1.

For more details concerning the g-theory the reader is referred to the book [193] by G. Gasper
and M. Rahman.

Since many formulas given in this report can be reformulated in many different ways we will
give a selection of formulas , which can be used to obtain other forms of definitions, orthogonality
relations and generating functions.

Most of these formulas given in this chapter can be found in [193].

We remark that in orthogonality relations we often have to add some condition(s) on the
parameters of the orthogonal polynomials involved in order to have positive weight functions. By



using the famous theorem of Favard these conditions can also be obtained from the three term
recurrence relation.

In some cases, however, some conditions on the parameters may be needed in other formulas
too. For instance, the definition (1.11.1) of the Laguerre polynomials has no meaning for negative
integer values of the parameter a. But in fact the Laguerre polynomials are also polynomials in
the parameter a. This can be seen by writing

n

(@) () =
L nz

k=0

—_

a—l—k—i—l)n L

In this way the Laguerre polynomials are defined for all values of the parameter a.
A similar remark holds for the Jacobi polynomials given by (1.8.1). We may also write (see
section 0.4 for the definition of the hypergeometric function o F})

n (B4 1)y P <n,n+a+ﬂ+1'l+x)
I E—] )

PO () = (-1)" 511 5

which implies the well-known symmetry relation
PE(w) = (~1)" P (~a).

Even more general we have

@)y _ Ly
PP (g nZ::

From this form it is clear that the Jacobi polynomials can be defined for all values of the parameters
a and (3 although the definition (1.8.1) is not valid for negative integer values of the parameter «.
We will not indicate these difficulties in each formula.
Finally, we remark that in each recurrence relation listed in this report, except for (1.8.34) and
(1.8.36) for the Chebyshev polynomials of the first kind, we may use P_i(z) = 0 and Py(z) = 1
as initial conditions.

k
E(n+at B+ ila +k+1>n_k(1;x> :

0.2 The ¢g-shifted factorials

The symbols (a; q) defined in the preceding section are called ¢-shifted factorials. They can also
be defined for negative values of k as

1
T @U—ag (T —ag2) - (1 - agF)’

Now we have

(a;Q)k : a#q,¢% ¢ ..., ¢ " k=—-1,-2,-3,.... (0.2.1)

(@) —n = - B m=o0,1,2,.., (0.2.2)

where

We can also define

(a:q)oe = [J (1 - ad®)
k=0
This implies that
(a3 q)oo
a;q)n = 0.2.3
(9) (ag™;q) (0:23)



and, for any complex number A,

(a5 9)os
(a;q)x = (0 ) (0.2.4)
where the principal value of ¢* is taken.
If we change ¢ by ¢~ we obtain
(a:¢7 ) = (@3 )a(~0)"g~ ), a £ 0, (0.2.5)

This formula can be used, for instance, to prove the following transformation formula between
the little g-Laguerre (or Wall) polynomials given by (3.20.1) and the g-Laguerre polynomials
defined by (3.21.1) :

—a,—1
Pa(7;4" %) = —;q
n( | ) (qa+1;q)7z n ( )

or equivalently

L (wiq7Y) = L0, (—25°)).
" (4 @)ng"™™

By using (0.2.5) it is not very difficult to verify the following general transformation formula

for 4¢3 polynomials (see section 0.4 for the definition of the basic hypergeometric function 4¢3) :
qnaa7bac -1, —1 _ q_nva'_lvb_17c_1 . a/bcqn
4¢3 ( d, e, f q 39 - 4¢3 dil, 671, fil q; def )

where a limit is needed when one of the parameters is equal to zero. Other transformation formulas
can be obtained from this one by applying limits as discussed in section 0.4.

Finally, we list a number of transformation formulas for the g-shifted factorials, where k and
n are nonnegative integers :

(@; Qnrr = (a59)n(aq"; @)k (0.2.6)
(ag™; @)k _ (a; @)k
(ag® q)n — (a;q)n’ (0.27)
_(@q)n "
(aq®; q)n_ = @ k=0,1,2,...,n. (0.2.8)
(@:q)n = (@ '¢" " q)n(—a)"q(3), a £ 0. (0.2.9)
(ag™";@)n = (@' G @)u(~a)"¢ "), a 0. (0.2.10)
(ag™"3@)n _ (@”'g;@)n (o™
g™ @)n (07 g50)n (b> a7 0, 070, (0.2.11)
. _ (@49 a\* (5yn 3
(@@t = g (—a) dB) =k 420, k=0,1,2,...,n. (0.2.12)
(@ @)n—r _ (@) (0" '¢" " q) " _ n
o = G (@ ! T ( ) ,a#0,b#0, k=0,1,2,...,n (0.2.13)
(@) = %(—1)%(5)*"’“, k=0,1,2,...,n. (0.2.14)
( 7Q)n—k
(ag™ ™ @)k = %(a;q)kq”’“, a# 0. (0.2.15)
o _ g (a7 ), .
(ag™"™;q)n—k =) < q) q La#0, k=0 , (0.2.16)
(a;9)2n = (a;¢*)n(ag; ¢*)n- (0.2.17)
(0 ¢*)n = (a5 )n(—a; Q)n- (0.2.18)
(@ 9)o0 = (45 6%) 0 (aq; %) o (0.2.19)
(01 6%) o0 = (45 9)oo(—a: q)ox (0.2.20)



0.3 The ¢g-gamma function and the ¢-binomial coefficient

The g-gamma function is defined by

(¢ @)oo -
Ly(x):=—"—==(1—q) " (0.3.1)
! (4% @)oo
This is a g-analogue of the well-known gamma function since we have

lqiﬁl Iy(z) =T(z).

Note that the g-gamma function satisfies the functional equation

1
Loz +1) = 1=

which is a g-extension of the well-known functional equation
INz+4+1)=2I'(2), T(1) =1

for the ordinary gamma function. For nonintegral values of z this ordinary gamma function also

satisfies the relation .

T(2)(1 - z) =

sinmz’
which can be used to show that

lim (1 — ¢ ™I (—a)T(a+1) = (=1)*Ing, k=0,1,2,....

a—k

This limit can be used to show that the orthogonality relation (3.27.2) for the Stieltjes-Wigert
polynomials follows from the orthogonality relation (3.21.2) for the g-Laguerre polynomials.
The g-binomial coefficient is defined by

[ZL[nik]q:m,ko,l,z...,n, (0.3.2)

where n denotes a nonnegative integer.
This definition can be generalized in the following way. For arbitrary complex a we have

1, = e ) 039

Or more general for all complex o« and 5 we have

al Ly(a+1) (P 9)ee (6P )
{ﬁ]q W = . (0.3.4)

B+1Ig(a—0B+1) (43 0)o0(a* "5 @)oo
For instance this implies that

-7,

Note that

ot [ZL - @) B F(ﬁ;)(?(z 1—)ﬁ+1)'

For integer values of the parameter 3 we have




and when the parameter « is an integer too we may write

n n!
=— k=0,1,2,... =0,1,2,....
(k) k! (n—k)!, ) ) ) 7”7 n ) b )

This latter formula can be used to show that

1
<2") _ @, " n=0,1,2,....
n n!

This can be used to write the generating functions (1.8.46) and (1.8.52) for the Chebyshev poly-
nomials of the first and the second kind in the following form :

R %(1 +R—at) = i <2:>Tn(z) (i)n R=+1-2zt+¢

n=0
and \ - o
n
oA = 2 o n )0 () - = Vi
respectively.

Finally we remark that

- zn: [Z}qq(g)(—a)k. (0.3.5)

k=0

0.4 Hypergeometric and basic hypergeometric functions

The hypergeometric series , F is defined by

A1y, 0y > (ag,. .., a0, 2"
F, =N MWk E 0.4.1
(bl,...,bs Z) Z(bl,...,bs)k Kl (0-4.1)
k=0
where
(a1, yar)g = (a1)g -+ (ar)g.

Of course, the parameters must be such that the denominator factors in the terms of the series
are never zero. When one of the numerator parameters a; equals —n where n is a nonnegative
integer this hypergeometric series is a polynomial in z. Otherwise the radius of convergence p of
the hypergeometric series is given by

o if r<s+1
p=<¢ 1 if r=s+4+1
0 if r>s+1.

A hypergeometric series of the form (0.4.1) is called balanced (or Saalschiitzian) if r = s + 1,
z=1landa; +as+...+asy1 +1=0by +ba+...+0s.
The basic hypergeometric series (or g-hypergeometric series) ¢, is defined by

Alyevny
o (e

0 k

> Z (a1,...,a,;q k( 1)(1+sfr)kq(1+5*7“)(§)27

bla"' S7q)k7 (q7q)k

where
(a1, ar; Q) = (a1; @)k - (ar; Q-

11



Again, we assume that the parameters are such that the denominator factors in the terms of the
series are never zero. If one of the numerator parameters a; equals ¢—” where n is a nonnegative
integer this basic hypergeometric series is a polynomial in z. Otherwise the radius of convergence
p of the basic hypergeometric series is given by

oo if r<s+1
p=<¢ 1 if r=s+41
0 if r>s+1.

The special case r = s + 1 reads

p (al,---,as-s-l
s+1Ps
bi,... bs

> (a1,...,0541;Q) 2*
iz ) = :

k=0

This basic hypergeometric series was first introduced by Heine in 1846. Therefore it is some-
times called Heine'’s series. A basic hypergeometric series of this form is called balanced (or
Saalschiitzian) if z = ¢ and ajas -« - as419 = b1bs - - - bs.

The g-hypergeometric series is a g-analogue of the hypergeometric series defined by (0.4.1)

since . "
. g, .., q" —— A1y ..., Qp
lim (g—1 z| =,F z].
qT1T¢S<qbl7...7qbs q’(q ) r+ s b17...7bs

This limit will be used frequently in chapter 5. In all cases the hypergeometric series involved is
in fact a polynomial so that convergence is guaranteed.
In the sequel of this paragraph we also assume that each (basic) hypergeometric series is in

fact a polynomial. We remark that
z ¢ Aiy...,Qpr_1
i— ) = - 72 ).
Go ) 7195y, b |

. A1y...,0p
lim
aT—>ooT¢S ( bl,. ..,bs

In fact, this is the reason for the factors (—1)(+s="kg(+s=)(5) iy the definition (0.4.2) of the
basic hypergeometric series.

The limit relations between hypergeometric orthogonal polynomials listed in chapter 2 of this
report are based on the observations that

A1y, Qr-1
z | =,_1Fs_

aty...,0r—1, 1
F,
" 6<b17"'7b517/'l‘
z ajy...,Ar—1
Y ) T r— F‘;
A) ! ( bi,... bs
>\Z>TF5—1< ai,...,a,
bi,... b1
a1,...,ar_1, Ay A ary .5 0p—1 | GrZ (0.4.6)
biyeo bs 1, \bs TS by b | b ) -

The limit relations between basic hypergeometric orthogonal polynomials described in chapter
4 of this report are based on the observations that

A1yeeey Qpr_1, 4 A1y -y Qr—1
r¢s ( q4;z | = rfl(bsfl

z) : (0.4.3)

A1,.-Qr-1, /\ar

A1y .oy Qp

V4
lim ,F, z 0.4.5
Juieit (bl,...,bsl,)\bs b ) (045)

and
lim ,F§

A—00

@ z> , (0.4.7)

bl,...7b3_1,,u bl;---abs—l
. A1y e v vy Qp_1, Ay z Alyevny Qpq
1 r¥s vy ] = r—1Ps y r ) 0.4.8
A r? ( biooobs |2 A) 0 ( br....bs ‘q“) (0.48)
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A1yeve sy A1y ev sy z
1 r®Ps a)\ = rPs— ) 0.4.9
m - (bl,“. by_1, \bs | ¢ Z> $o-1 <b1,“.,b3_1 ¢ bs> (0-49)
and \
<5 Qp—1, AQy Aty ..., 0r—1 arz
l o ; =, 10s— — . 0.4.10
e (bl,...,bs_l,xbs qz) 0 1(b1,...,bs_1 ‘ bs> (0.4.10)

Mostly, the left-hand sides of the formulas (0.4.3) and (0.4.7) occur as limit cases when some
numerator parameter and some denominator parameter tend to the same value.

All families of discrete orthogonal polynomials {P, (z)}N_, are defined for n = 0,1,2,..., N,
where N is a nonnegative integer. In these cases something like (0.4.3) or (0.4.7) occurs in the
definition when n = N. In these cases we have to be aware of the fact that we still have a
polynomial (in that case of degree N). For instance, if we take n = N in the definition (1.5.1) of
the Hahn polynomials we have

(n+a+ 8+ 1)k(—2)k
(o + 1) k!

N
QN({E;OZ757N Z

=0

and if we take n = N in the definition (3.6.1) of the ¢-Hahn polynomials we have

N n+1

— g
. N
Qn(¢ % a,8,N|q) = Zo (aq;q) ( Tk

—T

QQ)k k

So these cases must be understood by continuity.
In cases of discrete orthogonal polynomials we need a special notation for some of the generating
functions. We define
k=0

for every function f for which f*)(0), k =0,1,2,..., N exists. As an example of the use of this
Nth partial sum of a power series in ¢ we remark that the generating function (1.10.12) for the
Krawtchouk polynomials must be understood as follows : the Nth partial sum of

S ety L (LY

k=0 m=0

equals
tn

forz=0,1,2,...,N.

0.5 The ¢-binomial theorem and other summation formulas

One of the most important summation formulas for hypergeometric series is given by the binomial

theorem :
a = (a)n _
1Fo ( z) = E p ZP=(1-2)"% |z| < 1. (0.5.1)

n=0
A g-analogue of this formula is called the g-binomial theorem :

190 (

— (G0, (a259)s .
0x) =3 e = (A e <1 (05.2)




For a = ¢7™ with n a nonnegative integer we find

190 ( q:n

In fact this is a g-analogue of Newton’s binomium

—Nn
1Fo ( _

As an example of the use of these formulas we show how we can obtain the generating function
(1.3.12) for the continuous dual Hahn polynomials from the generating function (1.1.12) for the
Wilson polynomials. From chapter 2 we know that

q;z> =(2¢7"q)n, n=0,1,2,.... (0.5.3)

n n

z) =3 (713)’6,2’“ =3 (Z) (—2)fF =(1—2)" n=0,1,2,.... (0.5.4)

k=0 k=0

2.
lim Wy (z?;a,b,¢,d)

2
= ©n ) , b, )
Jim @+ d), Sn(x%;a,b,¢)

where W, (22; a, b, ¢, d) denotes the Wilson polynomial defined by (1.1.1) and S, (z?%; a, b, ¢) denotes
the continuous dual Hahn polynomial given by (1.3.1). Now we have by using (0.4.6) and (0.5.1)
li F
dl»Holo 201 < c+d

t> _ R ( c—iT
which implies the desired result.
In a similar way we can find the generating function (3.14.11) for the quantum ¢-Krawtchouk
polynomials from the generating function (3.6.11) for the g-Hahn polynomials. First we have from
chapter 4 :

c—ixr,d—1ix

t) — (- < 1,

Jim Qn (g% 0,p, Nlg) = K™ (g% p, N ),

where Q,,(¢~%; a, 3, N|q) denotes the ¢-Hahn polynomial defined by (3.6.1) and K2 (¢~ %; p, N; q)
denotes the quantum g-Krawtchouk polynomial given by (3.14.1). Further we have by using (0.4.9)

and (0.5.3)
q;aqt) =100 <q_

which leads to the desired result.

Another example of the use of the g-binomial theorem is the proof of the fact that the generating
function (3.10.25) for the continuous g-ultraspherical (or Rogers) polynomials is a g-analogue of
the generating function (1.8.24) for the Gegenbauer (or ultraspherical) polynomials. In fact we
have, after the substitution 3 = ¢* :

g; eiet) :

A i6 2 A ifp A,—i0 A A
et; et,q"e ", .
‘(q 7Q)oo’ (q q q)oo:1¢0<q ‘q;ewt)l%(q
ei9t> =(1—-e) 1 —e ) = (1 - 22t + 2>, = cosb,

lim 1(;51 (q
aq

a— 00

q;t> =(¢ "t q)s, v=0,1,2,...,N,

(€t: )oo (et et q)oo

which tends to (for ¢ T 1)

1Fo <i €i6f> 1Fo (i

which equals (1.8.24).
The well-known Gauss summation formula,

a,b (e)T'(c—a—10)
F 1) =—~>———= —a—2>b 5.
2 1( . > F(c—a)F(c—b)’Re(c a—>b)>0 (0.5.5)
and the Vandermonde summation formula
o (_"’b 1) I Gl (0.5.6)
¢ (e)n




have the following g-analogues :

a,b| ¢ (@ te,b71eq)ee |
O © |1 5.
201 ( ¢ |? ab> (c,a b te;q) 0o ab’ <4 (05.7)
g "b| g™\ _ (b q)n
— | = — =0,1,2,... .5.
2¢1 < c q; b ) (C; q)n , I 07 ) 4y (O 5 8)
and - po1
o1 <q ’ q;q> O D g0 (0.5.9)
¢ (¢ Q)n

On the next level we have the summation formula

_(c=a)u(c=b)n
1) M CRCETETR n=0,12,... (0.5.10)

—n,a,b
F ) )
s 2(6,1+a—|—b—c—n

which is called Saalschiitz (or Pfaff-Saalschiitz) summation formula. A g-analogue of this summa-

tion formula is
q ", a,b
3¢ ( '

ate,b e q)n
o abe1gion | @ q> = g, n=0,12,.... (0.5.11)

(c,a= b7 te;q)n

Finally, we have a summation formula for the ;¢ series :

c) _ (060w (0.5.12)

q -
a (¢;9) o0

1¢1(Z

As an example of the use of this latter formula we remark that the g-Laguerre polynomials
defined by (3.21.1) have the property that

LI (~1;9) =

,m=0,1,2,....
(45 Q)n

0.6 Transformation formulas

In this section we list a number of transformation formulas which can be used to transform
definitions or other formulas into equivalent but different forms.
First of all we have Heine’s transformation formulas for the 5¢; series :

a,b az,b;q) oo b~ le, 2
2¢1( . ‘Q;Z) = (q)2¢1(

g; b) (0.6.1)

(¢,230)00 az
B (b=te,b2;q) oo abc™1z,b c
R (T 062
abc™12;q) oo a~te,b el abz
= ((Z_q)2¢1( Q%)- (0~6-3)
$ @)oo ¢ c

The latter formula is a g-analogue of Euler’s transformation formula :

2F1 (a’b Z) = (1 —Z)C_a_bQFl (C_aéc_b

c
Another transformation formula for the o¢; series is

a,b az;q) o a,b~le
201 ( . (J;Z> = ﬁwb (

(2;¢) o0 c,az

z> . (0.6.4)

¢ bz> : (0.6.5)
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which is a g-analogue of another transformation formula for the 5F} series which is also due to

Euler : b .
o (ac z> = (1—2)"%F (G’CC_ a ) : (0.6.6)

z—1
This transformation formula is also known as the Pfaff-Kummer transformation formula.
As a limit case of this one we have Kummer’s transformation formula for the confluent hyper-

geometric series :
a c—a
11 ( ‘Z) =e* 1[I
c c

Limit cases of Heine’s transformation formulas are

070 . p—
2¢1< . q,z) = (czq) 1¢1(

1 —
- (Z;Q)oo0¢1 ( c

- z) . (0.6.7)

) (0.6.8)

q;cz) , (0.6.9)

a,0 (59w z
2</>1( ‘ ‘ 72) = ml¢l(az q,c) (0-6-10)
1 a"te
= (z;q)ool(bl ( . q;az) , (0.6.11)

1¢>1<CCL

a, z; a e, 0
g Z) wz% (

g; a) (0.6.12)

¢ C) (0.6.13)

and

261 (a,b‘q;z) _ (azab;Q)oo2¢1 (z,O

(55 ) az

 (%9)
(50 1¢1<

If we reverse the order of summation in a terminating | F; series we obtain a o Fj series, in fact
we have
—-n —x)" —n,—a—n+1 1
1F1( x)=< ) 2FO( * ’—),nzo,l,z.... (0.6.16)
a (a)n x

If we apply this technique to a terminating o F; series we find

g; b) (0.6.14)

¢ aZ> (0.6.15)

—n,b _ (b)n n -n,—c—n+1|1 B
2F1( c ‘1’) = (C)n( {IT) 2F1( —b—n—|—1 ‘$>7 77,—07172,.... (0617)
The g-analogues of these formulas are
—-n _12,’ n —n’a—l 1-n a n+1
101 1 ¢z = (q. ) 201 1 4 q; 4 ,n=0,1,2,... (0.6.18)
a (a, Q)n 0 z
and
—n b
2¢1 (q ‘ q;
c
(byq)n " ( ) q —-n ,C lql—n an—i-l
= — ; =0,1,2,.... 0.6.19
(C,q)nq 2 ( Z) Q(bl b 1 1 n q; bz , n y Ly &y ( )
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A limit case of the latter formula is
qa"b n n "0
2¢o< o azg ) = (b;q)nz"2¢1 (b—lql—n q
The next transformation formula is due to Jackson :
g ™bl O\ (be™1q7 "2 ) o ¢, b e, 0
201 ( c ‘q,z) (b 12:q) o0 302 c,b=legz—1
Equivalently we have

q¢ ", a,0 (b5 9) 0 g " ate| aq
: ; = —_— i — |, n=0,1,2,.... 0.6.22
3¢ ( be ‘q (J> (b‘lql—”;q)oo2¢1 . % n ( )

.9
bz

), n=01,2,.... (0.6.20)

q;q> ,n=0,1,2,.... (0.6.21)

Other transformation formulas of this kind are given by :

a"b| (g b2\ g " qz gt
2¢1( c ‘q’z) = TG, \q) ** be~1q'=,0

b leq)n , (a7 bbe g
a2 pergng |79) =012, (0624

@ q) (0.6.23)

or equivalently

q ", a,b
302 ( c,0

(b: ). L
q;q> ( ) a2 (qblqlnc
_ ( C q)n 'n, q7n7a

a q) (0.6.25)

a

b
¢ c‘1> ,n=0,1,2,.... (0.6.26)

Limit cases of these formulas are

g b - q " bbzg™"
) =p
200 ( B ‘q,z) 302 ( 0.0

q;q>, n=012,..., (0.6.27)

or equivalently

q " ab "0 | ¢
; = (b;q)na” ;= 0.6.28
3¢2( 0.0 ‘q,q> (0; )na” 201 (b_lql_n q a) ( )
—n b n
= o (q o q;i), n=01,2,.... (0.6.29)

On the next level we have Sears’ transformation formula for a terminating balanced 4¢3 series :

¢ qinﬁa7b7c .
493 dye, f q;49

(ate,a™tfiq)n o, g " a b 'd,cld
= e fi0)n a"43 (d, ae—lgl—n, af-1qi—n
(a,a b tef,a e tef; q)n
(e, fra=tb~ e tefiq)n
X 43 (q",ale,alf, a b telef

a~b-lef,a~lclef,a=lgt—m

; q) (0.6.30)

q;q> , def =abcg'™™.  (0.6.31)

Sears’ transformation formula is a g-analogue of Whipple’s transformation formula for a ter-
minating balanced 4F3 series :

<—n,a,b,c ) (e —a)n(f —a)n
4 I3 1) =
de, f (€)n(fn
—n,a,d—b,d—c B
X4F3(d,a—e—n+1,a—f—n+1’1>’ a+b+c+l=d+e+ f+n. (06.32)
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Whipple’s formula can be used to show that the Wilson polynomials defined by (1.1.1) are
symmetric in their parameters in the sense that the following 24 different forms are all equal :

W (2% a,b,¢,d) = Wy(x?;a,b,d,¢) = W, (225 a,¢,b,d) = --- = Wy (22, d, ¢, b, a).

Sears’ transformation formula can be used to derive similar symmetry relations for the Askey-
Wilson polynomials defined by (3.1.1) :

pn(x;a7b7ca d) :pn<x;a7b7d70) :pn(x;a,c, ba d) = :pn(x7d7 ¢, b7a)'

Finally, we mention a quadratic transformation formula which is due to Singh :

p a’,b?,c,d ' — .0 a?,b%, 2, d?
193\ abgd, —abgh, —cd| T T2\ a202¢, —ed, —edg

q2;q2) ; (0.6.33)

which is valid when both sides terminate.

If we apply Singh’s formula (0.6.33) to the continuous g-Jacobi polynomials defined by (3.10.1)
and (3.10.14) and use Sears’ transformation formula (0.6.30), formula (0.2.10) twice and also
formula (0.2.18), then we find the quadratic transformation

o (% Dn_ napla
PP (x]g%) = Wq PP (3q).

0.7 Some special functions and their g-analogues

The classical exponential function exp(z) and the trigonometric functions sin(z) and cos(z) can
be expressed in terms of hypergeometric functions as

exp(z) = e = oFp <

z> , (0.7.1)

sin(z) = z o F1 < g
2

- 24) (0.7.2)
and

cos(z) = o1 ( :
2

- Z4> . (0.7.3)

Further we have the well-known Bessel function J,(z) which can be defined by

(;Z)V)Opl ( - ‘ - Z:) . (0.7.4)

Tu2) = Fv+1 v+1

Applying this formula to the generating function (1.11.11) of the Laguerre polynomials we
obtain :

—ia t 1 > Lgla) xr n
()" 27" Jo(2V/at) = T(a+1) ZO (a +(1)lt '

These functions all have several g-analogues. The exponential function for instance has two
different natural g-extensions, denoted by e,4(2) and E4(z) defined by

q;z> N Z (@ Qn (0.7.5)

eq(2) == 100 <E

and

2", (0.7.6)



These g-analogues of the exponential function are related by
eql2)Eq(~2) = L.

They are g-extensions of the exponential function since

z

lime, (1 - )2) = lim B, (1 - )2) = ¢*.

If we set @ = 0 in the g-binomial theorem we find for the g-exponential functions :

ea() = 160 (2‘612) - (z;;)m, 2] < 1. (0.7.7)

Further we have
Ey(2) = o6 ( -

For instance, these formulas can be used to obtain other versions of a generating function for
several sets of orthogonal polynomials mentioned in this report.
If we assume that |z| < 1 we may define

g —Z) = (—21q)o0- (0.7.8)

eq(iz) — eq(—iz 2, (=1)ng2ntl
sing(z) := % = Z ((ql)q)%H (0.7.9)

n=0

and
nz2n

cosq(z) == ¢q(i2) + eq(~i) = Z ((_1) (0.7.10)

2 G

n=0

These are g-analogues of the trigonometric functions sin(z) and cos(z). On the other hand we

may define
B, (iz) — E,(—i
Sing () = Zali?) > o(=72) (0.7.11)

and ) ]
Cos,(2) = Lol +2Eq(_”). (0.7.12)

Then it is not very difficult to verify that
eq(iz) = cosg(z) +ising(z) and Ey(iz) = Cosq(z) + ¢ Sing(z).

Further we have
sing (2)Sing (z) + cosq(2)Cosq(2z) =1

sing (2)Cos,(z) — Sing(z) cosy(z) = 0.

The g-analogues of the trigonometric functions can be used to find different forms of formulas
appearing in this report, although we will not use them.
Some g-analogues of the Bessel functions are given by

v+1. v 2
(W) (e gy e @5 Do (2 0,0 2
gy (zq) e (2) 201 L (0.7.13)
d
h @ . (@D 2\ — | grtt?
Jz/ (qu) :m(i) 0¢1 qVJrl q; — 4 . (0714)

These g-Bessel functions are connected by
52
TP (20) = (=@ - SV (230), 2] < 2.
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They are g-analogues of the Bessel function since

lim I = q)zq) = Ju(2), k=1,2.
q

These ¢-Bessel functions were introduced by F.H. Jackson in 1905. They are therefore referred
to as Jackson ¢-Bessel functions. Another g-analogue of the Bessel function is the so-called Hahn-
Exton g-Bessel function which can be defined by

v+1

TP (2:9) == (q(q q,)q)mzyl¢1 (qrg-l

q; q22> . (0.7.15)
As an example we note that

lim L (x;9) = 2~ 2°JP (2y/z3 ),

n—oo

where L) (z; q) denotes the g-Laguerre polynomial defined by (3.21.1). We also have

; n . o 49 ~1a
Jim p,(q"z;¢%|g) = Mx 20 (Vi a),

where p,(z; alg) denotes the little g-Laguerre (or Wall) polynomial defined by (3.20.1).
Finally we remark that the generating function (3.20.11) for the little ¢-Laguerre (or Wall)
polynomials can also be written as

(EQ050)e 3010057 ) — f; (i)t

(¢*T15q)oo
or as n)
e ) B O 0V = 3 e
(*t15q)oo —
0.8 The g-derivative and the ¢-integral
The g-derivative operator D, is defined by
=S
D f(z) =4 (1792 (0.8.1)
1/(0), z2=0
Further we define
DYf:=f and D} f:=Dy(Dy 'f), n=1,23,.... (0.8.2)
It is not very difficult to see that
lim D, f(z) = f'(2)
qTl
if the function f is differentiable at z.
An easy consequence of this definition is
Dy [f(yx)] =7 (Dgf) () (0.8.3)
for all real v or more general
’DZ; [f(yz)] =" (Dgf) (yx), n=0,1,2,.... (0.8.4)
Further we have
Dy [f(z)g(x)] = f(qz)Deg(x) + g(x) Dy f(x) (0.8.5)
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which is often referred to as the g-product rule. This can be generalized to a g-analogue of Leibniz’
rule :

DI [f Z[ } (D2F 1) (¢"x) (DEg) (), n=0,1,2,.... (0.8.6)

k=0

As an example we note that the g-difference equation (3.21.6) of the g-Laguerre polynomials
can also be written in terms of this g-derivative operator as

(1—q)*aDly(z)+(1—q) [ — ¢**' — ¢*"22] (Dgy) (q2)+(1—q")q* T y(qz) = 0, y(x) = LI (x39).

The g-integral is defined by

/0 CFdgt = 21— 0) S f(@ )" (0.8.7)
n=0

This definition is due to J. Thomae and F.H. Jackson. Jackson also defined a g-integral on (0, 00)

by
/0 fdt=(1—a) S Faa" (08.)

n=—oo

If the function f is continuous on [0, z] we have

i [ s = [ s

For instance, the orthogonality relation (3.12.2) for the little g-Jacobi polynomials can also be
written in terms of a g-integral as :

1
(473 9)oo
/ Pz’ P (2:04%, 4" |@)pn (24", ¢ |a)dy
0

. (@070 (L=g***Y) (.07 iq)n
(@**1, 7 @)oo (1 — g2 tet it (ot go 0t ),

Cts L a>—1, B> —1.

0.9 Shift operators and Rodrigues-type formulas

We need some more differential and difference operators to formulate the Rodrigues-type formulas.
These operators can also be used to formulate the second order differential or difference equations
but this is mostly avoided. As usual we will use the notation

fa)= 2 )= T,
Further we define
§f(z) = flz + 3i) — flz — 39), 0.9.1
Af(z) = flz+1) = f(z) (0.9.2)
and
Vi) = f(z) = flz - 1) (0.9.3)

Note that this implies that
8 f(x) = flx+1i) — f(z) = flx — i)+ f(z) = flz+i) — fa i),

bx=x+3i—(x—%i) =4 and 62% = (z + 3i)* — (z — 31)? = 2iz.
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Further we have for A(z) :=x(xz +v+d+1)
AXNz)=2rx+v+6+2 and VA(z) =22+~ +0.
In a similar way we have for u(z) := ¢=% + vydg"*+!

Ap(z) = ¢ "1 —q)(1 —70¢**?) and Vpu(z) = ¢ (1 — q)(1 —6¢*")

and hence for \(z) := ¢~% +c¢® N

A)(z) = q*‘%l(l —q)(1- cq%*NH) and VA(z) = ¢ %(1 —¢)(1 - Cq2a:fN71).

Also note that
Ag™® =q " (1—¢q) and Vg " =q"(1-q).

For the Rodrigues-type formula in case of discrete orthogonal polynomials we often need to

define an operator like
V= vV
AT VA®)
where \(z) := A(z;7,0) = x(x + v+ 6 + 1) depends on v and 9§, for the following reason. For
instance, the Rodrigues-type formula (1.2.10) for the Racah polynomials can be obtained from
(1.2.9) by iteration. First we find from (1.2.9)

w(z; o, B,7,0) R (A7, 0); 0, 3,7,0) = (y+ 0+ 1)
v

. _ . . 1
X V)\(I,’)/+1,5) [w(‘raa+1aﬁ+177+176)Rn 1()‘(1'77"’_176)704—"_176"_17’7—’_ 76)}7

where A(z;y 4+ 1,0) = x(x + v+ 6 + 2). If we iterate this formula the A(z) involved equals
AMz; v+ n,0), n=1,2,3,... respectively.
In a similar way we obtain from (3.2.10) for the ¢-Racah polynomials

W(x; o, B,7,0]q) R (357, 6q); @, 8,7, 0q)

=(1-q)(1—~dq) ] [(x; aq, Bq,7q, 0lq) Rn—1(1(x;7q, 0]q); g, Bq,7q,6]q)]

v
Vu(z;vg,dlq
where u(z;7q,6|q) := ¢~% + v6¢**? depends on v and §. Iterating this formula we finally obtain
the Rodrigues-type formula (3.2.11) for the g-Racah polynomials. In this process the u(x) involved
equals pu(w;vq™, 8) = ¢~% + y6¢* T where n = 1,2,3, .. ..

Finally we define

D,f(x) = 6’1({553) with d,f(e"?) = f(q%ew) - f(q_%em), x = cosb. (0.9.4)
q
Here we have
S =—2q73(1—q)(e" —e ), z = cosd.
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Chapter 1

Hypergeometric orthogonal
polynomials

1.1 Wilson

Definition.
W (z2;a,b, ¢, d) B —n,n+a+b+c+d—1,a+ir,a—ix
(a+b)n(a+c)n(a+d)n_4 8 a+ba+ca+d

Orthogonality. If Re(a,b,c,d) > 0 and non-real parameters occur in conjugate pairs, then

1) . (1.1.1)

2
W (2% a,b, ¢, )W, (2% a,b, ¢, d)dz

1 /°° T(a + iz)D(b + iz)T(c + iz)T(d + iz)
2w / I'(2ix)

_I'n+a+b)---T'(n+c+d)

b d—1)pn! 6mn, 1.1.2
F'2n+a+b+c+d) (n+a+btet Jun ( )

where

'n+a+b)---T(n+c+d)
=Tn+a+bln+a+c)l(n+a+d)T'(n+b+c)T'(n+b+d)T(n+c+d).

If a <0and a+b, a+ ¢, a+ d are positive or a pair of complex conjugates occur with positive
real parts, then

Wi (2% a,b, ¢, )W, (2% a,b, ¢, d)dx

1 [|T(a+iz)0(b+ i) (e + iz)T(d + iz) |
2770/’ ['(2ix)

Fa+b)I'(a+c)T'(a+ dT'(b—a)l'(c — a)T'(d — a)
+ I'(—2a)
(2a)g(a+ Dr(a+b)r(a+ c)p(a+ d)g

x k_ozl:z (@)p(a —b+1)k(a—c+1)p(a —d+ 1),k!

a+k<0

X Win(—(a +k)* a,b,¢,d)Wy(~(a+ k)% a,b,¢,d)
I'n+a+b)---T'(n+c+d)

b d—1)pn! 0pmn- 1.1.
F'2n+a+b+c+d) (nta+btet Jn (1.13)
Recurrence relation.
— (a® +2°) Wi (2?) = A Woi1(22) — (A + Cp) Wi (22) + Cu W1 (22), (1.1.4)
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where o
Wn(xQ) = Wn(xQ;aab7 C, d) = W"(x 4, 0, G, )
(a+b)n(a+c)ulatd)n,

and
(n+a+b+c+d—1)(n+a+b(n+a+c)in+a+d)

A, =
2n+a+b+c+d—1)2n+a+b+c+d)

nn+b+c—1)(n+b+d—-1)(n+c+d—1)
Cn+a+b+c+d—-2)2n+a+b+c+d—1)

Normalized recurrence relation.
l‘pn(x) = Pn+1 (37) + (An + Cn - GQ)pn(l’) + An—lcnpn—l(m)z (115>

where
W (z%a,b,¢,d) = (=1D)™"(n+a+b+c+d—1),pu(z?).

Difference equation.

nn+a+b+c+d—1Dy(z) = B(x)y(x + i) — [B(z) + D(z)]y(z) + D(z)y(z — 1), (1.1.6)

where
y(x) = Wy (2?;a,b,c,d)
" (a —iz) (b — iz)(c — iz)(d — iz)
Bla) = 2z (2ix — 1)
D(z) = (a+i:ﬁ)(b+ix)(c+ix)(d—|—i3:).

2iz(2iz + 1)

Forward shift operator.
Wo((z+ 1i)%a,b,¢,d) — Wy ((z — 3i)%5a,b, ¢, d)
=2inz(n+a+b+c+d—1D)W,_1(z*a+ 1,0+ L c+1d+1) (1.1.7)

or equivalently

SWh(2?;a,b,c,d)

o =-nn+a+tb+c+d—1W,_1(@%a+ib+Lc+id+1) (118)

Backward shift operator.

(a— % —iz)(b— % —ix)(c— % —ix)(d — % — i)W, ((x + %i)Q;a,b, ¢, d)
—(a— % +ixz)(b— % +iz)(c— % +ix)(d — % + i)W, ((z — %i)Q;a,b, ¢, d)

= —2iaWyi1(2*5a— 30— 3,c— 1, d—3) (1.1.9)
or equivalently
0 [w(x; a,b,c,d)W,(z%; a,b,c, d)]
ox?
=w(z;a — %,b — %,c— %,d— %)Wn+1(z2;a - %,b— %,c— %,d— %), (1.1.10)

where 2
) 1 |I(a+iz)T'(b+ix)l(c +iz)I'(d + ix)
w(x;a,b,c,d) = 5im T (2i) )
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Rodrigues-type formula.

5 n
w(x;a,b,c,d)W,(x*;a,b,¢,d) = <5$2> [w(z;a+ gn,b+ in,c+ 3n,d+ in)]. (1.1.11)
Generating functions.
a+ix,b+ix c—ix,d—ix = nx ;a,b, e, d)t"
. 1.1.
ﬂﬂ( o b t)ﬂﬂ( o O 2;( et (1.1.12)
a+ iz, c+ix —ix,d —ix = Wa(z?;a,b, c,d)t”
F t)oF t)] = . 1.1.13
? 1( a+c )2 1( b+d ) nzzo(a+6)n(b+d)nn! ( )
a+ix,d+ iz b—ix,c—ix W (22 abcd)
F t t) = . 1.1.14
21< a+d > < b+c :) E%m +d)n(b+c)un ( )
(1= pyl-a-b—c—d, g flatbt+ct+d—1),35(a+b+c+d),a+iv,a—iz 4
s a+ba+ca+d (1—1)2
- b d—
Z (atbtetd=Dn y 2y 0 gy, (1.1.15)

(a+b)pla+c)p(a+d),n!

Remark. If we set

a=3(y+6+1) ; b=12a—y—6+1)
c=1

28—7+6+1) ; d=3(v-5+1)

and
ir >+ 3(y+5+1)
in
Wn (x2; a” b? C7 d)
(a+b)p(a+c)pla+d),’

defined by (1.1.1) and take
a+1=—-N or f+6+1=—N or v+ 1=—N, with N a nonnegative integer

we obtain the Racah polynomials defined by (1.2.1).
References. [43], [63], [64], [67], [225], [226], [273], [274], [312], [317], [391], [399)], [400].

1.2 Racah

Definition.

Rn(Mx); o, B,7,6)
(—n,n+a+ﬂ+1,—x,x+'y—|—5+1
=43

1),n=0,1,2,...,N, 1.2.1
a+1,84+6+1,y+1 ') (12.1)

where
Mz)=z(z+~y+0+1)

and

a+1=—-N or +6+1=—N or v+1=—N, with N a nonnegative integer.
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Orthogonality.

(@+1)(B+6+1).(v+Da(y+54+1)((v+0+3)/2)
(—a+7+0+1Da(=B4+7+1)u((Y+04+1)/2)2(0 + D)pa! ™™

] =

=0
B M(n+a+6+ Dnla+ 8=+ p(a—350+ 1), (8+ l)nn!6
B (@+B+2)on(a+1)n(B+6+1)n(y+ 1) e
where
Ry(A(2)) := Ro(AM@); o, 8,7, 0)
and

(=Bn(y+d+2)n

f atl= N
CBt7+ UnO+ D o+

(—a+d)n(y+0+2)n
(—a+v+6+ )N+ 1)N

if 6+0+1=-N

(Oé+ﬁ+2)N(—5)N
(a=0+1n(B+ 1N

if y+1=—-N.

Recurrence relation.

AMz)Rn (M) = ApRnt1(AN(2)) — (An + Cn) Ra(A(@)) + CpnRn—1(A(2)),
where
wnd L _ratDmtatf+ Dt f+5+ )ty +1)
" 2n+a+B8+1)2n+a+B+2)
o _nlntat By nta =5+ H)
" 2n+a+B)2n+a+p+1)
hence

(n+B8—-N)n+B+5+1)(n+~v+1)(n—N)

2n+3—-N)2n+3—N+1) if a+1=-N

) (nta+l)(nt+a+B+1)(n+vy+1)(n—N) ' B
A= Cn+a+8+D)(2n+a+5+2) if B+6+1=—-N

(n+a+l)(n+a+p+1)n+8+0+1)(n—N)
Cn+a+B8+1)2n+a+6+2)

if y+1=-N

and
n(n+pB)(n+pf—-—vy—N-1)(n—5—-N—1)

2n+B-N-1)2n+3—N) if a+1=-N

) nnta+B+N+)n+a+B8-y)n+p) -
= 2n+a+B)2n+a+p8+1) if B+6+1=—-N

nn+a+pf+N+1)n+a—-178)n+ps)
2n+a+B)2n+a+B+1)

Normalized recurrence relation.

if y+1=-—N.

l‘pn($> = anrl(aj) - (An + Cn)pn(m) + Anflcnpnfl(xx
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where
(n+a+p+1),

R,(\(z); a, B,7,0) = (a@+ Dn(B+0+ Dn(y+ D

Difference equation.

pn()‘(m)>

n(n+a+ 8+ Dy(x) = Blx)y(z +1) — [B(z) + D(z)]y(x) + D(x)y(x — 1),

where
y(x) - Rn<)\(x)7 «, ﬁv v, 6)

and

By = EFoetDE+5+0+ D@4+ 1)@t+y+d+1)

2r4+v+0+1)2z+v+5+2)

z(r—a+y+)(z—B+7)(x+9)

D) = =y et 15+ 1)

Forward shift operator.

Ry(Mz +1);0,8,7,6) — Ryp(Mx); o, B,7,6)
nn+a+p+1)

= (2z+7v+6+2)Ro1(Mz);+ 1,8+ 1,7+ 1,6)

(a+1)(B+0+1)(y+1)
or equivalently

AR, (Mz);a,8,7,0)  nn+a+5+1)
AX(x) T+ D)B+o+D)(y+1)

Backward shift operator.

(z+a)(z+ B+ 0)(z+7) (@ + 7+ ) Ru(M2); , 3,7, )

—a(x—B+7) (@ —a+y+0)(x+ 8RNz —1); 0, 5,7,0)

=ay(B+0)2z+7y+6)Rnri(Ma);a = 1,6 - 1,7 - 1,0)
or equivalently

V[w(z; o, B,7,0) Rn(Ax); o, 8,7, )]

VA(z)
- elma L Ly = LR ()~ 16~ 17
where
(s o, 8,7, 8) = (@+1)(B4+0+1)(v+1)a(y+04+ 1),

(—a+y+0+1)(=B+7+1)s(d + 1))
Rodrigues-type formula.

w(zsa, 3,7, 0)Ry(Mz); o, 8,7,0) = (v + 0+ 1) (VA)" [w(z;a +n, 8+ 1,7 +n,0)],

where

\Y
Vi i= =——.
AT VA(z)
Generating functions. For x =0,1,2,..., N we have
—x, — —v=94 o+1 1
N rT+a—vy t) o, r+p+0+lx+v+ .
a+1 g+1

R’I’L(A(x); a’ B’ 77 5)tn7

N
(B Dp(y+ 1),
7; (B+ 1)nn!

if B+6+1=—-N or v+1=—N.

28
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(1.2.7)

(1.2.8)

(1.2.9)

(1.2.10)

(1.2.11)



—x,—x+ 3 —7 r+a+lz+v+1
F t|oF t
21( ﬁ+5+1 ‘>Ql< a—6+1

—Z I R (@ . D)

if a+1=—-N or y+1=—-N. (1.2.12)

y+1 a+pf—-vy+1

(a4 1), ﬂ+5+n
72 (a+08—7+1)n

2F1(—m,—x—5't> 2Fl(x+a+1,x+ﬁ+§+1’t>

Rn(/\(zv); a,f,v,0)t",

if a+1=—-N or f+6+1=-N. (1.2.13)

1 1
 —a—B-1 gla+B+1),5(a+B+2),—z,z+y+5+1| 4t >}
|:(1 t) 4F3<2 a_|2_176—|—5+17’y+1 (1—t)2 N
N
= ZWRn(/\(x);aﬁmd)t”. (1.2.14)

Remark. If weset a =a+b—-1,8=c+d—1,vy=a+d—1,d =a—d and x — —a + iz in the
definition (1.2.1) of the Racah polynomials we obtain the Wilson polynomials defined by (1.1.1) :
R,(AM(—a+ix);a+b—1,c+d—1l,a+d—1,a—d)
Wn (x2; a? b’ C7 d)
(@a+b)p(a+c)pla+d),

References. [43], [62], [64], [67], [69], [145], [274], [297], [301], [323], [331], [341], [343], [399].

= W, (2% a,b,¢,d) =

1.3 Continuous dual Hahn

Definition.
Sn(22%;a,b,c) (—n,a+ix,a—ix
———————— = 319

(a+b)n(a+c) atbatec 1) ~ (1.3.1)

Orthogonality. If a,b and ¢ are positive except possibly for a pair of complex conjugates with
positive real parts, then

Sy (2?5 a,b,¢)Sn (2% a,b, c)dx

l/oofa—I—m b+zx)F(c+ix)2
27 I'(2ix)
0

Tn+a+bIln+a+c)l(n+b+c)n! dmn. (1.3.2)

If a < 0 and a+b, a+ c are positive or a pair of complex conjugates with positive real parts, then

S (2% a,b,¢)Sp(x?; a,b, c)dx

1 70 I'(a+iz)T b—i—m)I‘(c—i—ix) 2
I'(2ix)

Fla+b)I'(a+c)I'(b—a)l'(c—a)
I'(—2a)
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o (2a)k(a+ Dr(a+b)rla+ )k
Z (a)k(a—b—i—l)k(a—c—l—l)kk:!( )

k=0,1,2...
a+k<0
X S (—(a + k)z; a,b,c)S,(—(a+ k)z; a,b,c)
=T(n+a+bT(n+a+c)T'(n+b+c)n! dmn. (1.3.3)
Recurrence relation.
— (a2 + xz) Sn(mQ) = An§n+1(x2) — (A, +Cp) Sn(acQ) + Cngn_l(xQ), (1.3.4)
where 5 2, 1 )
5 (62) = G (e% 0. b o) = n(x?;a,b,c
and

{ A,=n+a+d)n+a+c)

Cpo=nn+b+c—1).
Normalized recurrence relation.
l‘pn(x) = Pn+1 (x) + (An + Cn - a2)pn(x) + An—lcnpn—1($)7 (135)

where
Sn(xQ; a,b,c) = (—1)"pn(x2).

Difference equation.

ny(z) = B(a)y(a + i) - [B(x) + D(@)]y(2) + D(@)y(z — i), y(z) = Su(@*a,bc),  (1.3.6)

where (a — iw)(b — ix)(c — ix)
Bla) = 2iz(2iz — 1)
D(z) = (a +iz)(b+ iz)(c + ix)

2ix(2iz + 1)

Forward shift operator.
So((z+ 30)%a,b,¢) — Sp((z — 20)%a,b,¢) = —2inaS,_1(2%a+ 2,0+ 1, c+ 1) (1.3.7)

or equivalently
8Sn(22;a,b,c)
dx?

Backward shift operator.

=-—nS,_1(z%a+3,b+3,c+3). (1.3.8)

(a— % —ix)(b— % —iz)(c— % —ix)Sp((z + %i)2;a,b, c)
—(a— 3 +iz)(b— 5 +ix)(c— 5 +ix)Su((x — 3i)%a,b,¢)
= —2ixS,11(2%;a — ib—1c-1 (1.3.9)

or equivalently

§ [w(z;a,b,¢)Sy(z%a,b,c)]

o = wlwia-

1b—1c—)Su(ata—1b—3,c— 1), (1.3.10)

where )
1 |T(a+ix)T(b+iz)T(c+ ix)
ca.b -
wlzsa,bc) = 5 T(2iz)
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Rodrigues-type formula.

w(z;a,b,¢)Sp(x?;a,b,c) = (6?62)” (w(z;a+ 3n,b+ in,c+ 3n)]. (1.3.11)

Generating functions.
(1— )¢, (a + la:erb—i— iz t) nijo S,(Laa:+ banl;'c i (13.12)
(1= 1)+, p (a + ;ercc—i— ix t) _ i (22 C;nlil'c) m (1.3.13)
(1t)a+m2F1<b+Z:ifot)§; ;i;;if%”. (1.3.14)
oo F (a;—:az Z+c 3 ) i i z?;a,b, in't", (1.3.15)

n—O

¥,a +ir,a —ix
a+ba+c

o0
(22%;a,b,c)
" bit . 1.3.16
t—1 ) Z a+b (a+ c¢)pn! 7 arbieLy ( )

(1_o—gpg<

n:O

References. [64], [223], [273], [274], [299], [300], [301], [304], [305], [391].

1.4 Continuous Hahn

Definition.

), —n, b d—1,a+i
puls by d) = (a+c) (a+d) 3F2( n,n+a+b+c+ a+iz

a+c,a+d

1). (1.4.1)

n!

Orthogonality. If Re(a,b,c,d) > 0, c =a and d = b, then

2i / P(a+ix)I'(b+ix)(c — iz)I(d — ix)pm(z; a, b, ¢, d)pn(x; a,b, ¢, d)dx
7r
I'n+a+c)n+a+d)I'(n+b+c)I'(n+b+d)

= Omn - 1.4.2
2n+a+b+c+d—1I'(n+a+b+c+d—1)n! ( )

Recurrence relation.

(a + Zx)ﬁn(x) = AnﬁnJrl (x) - (An + Cn)ﬁn(x) + Cnﬁnfl(x)v (1~4-3)
where |
n
~n = ~n 5 7b7 ad n\T; 7ba 7d
Pala) = P, ) = o asa,b. )
and

(n+a+b+c+d—1)(n+a+c)(n+a+d)

A =—
2n+a+b+c+d—1)2n+a+b+c+d)

nn+b+c—1)(n+b+d—1)
2n+a+bt+ct+d—2)2n+a+b+c+d—1)

n =
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Normalized recurrence relation.

Tpn () = pns1(x) +i(An + Cn + a)pn(x) — An—1Cnpn—1(z), (1.4.4)

where
(n+a+b+c+d-1),

n!

pn(l’Qaab,Q d) = pn(x)-

Difference equation.
nn+a+b+c+d—1)y(z) =B(z)y(x +1) — [B(z) + D(z)] y(z) + D(z)y(xz —19), (1.4.5)

where
y(x) = pu(x;a,b,c,d)
and

B(x) = (¢ —iz)(d — iz)
D(z) = (a+ix)(b+ix).
Forward shift operator.
po(z+ 1 5i5a,b,c,d) — (I’*%i;U,,b,C,d)
:z(n+a+b+c+d— Dpp—1(zsa+ 5,0+ 3,c+ 3,d+ 3) (1.4.6)
or equivalently
Opn(x;a,b,c,d)

5 =(n+a+btetd—Dp,i(zia+ib+ictid+d). (1.4.7)
Backward shift operator.
(c—%—ix)(d )pn(x+ 3i;a,b,¢,d)
—(a—3% —|— zm)(b + iz)pn(z — 34;a,b, ¢,d)

_§
n+1 1
2:€

= ——Pan(zia— 30— 5c-5d—3) (1.4.8)

or equivalently
6 [w(z;a,b,c,d)pn(x;a,b,c,d)]

oz
_(n+ 1)(&1(33,@— %7b_ %76_ %ad_ %)pn.;_l(x;a— %7b_ %70_ %7d_ %)’ (149)

where
w(x;a,b,c,d) =T(a+iz)l'(b+ iz)I'(c —ix)[(d — iz).

Rodrigues-type formula.

"/ 6\"
w(z;a,b, c,d)py(x;a,b,c,d) = ( n') <5x) [w(x;a—l— %n,b—ﬁ— %n,c—i— %n,d—l— %n)] . (1.4.10)

Generating functions.

a+iz| . d—ix|. > (z;a,b,c,d)
F; — it | 1 F: t e e 1.4.11
11(a—|—c Z>11<b+dz> z::cH—c b+ d), (14.11)

a+ix c—ir . pulz;a,b,c,d)
F, —1 F; it | = SR D 0 T gn 1.4.12
! 1(a—i—d Zt>1 1<b—|—c ) z:: a+d)y b—l—c)nt ( )
o bee—d fa+b+c+d—1),2(a+b+c+d),a+iz 4t

(1-1) 3> _
a+ca+d (1—-1¢)2
+b—|—c+d ) "
= ; . 1.4.1
References. [41], [4 }, [67], [68], [76], [205], [260], [274], [299], [301], [303].
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1.5 Hahn

Definition.

—-n,n+a+06+1,—x

Qulaia V) =z (T

Q,n—QLZ“qN

Orthogonality. For @ > —1 and 8 > —1 or for @« < —N and 8 < —N we have

N
Z (a+x> <6+N_I)Q’n(xyavﬁaN)Qn(x7aa6aN)

T N —=x
=0

)"t a+ B+ N8+ 1)n”!5
 2nt+a+B+D(a+1),(=N),NI T

Recurrence relation.

_an(x) = A71,Qn+1(x) - (An + On) Qn(x) + CnQn—l(x)a

where
Qn(z) = Qu(x;a,8,N)
and
_(nta+B+)(n+a+1)(N—n)
" 2nt+a+B+1)2n+a+B+2)

nn+a+p+N+1)(n+p3)
Cn+a+B)2n+a+B+1)

Normalized recurrence relation.

n

Pn(2) = prs1(®) + (A + Cn) po(x) + Ap1Cppr_1(7),
where
(n+a+p+1),

@Qn(z; 0,8, N) = (a4 1) (=N),

Dn(T).
Difference equation.
n(n+a+ 6+ 1)y(@) = By +1) - [B) + D(@)] y() + D(@)y(z — 1),

where
y(x) = Qulz;0, B, N)
and
{ B(z)=(z+a+1)(z—N)
D(z)=z(zx—F—-N-1).

Forward shift operator.

(n+a+06+1)
(a+1)N

Qulw + 130, 8, N) = Qu(wia, B, N) = =

or equivalently

nn+a+p6+1)

AQn (w0, B, N) = = (a+1)N

Qn-1(x;a+1,6+1,N—1).

Backward shift operator.

33

anl(x7a+ 17ﬁ+17N_ 1)

(1.5.1)

(1.5.2)

(1.5.3)

(1.5.4)

(1.5.5)

(1.5.6)

(1.5.7)

(1.5.8)



or equivalently

V [w(z; 0, 6, N)Qu(z; 0, 6, N)) = 211

w(z;a, B,N) = <a+z> (ﬂ+N_z>.

w(x;a—1,0-1, N+1)Qpns1(z;a—1,8—-1, N+1), (1.5.9)
where

T N —=x

Rodrigues-type formula.

w(z;, B, N)Qn(z; , B, N) = Wv” w(z;a+n,8+n,N —n)]. (1.5.10)
Generating functions. For z = 0,1,2,..., N we have
By (afl - t> Py <xﬁ+]¥ t) = i:o MQ,L(:E; a, B, N)t". (1.5.11)
JFy (—x,—x+B+N+1’ _t> JF, (x—N,a:—&-a—i—l‘t)
= XN: %Qn@:;a,ﬁ, Nt (1.5.12)

n=0

1 1 _
R

),

N
-y WQ"(I;O"@ Ny, (1.5.13)
n=0 ’

Remark. If we interchange the role of x and n in (1.5.1) we obtain the dual Hahn polynomials
defined by (1.6.1).
Since

Qn(z;a,8,N) = Rp(A(n); o, B, N)

we obtain the dual orthogonality relation for the Hahn polynomials from the orthogonality relation
(1.6.2) of the dual Hahn polynomials :

Non+a+ B+ 1)(a+1)n(—N),N!
Z( )@+ 1)n(=N)

(=D)r(n+a+ B8+ 1)ns1(B8+1),n!

Oz
= Y , 2,y €{0,1,2,...,N}.

a+zxz\/(B+N-—-x
() CE)
References. [13], [31], [32], [39], [43], [50], [64], [67], [69], [123], [127], [130], [136], [142], [143],

[181], [183], [212], [215], [251], [271], [274], [286], [287], [290], [294], [295], [296], [298], [301], [307],
323], [336], [338], [339], [344], [366], [385], [386], [399], [402], [407].

Qn(z; o, 3, N)Qn(y; o, B, N)

n=0

1.6 Dual Hahn

Definition.

—n,—z,x+y7+6+1

RaA@)b. ) =are (TS

‘1),71:0,172,...71\/‘7 (1.6.1)
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where
AMz)=z(z+v+0+1).

Orthogonality. For v > —1 and 6 > —1 or for vy < —N and § < —N we have

ZN: (22 +74+0+1)(y+ 1)o(=N)N!
(=D (z4+~v+ 6+ 1)ny1(0 + 1),a!

Ry (A (2);7,8, N) Ry (A();7,0,N)
=0

1)
= UL . (1.6.2)
Y+n\[6+N-—n
()05
Recurrence relation.
A@)Rn(A(@)) = AnRn1(AM(®)) = (An + Cn) Ry (A(@)) + CrnRn—1(A(2)), (1.6.3)

where
Rn()‘(m)) = Rn(/\(x);’Yv& N)

and

Ap = (n+v+1)(n—-N)
Cp=n(n—30—N-1).

Normalized recurrence relation.

2P () = ppy1(x) — (An + Cn)pn(x) + Ap1Crpn—1(z), (1.6.4)

where

Rn()‘(m);’W(Sv N) = pn()‘(x))

(’Y + ]-)n(_N)n

Difference equation.

—ny(x) = Bla)y(x +1) - [B(z) + D(@)]y(z) + Dla)y(x — 1), y(z) = Ra(A(@); 7,6, N), (1.65)

where - )_(x+7+1)(x+7+§+1)(]\/'—$)
YT @ty ot D@ety 0 +2)
D(x):x(x+’y+5+N+1)(x+5)

2r+v+0)2x+y+d+1)
Forward shift operator.

n(2x 4y +6+2)

Ry(A@+1);7,6,N) — Rp(A@); 7,0, N) = — (y+1)N

Ru_1(\(z);y+1,0,N —1) (1.6.6)

or equivalently

AR,A@)in&N)
A=) (v LN

Ro_1(A(z);y+ 1,6, N —1). (1.6.7)

Backward shift operator.

(@+7)(@+7+0)(N+1—2)Ru(A(x);7,6,N)
—z(z+v+0+ N+ 1)(z+0)R,(ANx —1);7,0,N)
=v(N+1)2x+v+8)Rur1(M=);7—1,6,N +1) (1.6.8)
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or equivalently

V [w(z;7,0, N)Rn(A(2); 7,0, N)]
V()

1
—Ww
Y+46

where
(D" (v +1)e(y+6+1)o(—N),

i7,0,N) =
w(w;7,6,N) (Y+0+N+2),(0+1),a!

Rodrigues-type formula.
w(;7,0, N)Rp(A(@);7,6,N) = (v + 0 + 1)n (VA)" [w(@;y + 1,0, N —n)],

where

\Y
Vi = VA
Generating functions. For x =0,1,2,..., N we have
—x,—x—§ N (=N
1)V F ’ =y —"R, i, 0, N )™
(1-1) 2 1( vl ‘t) nz:% " R,(M(x);7v,9, N)t
N
z r—N,x+~v+1 . (v +Du(=N)n . n
N
tp T, X _ _ n
{62 2( y41,-N Il n;) nl t

— o+1] ¢
Y (AN A
y+1,-N t—1/]y

N
= E QRH()\(x);fy,é,N)t”, € arbitrary.
n!
n=0

(1.6.9)

(1.6.10)

(1.6.11)

(1.6.12)

(1.6.13)

(1.6.14)

Remark. If we interchange the role of x and n in the definition (1.6.1) of the dual Hahn polyno-

mials we obtain the Hahn polynomials defined by (1.5.1).
Since
Rn(A(2);7,0,N) = Qu(n;7,0,N)

we obtain the dual orthogonality relation for the dual Hahn polynomials from the orthogonality

relation (1.5.2) for the Hahn polynomials :

i\f: (7 N n) (6 I n) Ry (M();7,0, N)Rn(A(y); 7,0, N)

n N —n
n=0

()" (@+v4+ 04+ 1)n1(6 + 1) !

= 5zy; 1’,@/6{0,172,...7]\[}.

2r4+v+0+1)(y+1)z(—N),N!

References. [64], [67], [69], [251], [271], [274], [297], [298], [300], [301], [323], [343], [385], [399].
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1.7 Meixner-Pollaczek

Definition. (2)) i
; - +1x ;
PN (g b)) — nind, o 7 1 e 29 1.7.1
n ($a¢) nl € 2141 2\ (& ( 7 )
Orthogonality.
1 o0
o [ €O i) PR ) P (s )
s
—00
r 2\
_ 42 o NS0 and 0<o < (1.7.2)

(2sin ¢p)2An! "™
Recurrence relation.
(n+1)PY, (250) — 2[wsing + (n+ A) cos ] PV (236) + (n+ 20 — )PV, (259) = 0. (1.7.3)

Normalized recurrence relation.

0(0) = o) = (12 ) oo + LB ), (174
where
PO(:9) = 2 ()
Difference equation.
e\ —ix)y(z+i) 4 2i[xcos ¢ — (n+ N)sin¢] y(z) — e (N + iz)y(z — i) = 0, (1.7.5)

where
y(z) = PV (2 9).
Forward shift operator.
. . ; —i A 1
PO (@ + 4 6) = PV (@ = §is @) = (¢ — e )P (:9) (1.7.6)

or equivalently
oP (; 9)

. A3
o~ 2sin ¢ P2 (2 9). (1.7.7)

Backward shift operator.

(A1 - ix)P,gA) (x+ 3is¢) +e (A — L1 + ix)Py‘) (x — 3is9)

= (n+ )P (2:9) (1.7.8)
or equivalently

) [w(x; A, ¢)P7(f\)($§ ®)
ox

= —(n+ Dw(zr— L) PO (@), (1.7.9)

where

w(m; A, @) = T\ +iz)T(\ — ix)e2P™,

Rodrigues-type formula.

w(z; A, ¢)PWM (5 0) = (L (5)n [w(z; A+ in, )] . (1.7.10)

n! ox
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Generating functions.

(1 — )~ Mo (1 — g7 i)~ A~ ZPW (1.7.11)

oL ()\—i—zx

% pN)
, P,
—2ip n
I ) §: ) em¢ . (1.7.12)

R Y, A+ iz
(1—1) 2F1< 9\

References. [13], [19], [31], [43], [64], [67], [69], [113], [115], [123], [217], [220], [227], [239], [274],
276], [286], [287], [301], [316], [323], [338], [399], [404].

o2 o \)
(lte—im) = ((2;) % 7 arbitrary. (1.7.13)
n=0 n

1.8 Jacobi
Definition. ( D, B41|1
+ —n,n+a+ 0+ -
Ped)(g) = 2 ’ . 1.8.1
() 2 o+l 5 (1.8.1)
Orthogonality.

1
/ (1 - 2)*(1 + 2)° P9 (2) PO (2)da
21

2ot Pln4+ a4+ 1D)l(n+ 5+1)
S 2n+a+B+1 T(n+a+p+1)n!

Omn, @« >—1 and 8> —-1. (1.8.2)

Recurrence relation.

2n+(n+a+p+1) (a,8) (2)
Cn+a+B+1D)2n+a+p+2) "
+ B — o P (z)
2n+a+p)C2Cn+a+p+2) "
2(n+a)(n+f) plad)
2n+a+p)2n+a+p+1) "t

PP (1) =

(). (1.8.3)

Normalized recurrence relation.
52 _ 042
2n+a+B)2n+a+B+2

dn(n+a)(n + B)(n+a+5)
@nta+f-1)2n+a+B)22n+a+p+1)

Tpn(T) = pot1(T) +

)pn(ar)

Prn—1(x), (1.8.4)

where

(n+a+p+1),
21!

Py (a) = Pn().
Differential equation.
(1—2?)y"(2)+[6 — a = (a+ B+ 2)2]y () +n(n+a+B+1)y(x) = 0, y(z) = PP (z). (18.5)

Forward shift operator.

d n+a+B+1 (at1,+1
%prga,m(m):fp LT (). (1.8.6)
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Backward shift operator.
2y d (a.B) (o, 8) (a—1,6-1)
(1= 2%) = PP (2) +[(6 — o) = (a+ f)2] PP (2) = —2(n + 1) Py (z)  (1.8.7)

or equivalently

% (1—2)*(1+2)P PP ()| = —2(n+ 1)1 - 2)* (1 +2)* PO V(@) (1.88)

Rodrigues-type formula.

(1= 2)°(1 4+ 2)P P () = ED” (d>n [(1— 2)™+(1 + 2)™+7] . (1.8.9)

Generating functions.

ga+p
RA+R—-t)*(1+ R+1)

(96—21%)0171(511

B Ha+B+1),2(a+B+2)|2(x—1)t
a-ommetn atl =)

N (@B D e, B (@) (1.8.12)

Zp(aﬁ) 2", R=/1— 22t + 2. (1.8.10)

. (1.8.11)

(x—l—l)t) PP
T2 < (a+1)n(B+ 1)

§(a+ﬂ+1),§(a+ﬂ+2)‘ 2(x+1)t>
B+1 (1+1)2

—Z O‘+6+1 PeB) (z)n. (1.8.13)

v,a+pf+1—v|1-R—-t v,a+pB+1—v|1-R+t
2F1 e e— 2F1 _

a+1 2 B+1 2
1-
_Z a—(ll—_lkﬂ;-kl) 2 2 PP (z 1 —2xt + 2, v arbitrary. (1.8.14)

Remarks. The Jacobi polynomials defined by (1.8.1) and the Meixner polynomials given by
(1.9.1) are related in the following way :

%Mn(ft;ﬂ, ¢) = p-1-n—p-2) <2 _ C> |

Cc

The Jacobi polynomials are also related to the Gegenbauer (or ultraspherical) polynomials
defined by (1.8.15) by the quadratic transformations :

i (@) = ET% PP (e -

and

A n A= 2’2
O (o) = Wt p A D (902 ),
(E)n+1
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3

References. [2], [3], [10], [12], [18], [31], [34], [35], [36], [37], [38], [39], [40], [43], [46], [47], [48],
[49], [61], [64], [75], [89], [95], [108], [110], [114], [123], [126], [127], [130], [137], [138], [139], [145],
[150], [153], [154], [158], [171], [174], [175], [176], [177], [178], [179], [180], [181], [182], [183], [184],
[194], [197], [201], [202], [209], [211], [213], [214], [215], [221], [227], [231], [254], [260], [264], [265],
[266], [267], [269], [270], [273], [274], [286], [287], [290], [301], [302], [308], [309], [311], [314], [315],
[318], [320], [323], [329], [333], [334], [335], [337], [342], [354], [360], [369], [374], [376], [377], [380]
[382], (386], [388], [390], [393] ]

382], [386], [388], [390], , [403], [405], [407], [408).

Special cases

1.8.1 Gegenbauer / Ultraspherical

Definition. The Gegenbauer (or ultraspherical) polynomials are Jacobi polynomials with o =
B=X— % and another normalization :

() _ (2>\)n P()\fé,/\fé) _ (2>\)n F —n,n + 2201 -2z 181
Orthogonality.

_ mT(n+ 2))21 -2
TN} (n+ M)n!

1
1 1
1— 220N (2)CY (z)dw Smn, A>—= and \ # 0. 1.8.16
m n 2
-1

Recurrence relation.
2(n+ N)zCM (2) = (n+ 1)CY (2) + (n+2X = H)CWY, (). (1.8.17)

Normalized recurrence relation.

n(n+2x—1)

= _ 1.8.1
#p(x) = pra () + e e (0), (18.18)
where 27(\)
N () = n
C(@) = =5 pu(e).
Differential equation.
(1 —2%)y"(z) — @A + Day'(2) + n(n + 2\)y(z) = 0, y(z) = C) (2). (1.8.19)
Forward shift operator.
dic}f)(x) =22 MY (). (1.8.20)
X

Backward shift operator.

d (TL+1)(2)\+TL*1)O(>\ 1)

(1— x2)dxc(x)( z)+ (1 —20)zCW(2) = — 20— 1) 1 (@) (1.8.21)
or equivalently
i [0 o] =B Ra s i, s
Rodrigues-type formula.
(1—a?) 20N () = m (di)n [(1 - x%“”*é] . (1.8.23)



Generating functions.

(1= 2t +£2)- Z CN (& (1.8.24)
n=0

b o

. (HIZM) C(A (2)t", R =/1— 2at + 2. (1.8.25)
n=0

~ |- 1)t> < - (x+1)t) @)
OFl( @—Dt\ & _ o ) yn (1.8.26)
W WY nzzom)n(ﬂ%)n
9 9 oo N)
SO R et L W e/ O
ety Py (A+; 1 > = ;O Y (1.8.27)

2 —y|1-R—t 2\ —7|1-R+t
oh (7 ”I)QFI(” ”\)

A+§ 2 A+ 2
2/\
E 2)\ W) W (x =+/1—2xt+12, v arbitrary. (1.8.28)
1,1 1 oo
_ 5757+ 3 (ﬂf - 1)t (’Y)n .
L—at) Ry | 2020 2| ) =D CM (z)t" bitrary. 1.8.29
(1—axt)™7y 1( At l (1—xt)2> 2. o0, (z)t", v arbitrary ( )

Remarks. The case A = 0 needs another normalization. In that case we have the Chebyshev
polynomials of the first kind described in the next subsection.

The Gegenbauer (or ultraspherical) polynomials defined by (1.8.15) and the Jacobi polynomials
given by (1.8.1) are related by the quadratic transformations :

O () = W pO-t-dg,2 )

(3)n
and
Cé:;)ﬂ(x) = (i\)nﬂ 30P7(:,A7%’%)(2x2 —1).
(2)n+1
References. (2], [4], [33], [38], [39], [43], [46], [57], [82], [36], [88], [89], [90], [95], [98], [99], [100],
[102], [103], [108], [123], [129], [131], [135], [139], [140], [141], [147], [148], [151], [154], [157], [174],
[180], [186], [202], [214], [274], [289], [306], [310], [314], [321], [323], [354], [360], [361], [368], [376],

388], [390], [395], [408].

1.8.2 Chebyshev

Definitions. The Chebyshev polynomlals of the first kind can be obtained from the Jacobi
polynomials by taking o = = —5 :

Py(b_%’_%)(m) -n,n
L) = ———7, - =2h 1
PP 3

! 3 w) (1.8.30)

and the Chebyshev polynomials of the second kind can be obtained from the Jacobi polynomials
bytakinga:ﬂ:% :

21—
mnt ’ x) (1.8.31)

:(n+1)2F1<_ 73 2

2
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Orthogonality.

/(1 — ) 2T, ()T (2)d =

Recurrence relations.

22T () = Thy1(x) + Th-1(x), To(x) =1 and Ti(z) = x.

QZUn(ﬁ) = Un+1($) + Un_l(l').

Normalized recurrence relations.

() = pss (2) + ~puor(@), po(z) = 1 and pi(a) = x,

4
where
To(x) = 2"py ().
1
xpn(:c) = pn+1(x) + an71($)7
where

Un(x) =2"p,(x).

Differential equations.

(1—2?)y"(z) — 2y (2) + n’y(z) = 0, y(z) = Tp(z).

(1= 2?)y" () = 3y (x) + n(n + 2)y(z) = 0, y(z) = Un(2).

Forward shift operator.

Backward shift operator.

or equivalently
1 1
(=03 0,@)] = ~+ 1) (1 =23 T @)

Rodrigues-type formulas.

(1— 2337, (z) = =1 <;iﬂ>n [(1 —12)”*%]

(3)n2"
(1= 2%)}U, () = W (dd) [a—a2y+d].

Generating functions.

1—at
T (2)t™.
1— 20t +¢2 Z
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(1.8.32)

(1.8.33)

(1.8.34)

(1.8.35)

(1.8.36)

(1.8.37)

(1.8.38)

(1.8.39)

(1.8.40)

(1.8.41)

(1.8.42)

(1.8.43)

(1.8.44)

(1.8.45)



oo (1
s r-a =3 Bler o - vimire

2 = n
—| (z=1)t (x+ 1)t = To(z)
0F1< oF1 = t".
Al A )R
o (@R ST,
€ ol'1 % 4 —Z ol t.
n=0
| 1-R—t | 1— R+t
o () ()
2 2
= Z W)I(i_’y')nTn(x)t”, R=+/1-2xt+t2, v arbitrary.
n=0 (Q)nn

2 _1)¢2 >
M) _ Z (V)n T, (z)t", v arbitrary.

n!

3
(2). Un(2)t", R = /1 — 2t + 12,

) i (@) (n+1) n+1) .

= 2

2 2 o0
ot —| (@ —1)t> Un(z)
e OFI( —_— | = t.
) -5 Bt
2—~|1-R—t 2—~|1-—R+t
2 2

= n 2— n
=S e oy R= T2 B, arbitrany.
2/n .

1 1 1
=7, = + =
(1—.Z’t)_72F1 ( 27 2,-)/ 2

(@ =D\ <~ (D . .
W) = 7;) n+ 1)!Un($)t , ¥ arbitrary.

Remarks. The Chebyshev polynomials can also be written as :

T, (z) = cos(n arccos x)

sin(n 4+ 1)0
sin 0

Up(z) = , & =cosb.

Further we have

Un(z) = C{V ()

43

(1.8.46)

(1.8.47)

(1.8.48)

(1.8.49)

(1.8.50)

(1.8.51)

(1.8.52)

(1.8.53)

(1.8.54)

(1.8.55)

(1.8.56)

where C{ (x) denotes the Gegenbauer (or ultraspherical) polynomial defined by (1.8.15) in the
preceding subsection.

References. [2], [46], [51], [5
362], [367], [388], [390], [401], [408].

2], [78], [123], [131], [140], [154], [202], [211], [311], [314], [323], [360],



1.8.3 Legendre / Spherical

Definition. The Legendre (or spherical) polynomials are Jacobi polynomials with « = =10

_ 111 =
Py(z) = PO (2) = o Fy ( ”’QH ’ 5 x) . (1.8.57)
Orthogonality.
1
2
-1
Recurrence relation.
2n+1)xP,(z) = (n+ 1) Pyy1(x) + nPp_1(z). (1.8.59)
Normalized recurrence relation.
n2
72 (2) = P (1) + oy P (@) (1.8.60)
where ) )
n
P,(x) = —pp(x).
@) = () gen(e)
Differential equation.
(1 — 22y (x) = 2zy/ () + n(n + Dy(z) =0, y(z) = P,(x). (1.8.61)
Rodrigues-type formula.
(=" (d\" 2
P, (z) = — 1—a9)"|. 1.8.62
() =S () [a=a)] (18.62)
Generating functions.
1 oo
—_— = P (z)t". 1.8.63
e 2 (1863
—| (z—=1)t —| @+ 1)t <= Pulz),,
oFy ( . 5 oFi ( 5 7; (n!)Qt . (1.8.64)
—| (2% = 1)¢? > P,(2)
=t F @ DEY ASZIY 1.8.
e ol ( 1 4 nz:% ol t ( 8 65)
v1—~v|1—-R—t v 1—~|1—-R+t
A (M) (M
- n 1- n
= Z WPn(x)t”, R=+/1—-2xt+1t2, v arbitrary.  (1.8.66)
n=0 ’
1.1 1 2 2 g
— 57) Q’Y + 2 (:L' B 1)t _ (7)77. n :
(1 —at) 72F1< " =l 77;) . P, (z)t", v arbitrary. (1.8.67)

References. [2], [5], [13], [85], [89], [105], [123], [131], [140], [152], [154], [202], [314], [323], [329],
360], [388], [390], [408].
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1.9 Meixner

Definition. .
M (@33, ¢) = 2 ( L C) .
Orthogonality.
o ()2 ¢ "n!
Z ~—=" M (x; 8,c) M, (x; 8,¢) = ————=0mn, >0 and 0 <c<1.
ar (B)n(1 = c)?

Recurrence relation.

(¢ — DaMy,(z;8,¢c) = c(n+ B)Mui1(x; 8, ¢)

- [71 + (n + 6)0] Mn(l';ﬂ,C) + nMnfl(x;/Bvc)

Normalized recurrence relation.

1a(2) = () + I (@) 4 ML, ),
where ) N
M) = 5 (“50) ale)

Difference equation.

n(c—Dy(z) = clxz + By(x + 1) — [z + (z + B)c]y(zx) + zy(z — 1), y(z) = My (z; 5, ¢).

Forward shift operator.

Mn(x + 17ﬂ7 C) - Mn(x7ﬁa C) =

=3

or equivalently

AMn(l‘;ﬁ,C) =

% (C 1> My _1(z;8+1,¢).

Backward shift operator.
c(B+x—1)My(z;8,¢) —xMy(x—1;8,¢c) =c(f — 1) Mpt1(z; 86— 1,¢)
or equivalently

v (ﬁzjcx Mn(x;ﬁ,c)] = MMnH(%ﬁ_ L,c).

x!
Rodrigues-type formula.

(B)zc”

x!

s = [

Generating functions.

oo

<1 - Z)m -t =% %Mn(x;ﬂ,c)t".

n=0

(Lo9)) =3ttt

n=0

—z
e Fy < 3
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— Y, =T (1 _C)t _ S (’Y)n . n :
(1—-t)""F ( 5 | —t)) = ngo " M, (z; 8, ¢)t™, v arbitrary. (1.9.13)
Remarks. The Meixner polynomials defined by (1.9.1) and the Jacobi polynomials given by
(1.8.1) are related in the following way :

C

Dot (w:.0) = ot s (22,

The Meixner polynomials are also related to the Krawtchouk polynomials defined by (1.10.1)
in the following way :

p
Kn(x;p, N) =M, (xé =N, p—l) .
References. [6], [1()], [13}, [19]7 [21], [31], [32], [39], [43}, [50}7 [52], [64], [67], [69], [80], [104], [123],
[130], [154], [170], [172], [173], [181], [183], [212], [222], [227], [233], [239], [247], [250], [274], [286],
[287]7 [296], [298]7 [301]7 [307], [316]7 [323]7 [338], [391], [394], [407]7 [409].

1.10 Krawtchouk

Definition. )
Kp(z;p,N) = o Fy ( *T_L]\;x p) . n=0,1,2,...,N. (1.10.1)
Orthogonality.
N /N N (—=D)"n! (1 —p\"
> ( >pw(1 — )N K, (25 p, N) K, (z;p, N) = <> Sy 0<p<1. (1.10.2)
=0 z (_N)n p

Recurrence relation.

—x K (z;p,N) = p(N —n)K,11(x;p, N)
— [p(V — ) + 01 = p)] Kn(w:p, N) + 01 — p)Ko_1 (550, N). (1103)

Normalized recurrence relation.
2D (@) = a1 (@) + [PV = 1) + (1 = p)] pa(@) + np(1 = p)(N +1 = m)poa (@),  (110.4)

where

Difference equation.

—ny(x) =p(N —2)y(z +1) = p(N —2) + z(1 — p)]y(z) + z(1 — p)y(z — 1), (1.10.5)

where
y(x) = Kn(x;p,N).

Forward shift operator.

Ky(z+1;p,N) — Ky (z;p, N) = —NipKn_l(x;p, N-1) (1.10.6)
or equivalently

Np
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Backward shift operator.

(N+1-2)K,(z;p,N) — x (lpp) K,(x —1;p,N)=(N+1)K,11(z;p, N+1)  (1.10.8)

or equivalently

v Kf) (&)xKn(x;p,N)} _ (N;1> <1l_)p>xKn+1(x;p,N+ 1. (1.10.9)

Rodrigues-type formula.

(Y (2 B = [TV ()]

Generating functions. For x =0,1,2,..., N we have
N
1-— N
<1(p)t> 1+t~ Z( ) (@ p, N (1.10.11)
p n=0 n
x t YK, (z;p, N)
WR = =) s yn, 1.10.12
(S5 B @112
v —w| — ()
1—t)7 79 F; ’ = K, (z;p, N)t" bit . 1.10.13

Remarks. The Krawtchouk polynomials are self-dual, which means that
Kn(xapa N) = Kﬁlf(n’p7 N)? n’x 6 {07 ]‘723 A '7N}'

By using this relation we easily obtain the so-called dual orthogonality relation from the orthog-
onality relation (1.10.2) :

. (=r)
> ( )p”(l — )N K (2 p, N) K (yip, N) = ~L2_ 25

n N w
()
where 0 < p < 1and z,y € {0,1,2,...,N}.
The Krawtchouk polynomials are related to the Meixner polynomials defined by (1.9.1) in the
following way :

n=0

K,(x;p,N) =M, < Np—l)

References. [13], [31], [32], [39], [43], [50], [64], [67], [104], [119], [123], [136], [142], [145], [146],
[154], [159], [181], [183], [212], [250], [272], [274], [286], [287], [294], [296], [298], [301], [307], [323],
[

[338], [340], [385], [386], [388], [407], [409)].
1.11 Laguerre
Definition. .
L) (z) = (a j;! I <a_:1 x) (1.11.1)
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Orthogonality.

T r 1
/e_xxaLfﬁ)(m)Lgf‘)(m)dm = (n—i_ila—i—)émn, a>—1. (1.11.2)
n!
0
Recurrence relation.
(n+ 1LY (z) = 2n+ a+1—2) L (@) + (n+ a) LY, (z) = 0. (1.11.3)
Normalized recurrence relation.
2pn(2) = ppa1(x) + 2n+ a4+ Dpa(x) + n(n+ a)pp—1(x), (1.11.4)
where (1)
(@) (p) = 2=
Ly (z) = nl pn(z)
Differential equation.
2y (x) + (a+1—2)y' (2) + ny(z) =0, y(z) = LI (z). (1.11.5)
Forward shift operator.
d o a+1
L (@) = L (). (1.11.6)
Backward shift operator.
d a o a—1
r L (@) + (o = 2) LY (2) = (n+ DL (@) (1.11.7)
or equivalently
T [e_xxo‘LSf‘)(x)] =(n+ 1)e_xxo‘_1L§ff~_711)(m). (1.11.8)
Rodrigues-type formula.
1 /d\"
—z, a7 (a) e e —z _ntoa
e Ty (x) = . (dx) [e~ "™t (1.11.9)
Generating functions.
(1—t)" > Lexp L i L ()t (1.11.10)
t—1 — "
0 r(a)
- Ly (x)
LoF —at) =)y 1.11.11
A S (111.11)
- Y xt — (V)n .
1—t)""F )=y S p@ g bitrary. 1.11.12
( ) 11(a+1 t—l) T;(a+1)n w(x)t", v arbitrary ( )

Remarks. The definition (1.11.1) of the Laguerre polynomials can also be written as :

1 & (—n
L (z) = ] Z ( k')k (+k+1),_pzF.
Lkl

In this way the Laguerre polynomials can be defined for all «. Then we have the following
connection with the Charlier polynomials defined by (1.12.1) :

(za)" C(z;a) = L (a).

n!
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The Laguerre polynomials defined by (1.11.1) and the Hermite polynomials defined by (1.13.1)
are connected by the following quadratic transformations :

Hyp(z) = (—1)”n!22"L£L_%)(m2)

and .
Hopy1(z) = (=1)"n1 22712 L) (22).

In combinatorics the Laguerre polynomials with a = 0 are often called Rook polynomials.

References. [1], [2], [3], [6], [9], [10], [12], [13], [18], [19], [31], [34], [39], [43], [49], [50], [52], [56],
[64], [77], [79], [89], [91], [92], [95], [102], [103], [106], [107], [108], [109], [111], [114], [121], [123],
[128], [130], [137], [138], [149], [154], [155], [158], [182], [184], [195], [196], [198], [199], [201], [202],
[210], [214], [215], [222], [227], [231], [233], [239], [241], [244], [250], [253], [255], [268], [270], [273],
[274], [284], [286], [287], [288], [291], [292], [301], [302], [306], [314], [316], [323], [329], [330], [332],
[360], [367], [372], [373], [374], [375], [376], [388], [390], [394].
1.12 Charlier
Definition.
C(z:0) = 2 Fp <_”’_ - i) . (1.12.1)
Orthogonality.
Z C;i Cp(z;a) =a "e*nl dpmp, a > 0. (1.12.2)
=0
Recurrence relation.
—2Cph(z;a) = aCpy1(z;a) — (n+ a)Cp(z;a) + nCp_1(z; a). (1.12.3)
Normalized recurrence relation.
TPn () = Ppr1(x) + (0 + a)pn(z) + napn—1(x), (1.12.4)
where N
Culiia) = (=1 ) i)
Difference equation.
—ny(e) = ay( +1) — (@ + Q)y(x) + oy(z — 1), y(z) = Cula:0). (1.12.5)
Forward shift operator.
Cn(z+1;a0) — Cp(z;a) = fg n—1(z;a) (1.12.6)
or equivalently
AC,(z;a) = —Z n—1(x; Q). (1.12.7)
Backward shift operator.
Cp(z;a) — %C’n(a: —1;a) = Chyi(x;a) (1.12.8)
or equivalently .
\% [Z:!C’n(a?;a)} = %Cn+1(x;a). (1.12.9)
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Rodrigues-type formula.

a® nla”
Generating function.
t\* = Cn(z;a)
Hli—=) =) 22y 1.12.11
¢ ( a) Z n! ( )

n=0

Remark. The definition (1.11.1) of the Laguerre polynomials can also be written as :

1 & (—n
L) (z) = o Z ( k')k (+k+1),_pzF.
L= k!

In this way the Laguerre polynomials can be defined for all «. Then we have the following
connection with the Charlier polynomials defined by (1.12.1) :

(_:!) C(z;a) = LI (a).

References. [6], [10], [13], [19], [21], [31], [32], [39], [50], [64], [67], [81], [123], [124], [142], [154],
[181], [183], [212], [222], [274], [286], [287], [288], [294], [296], [298], [301], [307], [316], [323], [388],
[394], [407], [409].

1.13 Hermite

Definition. /2 1)/2 )
—n/2,—(n —
Ho(z) = (22)"s F ( E ‘ - xg) , (1.13.1)
Orthogonality.
1
7 / e_szm(x)Hn(x)dx = 2"n! 0. (1.13.2)
Recurrence relation.
Hy1(x) — 2¢H,(z) + 2nH,—1(x) = 0. (1.13.3)
Normalized recurrence relation.
n
pn () = ppaa(x) + §pn_1(x), (1.13.4)
where
H,(x) =2"p,(x).
Differential equation.
y"(z) — 22y (x) + 2ny(z) = 0, y(z) = H,(z). (1.13.5)
Forward shift operator.
d
%Hn(:n) =2nH,_1(x). (1.13.6)
Backward shift operator.
d
%Hn(x) —2¢H,(z) = —Hpy1(x) (1.13.7)
or equivalently
< e_‘”an(x) = —e_”anH(x). (1.13.8)
dx



Rodrigues-type formula.

a2 L AN e
e Hy(z) = (—1) (dx) [e ] (1.13.9)
Generating functions.
0o Hn
exp (22t — %) = ) ('x)t". (1.13.10)
n!
n=0

e’ cos(2zV/t) = Z (—Tll)” Hyp, (2)t"

|

n=0 (2 )
(1.13.11)

78111 23’3\[ Z H2n+1(aj)tn.
n= O
_ — ( ) 2n
cosh 2xt) = Z 2n)] t
} (1.13.12)
et smh 2xt) Z H2n+1 2”“.
— 2n—|—
2,2 o
2 vl ozt - 7)n 2n .
(1+¢t*) "1 Fy <§ 1+t2> = 7;) (on !HQH(J:)t , 7 arbitrary
(1.13.13)
zt v+g| @’ = (V+ $)n 2nt1 .
1F1 ( 3 = 2 Hopy1 (2)t2" 1)~ arbitrary.
Vit 31+ §(2n+1)!
1+ 20t + 4¢2 4242 >,
e p( 7t 2) -y (x)tn7 (1.13.14)
(14 4t2)2 14 4¢ — [n/2]!

where [a] denotes the largest integer smaller than or equal to a.
Remarks. The Hermite polynomials can also be written as :

Halz) _ §~ (Do)
k! (n —2k)! ~
k=0
where [a] denotes the largest integer smaller than or equal to «.
The Laguerre polynomials defined by (1.11.1) and the Hermite polynomials defined by (1.13.1)
are connected by the following quadratic transformations :

Hon(2) = (—=1)"n! 227 L 2 (22)
and
Hong1(x) = (=1)"n! 22" 1oL (372)

References. (2], [10], [13], [18], [19], [31], [34], [39], [43], [49], [64], [74], [82], (87], [89], [91], [92],
[112], [123], [128], [131], [137], [138], [154], [158], [195], [196], [200], [201], [202], [214], [239], [274],
[285], [288], [301], [302], [306], [314], [316], [323], [329], [332], [360], [367], [376], [381], [388], [390],
394], [397], [406].
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Chapter 2

Limit relations between
hypergeometric orthogonal
polynomials

2.1 Wilson

Wilson — Continuous dual Hahn.

The continuous dual Hahn polynomials can be found from the Wilson polynomials defined by

(1.1.1) by dividing by (a + d),, and letting d — oo :
2.

lim Wa(2% a,b,¢,d)

=S, (x%a,b 2.1.1

where S, (22;a,b,c) is defined by (1.3.1).

Wilson — Continuous Hahn.

The continuous Hahn polynomials defined by (1.4.1) are obtained from the Wilson polynomials
by the substitution a — a —it, b — b —it, c — ¢+ it, d — d + it and © — x + t in the definition
(1.1.1) of the Wilson polynomials and the limit ¢ — oo in the following way :

. Wo((@+t)%a—it,b—it,c+it,d +it)
lim
t—o0 (—2t)"n!

= pn(z;a,b,c,d). (2.1.2)

Wilson — Jacobi.

The Jacobi polynomials given by (1.8.1) can be found from the Wilson polynomials by substituting
a=b=3(a+1),c=3(B+1)+it,d= 3(B+1)—it and x — t1/3(1 — z) in the definition (1.1.1)
of the Wilson polynomials and taking the limit ¢ — oco. In fact we have

i W, (3(1—2)t% i (a+1), 3(a+1), 5(B+1) +it, 3(B+1) —it)

i =R 1y

2.2 Racah

Racah — Hahn.
If we take y+1 = —N and let § — oo in the definition (1.2.1) of the Racah polynomials, we obtain
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the Hahn polynomials defined by (1.5.1). Hence

lim R,(Mx);a,08,—N —1,8) = Qn(x;0, 8, N). (2.2.1)

d—00

The Hahn polynomials can also be obtained from the Racah polynomials by taking § = ——N —1
in the definition (1.2.1) and letting v — oo :

Wlln;o R.(M\z);a,8,7,—8—N —1) = Qn(z;0, 5, N). (2.2.2)

Another way to do this is to take a+1 = —N and 8 — f+~+ N +1 in the definition (1.2.1) of the
Racah polynomials and then take the limit § — co. In that case we obtain the Hahn polynomials
given by (1.5.1) in the following way :

lim Ru(A@); =N = 1,847+ N +1,7,6) = Qu(w;7, 6, N). (2.2.3)

d—o0

Racah — Dual Hahn.

If we take « +1 = —N and let § — oo in (1.2.1), then we obtain the dual Hahn polynomials from
the Racah polynomials. So we have

lim R, (A(z);—N —1,8,7,9) = R,(A(x);7,d,N). (2.2.4)

ﬁHOO

And if we take § = =0 — N — 1 and let & — oo in (1.2.1), then we also obtain the dual Hahn
polynomials :
lim R,(A(z);a,—6 — N —1,7,0) = R, (A(z);7,9, N). (2.2.5)

o— 00

Finally, if we take Y +1 = —N and § - a + § + N + 1 in the definition (1.2.1) of the Racah
polynomials and take the limit 5 — oo we find the dual Hahn polynomials given by (1.6.1) in the
following way :

lim R,(A(z);a,0,—N —1,a+ 5+ N+1)=R,(A(z);a,d,N). (2.2.6)

B—o0

2.3 Continuous dual Hahn

Wilson — Continuous dual Hahn.
The continuous dual Hahn polynomials can be found from the Wilson polynomials defined by
(1.1.1) by dividing by (a + d),, and letting d — oo :
Wn 2; ) b7 ) d
lim M = S, (2% a,b,c),
d—oo (a+d),
where S,,(2%;a, b, c) is defined by (1.3.1).

Continuous dual Hahn — Meixner-Pollaczek.

The Meixner-Pollaczek polynomials given by (1.7.1) can be obtained from the continuous dual
Hahn polynomials by the substitutions © — = — ¢, a = A+ it, b = A — it and ¢ = tcot ¢ in the
definition (1.3.1) and the limit ¢ — oo :

S, ((a: — )N+ it \ — it,tcotqb)
lim

t—oo ( t ) |
sin ¢ "

= PN (z; ). (2.3.1)
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2.4 Continuous Hahn

Wilson — Continuous Hahn.

The continuous Hahn polynomials defined by (1.4.1) are obtained from the Wilson polynomials
by the substitution a — a — it, b — b —it, c — ¢+ it, d — d + it and © — x + t in the definition
(1.1.1) of the Wilson polynomials and the limit ¢ — oo in the following way :

W, )2, a —it, b — it, it,d + it
lim (@ +)%a—i itc it d+ i) = pp(z;a,b,c,d).
t—00 (—2t)"n!

Continuous Hahn — Meixner-Pollaczek.

By taking x — . —t, a = A+it, c = A — it and b = d = —ttan¢ in the definition (1.4.1) of
the continuous Hahn polynomials and taking the limit ¢ — oo we obtain the Meixner-Pollaczek
polynomials defined by (1.7.1) :

lim P (z —t; A+ it, —ttan ¢, A — it, —t tan ¢)
im
t—o0 ( it ) in

cos ¢ n

Continuous Hahn — Jacobi.

= PN (z; ). (2.4.1)

The Jacobi polynomials defined by (1.8.1) follow from the continuous Hahn polynomials by the
substitution  — —iat, a = J(a+1+it), b= 3(B+1—it), c= L (a+1—it) and d = F(B+1+it)
in (1.4.1), division by (—1)"t"™ and the limit ¢ — oo :

pn (—3at; 2(a+14it), 2(B+1—it), 2 (a+1—it), 5(B+ 1 +it))

. — plap)
tlingo it PPN (z).  (2.4.2)

2.5 Hahn

Racah — Hahn.
If we take y+1 = —N and let § — oo in the definition (1.2.1) of the Racah polynomials, we obtain
the Hahn polynomials defined by (1.5.1). Hence

6hm Rn()\(x);a7ﬂ7 —N — 175) = Q’rl(x;aaﬂ)N)-

The Hahn polynomials can also be obtained from the Racah polynomials by taking é = —— N —1
in the definition (1.2.1) and letting v — oo :

'ylirgo Rn(A(l')7 a, ﬂa s _ﬂ - N - 1) = QTL(I; «, 6a N)
Another way to do this is to take «4+1 = —N and § — G+~ -+ N +1 in the definition (1.2.1) of the

Racah polynomials and then take the limit § — co. In that case we obtain the Hahn polynomials
given by (1.5.1) in the following way :

6lim R,(A(z); =N —=1,84+~v+ N +1,v,9) = Qun(x;v,5,N).

Hahn — Jacobi.

To find the Jacobi polynomials from the Hahn polynomials we take £ — Nz in (1.5.1) and let
N — oo. We have
P (1 - 22)

lim Q,(Nz;a,8,N) = (2.5.1)
N—oo Pr(baﬁ)(l)
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Hahn — Meixner.

If we take « = b—1, 3 = N(1 — ¢)c ! in the definition (1.5.1) of the Hahn polynomials and let
N — oo we find the Meixner polynomials given by (1.9.1) :

1 —
lim Q, (m;b I,NC,N> = M, (x;b,0). (2.5.2)
C

N—o0

Hahn — Krawtchouk.

If we take a = pt and 8 = (1 —p)¢ in the definition (1.5.1) of the Hahn polynomials and let ¢ — oo
we obtain the Krawtchouk polynomials defined by (1.10.1) :

Jm @ (z;pt, (1= p)t, N) = Kn(2;p, N). (2.5.3)

2.6 Dwual Hahn

Racah — Dual Hahn.

If we take « +1 = —N and let 8 — oo in (1.2.1), then we obtain the dual Hahn polynomials from
the Racah polynomials. So we have

ﬁlim R,(A(x);—N —1,5,7,9) = R,(Ax);v,d, N).
And if we take 8 = —0 — N — 1 and let @« — oo in (1.2.1), then we also obtain the dual Hahn

polynomials :
hm Rn()‘(x)a a, _6 - N - 17'}/, 5) = Rn()‘(x)77767 N)

a—00

Finally, if we take Y+ 1 = —N and § — a + 6 + N + 1 in the definition (1.2.1) of the Racah
polynomials and take the limit § — oo we find the dual Hahn polynomials given by (1.6.1) in the
following way :

ma R,(A(z);a,8,—N —1,a+ 0+ N +1) = R,(\(z); o, , N).
Dual Hahn — Meixner.
To obtain the Meixner polynomials from the dual Hahn polynomials we have to take v = g — 1

and § = N(1 —¢)c™! in the definition (1.6.1) of the dual Hahn polynomials and let N — oo :

lgch) :Mn(x;ﬁvc)' (261)

N—o0

lim R, ()\(J;),ﬁ -1,N

Dual Hahn — Krawtchouk.

In the same way we find the Krawtchouk polynomials from the dual Hahn polynomials by setting
vy=pt,d =(1—p)tin (1.6.1) and let t — oo :

lim R, (A(x);pt, (1 —p)t,N) = K,(x;p, N). (2.6.2)

t—oo

2.7 Meixner-Pollaczek

Continuous dual Hahn — Meixner-Pollaczek.

The Meixner-Pollaczek polynomials given by (1.7.1) can be obtained from the continuous dual
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Hahn polynomials by the substitutions © —  — ¢, a = A +4t, b = A — it and ¢ = tcot ¢ in the
definition (1.3.1) and the limit ¢ — oo :

S, ((w — )N +it, A — it,tcotgb)
lim

t—o0 ( t ) |
sin ¢ .

Continuous Hahn — Meixner-Pollaczek.

By taking x — z —t, a = A+it, c = A — it and b = d = —ttan¢ in the definition (1.4.1) of
the continuous Hahn polynomials and taking the limit ¢ — co we obtain the Meixner-Pollaczek
polynomials defined by (1.7.1) :

= PV (x;9).

. P (x—t; A +it, —ttan ¢, A — it, —t tan @)
lim

t—00 ( it ) in
cos ¢ n

Meixner-Pollaczek — Laguerre.

= PV (x;9).

The Laguerre polynomials can be obtained from the Meixner-Pollaczek polynomials defined by
(1.7.1) by the substitution A = 1(a+ 1), z — —3¢ "' and letting ¢ — 0 :

. (zots) [T\ _ 1(a)
(})m%) P, ( 2¢,¢) = L)Y (x). (2.7.1)
Meixner-Pollaczek — Hermite.

If we substitute x — (sin¢)~*(zv/A — Acos ¢) in the definition (1.7.1) of the Meixner-Pollaczek
polynomials and then let A — oo we obtain the Hermite polynomials :

(.I\/X—ACOS(b'(b) H,(z)

lim A~2"PX)

A—00

el R (2.7.2)

2.8 Jacobi

Wilson — Jacobi.

The Jacobi polynomials given by (1.8.1) can be found from the Wilson polynomials by substituting
a=b=3(a+1),c=3(B+1)+it,d= 3(B+1)—it and x — t1/3(1 — 2) in the definition (1.1.1)
of the Wilson polynomials and taking the limit ¢ — oco. In fact we have

- W, (3(1—2) % (a+1),3(a+1), 3(B+1) +it, 3(B+1) —it)
00 t2np)

= PP ().

Continuous Hahn — Jacobi.

The Jacobi polynomials defined by (1.8.1) follow from the continuous Hahn polynomials by the
substitution  — —ixt, a = J(a+1+it), b= 3(B+1—it), c= L (a+1—it) and d = F(B+1+it)
in (1.4.1), division by (—1)"t™ and the limit ¢ — oo :

i Pr (—iat; d(a+1+4it), 2(B4+1—it), 2 (a+1—it), 5(B+1+1it))

e (Oé,ﬁ)

Hahn — Jacobi.
To find the Jacobi polynomials from the Hahn polynomials we take x — Nz in (1.5.1) and let
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N — oco. We have ()

Py (1 -2
lim Qn(Nz;a, B, N) = #
N—o00 Pna’ (1)

Jacobi — Laguerre.

The Laguerre polynomials can be obtained from the Jacobi polynomials defined by (1.8.1) by
letting x — 1 — 26~ 'z and then 8 — oo :

2x
lim P(@h) <1 _ ) = L (). 2.8.1

Jacobi — Hermite.

The Hermite polynomials given by (1.13.1) follow from the Jacobi polynomials defined by (1.8.1)
by taking 8 = « and letting o — oo in the following way :

, H,
Jim_a~ 3P (%) _ Halo) (2.8.2)

2.8.1 Gegenbauer / Ultraspherical

Gegenbauer / Ultraspherical — Hermite.

The Hermite polynomials given by (1.13.1) follow from the Gegenbauer (or ultraspherical) poly-
nomials defined by (1.8.15) by taking A = a + % and letting & — oo in the following way :

2.9 Meixner

Hahn — Meixner.

If we take « = b—1, 3 = N(1 — ¢)c ! in the definition (1.5.1) of the Hahn polynomials and let
N — oo we find the Meixner polynomials given by (1.9.1) :

1
lim Q, <x;b I,NC,N> = My (z:b, ¢).
N—oo C

Dual Hahn — Meixner.

To obtain the Meixner polynomials from the dual Hahn polynomials we have to take v = § — 1

and § = N(1 —¢)c™! in the definition (1.6.1) of the dual Hahn polynomials and let N — oo :

IZC,N) = Ma(a: 6, 0)

I R, (A(mm— LN

Meixner — Laguerre.

If we take 3 = a+ 1 and # — (1 — ¢) "'z in the definition (1.9.1) of the Meixner polynomials and
let ¢ — 1 we obtain the Laguerre polynomials :

(@)
lim M, L;a—l—l,c = M (2.9.1)
c—1 1—c L;a)(o)
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Meixner — Charlier.

If we take ¢ = (a + ) 'a in the definition (1.9.1) of the Meixner polynomials and let 3 — oo we
find the Charlier polynomials :

BILH;O M, (m;ﬂ, aiﬂ) = Cy(z;a). (2.9.2)

2.10 Krawtchouk

Hahn — Krawtchouk.

If we take a = pt and 8 = (1 —p)¢ in the definition (1.5.1) of the Hahn polynomials and let ¢ — oo
we obtain the Krawtchouk polynomials defined by (1.10.1) :

tlim Qn (z;pt, (1 —p)t, N) = K, (x;p, N).
— 00

Dual Hahn — Krawtchouk.

In the same way we find the Krawtchouk polynomials from the dual Hahn polynomials by setting
vy=pt,d =(1—p)tin (1.6.1) and let t — oo :

Jim Ry, (A(z); pt, (1 = p)t, N) = Kn(;p, N).

Krawtchouk — Charlier.

The Charlier polynomials given by (1.12.1) can be found from the Krawtchouk polynomials defined
by (1.10.1) by taking p = N~'a and let N — oo :

) a
1\}51&00 K, (x, N’ N) = Chp(z;a). (2.10.1)

Krawtchouk — Hermite.

The Hermite polynomials follow from the Krawtchouk polynomials defined by (1.10.1) by setting
x — pN + x+/2p(1 — p)N and then letting N — oo :

im (M) &, x o Np, N) = D @) 10.
]\LOO\/OK (pN+ 2p(1 p)NpN) » (ﬁp)" (2.10.2)

2.11 Laguerre

Meixner-Pollaczek — Laguerre.

The Laguerre polynomials can be obtained from the Meixner-Pollaczek polynomials defined by
(1.7.1) by the substitution A = 1(a+1), z — —1¢ 'z and letting ¢ — 0 :

: (zo+3) (T ) _ 1(a)
tim P} <2¢,¢) L (@),

Jacobi — Laguerre.

The Laguerre polynomials can be obtained from the Jacobi polynomials defined by (1.8.1) by
letting x — 1 — 26~ '2 and then 8 — oo :

2
Jim P (1 - ;) = L) (z).
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Meixner — Laguerre.

If we take 3 = a +1 and z — (1 — ¢)~ !z in the definition (1.9.1) of the Meixner polynomials and
let ¢ — 1 we obtain the Laguerre polynomials :

LY (z)

lim M, L;oﬂrl,c = —".
1-c¢ L$(0)

c—1
Laguerre — Hermite.

The Hermite polynomials defined by (1.13.1) can be obtained from the Laguerre polynomials given
by (1.11.1) by taking the limit & — oo in the following way :

lim <2>én L) ((2a)%x+a) = (_1)an(x). (2.11.1)

a—oo \ (¢

2.12 Charlier

Meixner — Charlier.

If we take ¢ = (a + 8)"'a in the definition (1.9.1) of the Meixner polynomials and let 3 — oo we
find the Charlier polynomials :

a
li M, s | = Cn ;@)
51—{20 (xﬁ a—i—ﬁ) (x30)
Krawtchouk — Charlier.
The Charlier polynomials given by (1.12.1) can be found from the Krawtchouk polynomials defined
by (1.10.1) by taking p = N~'a and let N — oo :

) a
ngnoo K, (x, N,N) = Cp(z;a).
Charlier — Hermite.
If we set © — (2a)"/2x + a in the definition (1.12.1) of the Charlier polynomials and let a — oo
we find the Hermite polynomials defined by (1.13.1). In fact we have

lim (2a)3"C,, ((2a)%x +a; a) = (—1)"Hy (). (2.12.1)

a— 00

2.13 Hermite

Meixner-Pollaczek — Hermite.
If we substitute z — (sin¢)~*(zv/A — Acos ¢) in the definition (1.7.1) of the Meixner-Pollaczek
polynomials and then let A — oo we obtain the Hermite polynomials :

x\F)\—)\COS¢>.¢> _ Hn(x)

L y—3np(Y)
AIEEOA 2P ( sin ¢ ’ n!
Jacobi — Hermite.

The Hermite polynomials given by (1.13.1) follow from the Jacobi polynomials defined by (1.8.1)
by taking 8 = « and letting @ — oo in the following way :

lim o~ 3nplee) (L) = Hn(sc)
a—00 n \/a
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Gegenbauer / Ultraspherical — Hermite.

The Hermite polynomials given by (1.13.1) follow from the Gegenbauer (or ultraspherical) poly-
nomials defined by (1.8.15) by taking A = a + % and letting & — oo in the following way :

lim a*%"CT(La+%) = :Hn(x)
a—00 Va n!

Krawtchouk — Hermite.

The Hermite polynomials follow from the Krawtchouk polynomials defined by (1.10.1) by setting
x — pN + x+/2p(1 — p)N and then letting N — oo :

i (YK (o /20 N p N ) = D Hn(@)
ALOO\/@K (pN+ 2p(1 p)NpN) 2%!(12))”

Laguerre — Hermite.

The Hermite polynomials defined by (1.13.1) can be obtained from the Laguerre polynomials given
by (1.11.1) by taking the limit & — oo in the following way :

lim <2)§n L@ ((za)%x+a) _EV .

a—oo \ (0

Charlier — Hermite.

If we set © — (2a)"/2x + a in the definition (1.12.1) of the Charlier polynomials and let a — oo
we find the Hermite polynomials defined by (1.13.1). In fact we have

lim (24)3"C,, ((2a)%x + a;a) = (—1)"Hn ().

a—00
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Chapter 3

Basic hypergeometric orthogonal
polynomials

3.1 Askey-Wilson

Definition.

a"pn(r;a,b,c,dlq) s q ", abedg™ 1, ae'® ae="
(ab,ac,ad;q)n, ab, ac, ad

q;q) , = cosf. (3.1.1)

The Askey-Wilson polynomials are g-analogues of the Wilson polynomials given by (1.1.1).
Orthogonality. If a,b, ¢, d are real, or occur in complex conjugate pairs if complex, and
max(|al, ||, |cl, |d]) < 1, then we have the following orthogonality relation

1 w(x) ) ) B
%/ﬁpm(m,a,b, ¢, d|q)pn(z;a,b, ¢, d|q)dx = hymn, (3.1.2)
41
where
) 2 1 1
(€% @) o h(z,1)h(x,—1)h(z,q2 )h(x,—q7)
= M b d = - n - - =
w(w) = w(z;a,b, c,dlq) (aei bet? cet? dei?; q) o Wz, a)h(z,b)h(x, c)h(x,d)
with -
h(z,a) = H [1 — 2azq® + a2q2k] = (aew,ae*w; q)oo, T = cos b
k=0

and

(abedq™ 15 q)n(abedg®; q) s

By, = .
" (g™t abg™, acq™, adg™, beg™, bdg™, cdq™; @)oo

If @ > 1 and b, ¢, d are real or one is real and the other two are complex conjugates,
max(]b], ||, |d|) < 1 and the pairwise products of a,b,c and d have absolute value less than one,
then we have another orthogonality relation given by :

1
i / Mpm(x7 a, ba ) d‘q)pn(.ﬁ, a, b’ = d‘Q)dx

2m 1— 22
+ Z WEPm (T a, b, ¢, d|q)pn(zk; a, b, ¢, d|q) = hylmn, (3.1.3)
k
1<aqk’§a
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where w(x) and h,, are as before,

k B!
M + (ag")

2
and
_ (@7 q)oo (1 —a*¢**)(a®, ab, ac, ad; q)x ( q )’“
k= (q7ab7 ac, adaailba a7107 aild; q)oo (1 - az)(%ab*l%ac*l%ad*lq; q)k ade '
Recurrence relation.
22Py(2) = Anpni1(z) + [a+a™' — (A, + Cn)] Pul@) + Crbr—1(2), (3.1.4)
where ( boe.dlg)
_ - a"pn(x;a,b, ¢, dlq
KL = ; 7b7 7d =
p L(x) Z)"(;r a & ‘q) (ab7 (J,C, ad; q)n
and
A = (1 — abg™)(1 — acqg")(1 — adq™)(1 — abedg™ 1)
" a(l — abedg® 1) (1 — abedg®™)
o - a(l—q")(1 —beg™1)(1 — bdg" 1) (1 — cdg™ 1)
" (1 — abedq®=2)(1 — abedg®?—1) '
Normalized recurrence relation.
1 1
P (7) = ppa1(z) + 3 [a +a ™t — (A, + C’n)] pn(x) + zAn_lc’npn_l(x), (3.1.5)
where
pa(w;a,b,¢,d|q) = 2" (abedq™ ™ *; q)npn ().
g-Difference equation.
(1= 0)*D, |3 ag%, ba?, cq¥  dg* |g) Dyy ()
+ A (z;a,b, e, d|lq)y(x) =0, y(x) = pu(x;a,b,c, d|q), (3.1.6)
where ( be.dlg)
~ w\r;a,o,c,alq
w(x;a,b,cd|lq) = ——————=
( V=T
and
Ap = 4¢7 "1 = ¢™) (A — abedg™ ).
If we define ) p beden—1 )
ab,ac,ad; q), " abedg" " az,az”
Py (z) = sz% 1 1 449
am™ ab, ac, ad
then the g-difference equation can also be written in the form
¢ "(1 = ¢")(1 = abedg" ") Po(2)
= A(2)Py(qz) — [A(2) + A(z7 )] Pa(2) + A(z" ") Pa(q'2), (3.1.7)
where
Az) = (I—az)(1—=0b2)(1—cz)(1— dz).
(1-2%)(1-q2?)
Forward shift operator.
Sgpn(z3a,b,¢,dlg) = —q~ (1 — ¢")(1 — abedg™ 1) (e — e™17)
X pn_l(x;aq%,bq%,cq%,dq%|q), T = cosf (3.1.8)
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or equivalently

1—¢")(1 — abedg™™1)
l—q

_l(p_ 11 1 1
Dypn(x;a,b,c,d|q) = 2¢ 2" nl pn—1(w;0q92,bq%,cq?,dq?|q).  (3.1.9)

Backward shift operator.

0q [w(x;a,b, c,d|q)pn(z;a,b,c,d|q)]
“20 D (e e~ )ip (2 aq 7%, bg 2, cq” 2, dg " F|q)
X pn+1(m;aq_%,bq_%,cq_%,dq_%\q), T = cosf (3.1.10)

=4q

or equivalently

D‘Z ['(I)(l‘, a, b7 ¢, d|q)pn(.’£, a, bv ¢, d|q)}

2¢~3"
= — 1q : W(z;aq” 2, bg~ %, cq” %, dg " |q)pasa(wiaq” 2, bg" 2, cq” %, dg ™ *|q). (3.1.11)
—q

Rodrigues-type formula.

w(xz;a,b, c,d|q)pn(x;a,b, c,d|q)

—1\"
- (q 5 ) g3 (D,)" {d}(x;aq%",bq%",cq%"7dq%"|Q)} : (3.1.12)

Generating functions.
) —1i0 d —1i0 )
q;e“’t) 201 (Ce e q;e”t>
cd

aei67bei6
261 (
Z pn(x;a,b,¢,d|q) .,

ab

—_— = 0. 3.1.13
(ab.cd. . O , T = COoS ( )
0 16 b 70 d 10 )
201 e g e ) ogn c e g et
ac bd
n b ’b7 7d
= Po(2i0,b; ¢ |q)t", x = cosf. (3.1.14)
< (ac,bd, ¢; q)n
aez& 0 p be—zﬁ ce—20 0
Yt ’ et
201 ( d q; >2¢1 ( be e )
n ; ’b? 7d
_y l@abeda), o (3.1.15)

Remarks. The ¢-Racah polynomials defined by (3.2.1) and the Askey-Wilson polynomials given
by (3.1.1) are related in the following way. If we substitute a? = ~vdq, v? = a?y~1571q, % =
B2y715q, d*> = v6~q and €*¥ = v§¢?* ! in the definition (3.1.1) of the Askey-Wilson polynomials
we find :

MBS

(789) 2" pn (v(x); 726

g%, 0”307 3q3, ByT363q3, 456 2qg)
RTL X ;a’ /87 ’5 = b
(o) ™0la) (aq, 304,7q:@)n
where
l/(x) = %7555qw+§ + %775575(]7E7§,
If we change ¢ by ¢—* we find
Pn(x;30,b,¢,d|g™") = pr(2;a™ 071 et d7Hqg).
References. [13], [31], [43], [58], [64], [67], [69], [ 0], [96], [97], [191], [193], [203], [204], [218]

)

[224], [226], [230], [231], [234], [238], [242], [249], [256], [259], [281], [282], [293], [318], [322], [323]
[324], [328], [346], [347], [349], [350], [352], [353], [355], [359], [371], [389)], [400].

)
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3.2 g¢-Racah
Definition.

e e T

Ry (u(w); o, 8,7, 6]q) = a3 ( q;q) ,n=0,1,2,...,N,  (3.2.1)

aq, 56q,7q
where
p(x) = q~" +~0g" !
and
ag=q N or B6q¢=q " or y¢g = ¢V, with N a nonnegative integer.
Since

k—1
(" 70" )k =[] (1 p(x)g +~0g> 1),
j=0

it is clear that R, (u(x);«, 58,7,d|q) is a polynomial of degree n in p(x).

Orthogonality.
(g, 364,74, 70q: @)~ (1 — 6" *1)
R, (p(x)) Ry (1(x)) = hnbmn, 3.2.2

— (¢, 170q, 87174, 043 9)x (Bg)* (1 — ~70q) (1)) B () (8.22)

where
R (p(z)) = Ry (p(); v, 8,7, 6|q)
and
o (a718717,a716,871,90¢% @)oo (1= aBg)(70q)" (¢, By g, a6 1q, Bg; q)n

(a™1871q a71y0q, 7194, 0¢; @)oo (1 — aBg®> 1) (aq,aBq, 30q,Yq; q)n
This implies

(B~ v6q q)n (1= BqN)(v0q)™ (q,B¢, By ‘¢ N, 6 ¢ N q)n
(B¢, 0q:q)n (1 — Bg?—N) (Ba=N, 686,74, N:q)n

B, = @By 9y (L= BB~ )" (4,086, 4By 0. Beiq)n gy g5
" (aBr7 g, Bg;a)n (1 —afg?t) (g, B4, 74,475 9)n

if ag=q "

(aBq®, 07 q)n (1 — aBq) (6~ V)" (q, B¢V 2, a6 q, Bg; )
(0=1q, Bg; )y (1 —afg®™*)  (agq,abq, B¢, N;q)n

Recurrence relation.

—(1=q7") (1= 78¢""") R (u(x))
= AnRn1(u(2)) — (A + Cn) Ru(p(z)) + CoRn—1(p(z)), (3.2.3)

if vg= qu.

where
(1 —ag"™)(1 — afg")(1 = Bog" ) (1 — y¢" )

(1 —afg> 1)1 — afg**+?)

o = 41 =a"){1 = Bg")(y — aBg") (6 — aq")
! (1= aBg*)(1 — afg* ) '

Normalized recurrence relation.

A, =

66



where .
(aBq" 5 q)n

(ag, Bog g . @)

Ry (p(x); o, B,7,6]q) =

g-Difference equation.

Afw(x —1)B(z — 1)Ay(z — 1)]
— ¢ "(1=¢")(1 = afg" M w(z)y(x) = 0, y(z) = Ru(u(x); o, 5,7, 6]q), (3.2.5)
where
(aq, 806,74, 700; @) (1 —~0g*+1)
¢, = 1v0q, B71vq,0q; q) (Bq)* (1 — véq)

and B(z) as below. This g¢-difference equation can also be written in the form

w(x) = w(z;a,B,7,0|q) = (

¢ "(1=¢") 1 = apq")y(x) = Bx)y(x +1) = [B(z) + D(2)]y(z) + D(z)y(z — 1),  (3.2.6)

where
y(z) = Rn(u(2); o, B,7,6[q)
and
(1 =gt = Bog" ) (1 —v¢"TH) (1 = vd¢" )
(1 —=~6g***1)(1 —76¢>*+2)

B(z) =

D(x) = q(1 —¢")(1 = 6¢")(B — v¢*) (o — v6q")
B (1 —3g%®)(1 — ydg?*+1) '

Forward shift operator.

R, (pu(x+1);0,8,7,0]q) — Rp(p(x); o, 5,7, 6|q)

_ "1 = M) = aBg"TH (1 —10g* ) '
a (1—aq)(1 - B3g)(1 —~q) Ryo1(u(@); 0q, 89,74, 6lq)  (3.2.7)

or equivalently

AR, (p(x); e, B,7,0lg) _ a "1 —¢")(1 —afg™) 2): o
Mo - ag - o g e g o) 52

Backward shift operator.
(1 —ag®)(1 = B0¢")(1 —v¢")(1 —v6¢") Rn (p(x); o, 7, 6]q)

—(1=¢")(1 = 0¢") (o — 76" ) (B — v¢") Ry (pu(x — 1); 0, 3,7, 6] q)
=q"(1—a)(1 = B6)(1 =) (1 = v6¢*) Ry (u(x); g™, Bg " vq ™1, 6lg)  (3.2.9)

or equivalently

V [(z; o, 8,7, 0]q) R (u(x); a, 8,7, 0q)]
Vu(z)
1

= Wz aqg B¢, vqh, 8|q) Ra z);aq, Bgt vq 1, 6lg), (3.2.10
(1_q)(1_75)( a5 Bavq0lg) R (w(@); g™, Bavq 5 dlg), ( )

where
(g, B4, 74, 70¢: @)

¢, a~vq, B1yq, 0q; q)x (aB)®

w(x; o, B,7,6]q) = (
Rodrigues-type formula.

w(z; o, B,7,0]q) Ry (u(); a, 8,7, 6|q) = (1—q)" (v8q; @) (V)" [0(2; g™, 8", ~vq", 6]q)], (3.2.11)
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where

v
Vi

Generating functions. For x =0,1,2,..., N we have

7:070[ 71671 —x 6 m+1’ r+1
21 (q 7 1 qw&f“t) 21 (ﬂ AR
aq Bq
N

(5

4 qxt)

n=0

if Bog=q N or yg=q V. (3.2.12)

4 q“"t)

N
(aq, ¢ @)n
= — 22 R (u(x);an 3,7, 8|q)t"
> (00-10.2:0). (u(z); o, B,7,0q)

Q'%quﬂt) 201 <aq$+177q1’+1

ad~1lq

if ag=q¢ N or vg=q V. (3.2.13)

4 qzt)

Y. (ag, B5q; q)
== : : i n ; b ) ’6 "
> (am_l%q;q)nR (n(x); o, B,7,0lq)t

if ag=q N or Béqg=q . (3.2.14)

7m’571 —x
s (q q
Yq

a x+1, 6 x+1
g; 7561””“75) 201 ( I ?1(1
aBy~lq

Remarks. The Askey-Wilson polynomials defined by (3.1.1) and the ¢g-Racah polynomials given
by (3.2.1) are related in the following way. If we substitute a = abq™!, 3 = cdq™t, v = adq™?!,

§ =ad™ ! and ¢* = a~te~ " in the definition (3.2.1) of the ¢-Racah polynomials we find :
pu(x) = 2acosb

and
a"pp(z;a,b, ¢, dlq)

R, (2acos0;abg~*, cdg™ ", adg ™", ad*|q) =
(acos ,yaoqg “,caq “,adaq “,a |Q) (ab, ac, ad; q)n

If we change ¢ by ¢! we find

R,(u(x); e, B,7,8lg7") = Ru(iu(z); 0, 371y, 67 g),

where

;](x) =q —x —15 1 ac—i—l
References. [13], [26], [31], [62], [64], [67], [117], [118], [160], [188], [190], [193], [218], [245], [279],
[323], [331], [346].

3.3 Continuous dual ¢g-Hahn

Definition. . )
a™pp(z;a,b,clq) s (q_"7 ae® qe"
- B T — by

(ab, ac; q) ab. ac q;q) , T =cosf. (3.3.1)
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Orthogonality. If a,b,c are real, or one is real and the other two are complex conjugates, and
max(|al,|b], |c|) < 1, then we have the following orthogonality relation

1 w(x)
I : = 3.2
o / mpm(xv a, b, C‘Q)pn (.23, a, b7 C‘Q)dx hn5mn7 (3 3 )
where
) 2 1 1
Gt ™ h(z, D)h(z, =1)h(z, % )h(x, —q7)
= sa,b = . . - =
wle) i=wles @b d0) = |0 1 et g W h(z, Db
with -
h(z,a) := H [1 — 2axq* + a2q2k] = (aew,ae_w; q)oo , £ = cosf
k=0
and )
hy =

(gn+1, abg™, acq™, beq™; @)oo

If a > 1 and b and ¢ are real or complex conjugates, max(|b|,|c|) < 1 and the pairwise products
of a,b and ¢ have absolute value less than one, then we have another orthogonality relation given
by :

1
% / \/l%pnl (I7 a, b7 C|q)p7l (SC7 a, b7 C‘q)dx
-1
+ Z wkpm(xk§a7bvc‘Q)pn(xk§aabac|Q) = hnlmn, (333)
k
1<aqk§a

where w(x) and h,, are as before,
—1

aq® + (aq®)
‘Tk = —
2
and
- (G*Q; q)oo (]_ — a2q2k)(a27 ab, ac; Q)k _1);9 7(1;) 1 k
"7 (g.ab,ac,a1b,a71e; q) oo (1 — a2) (g, ab~1q, ac~1q; q)y, a2bc )
Recurrence relation.
20Pn(2) = Anpni1(z) + [a+a™" = (A + Cn)] Pu(@) + Crbp—1(2), (3.3.4)

where

() o 00t

" (absaciq)n
and

A, =a (1 —abg™)(1 — acq™)
Cp=a(l —q")(1 —beg"™ ™).
Normalized recurrence relation.
1 _
#a(2) = Prsa (@) + 5 [a+ a7 = (A + Co)] pua)

+ (1 —¢") (1 —abg" ") (1 —acg" )1 = beg" Mpn_1(x),  (3.3.5)

| =
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where
Pn(x;a,b,clq) = 2"pn(x).

g-Difference equation.

~ 1 1 1
(1—q)*Dy |w(z;aq?,bq?, cq? |Q)qu($)}

+4q7" (1 = ¢ (50,0, clg)y(w) = 0, y(x) = pa(z3a,b,clg),

where ( b.clo)
~ w\r;a, o, clq
w(x;a,b,clq) = —————=.
( ===
If we define (ab. N .
ab, ac; q "az,az”
Py (z) = ——""3¢, ( q; CI>
a™ ab, ac

then the g-difference equation can also be written in the form
g "(1—q")P.(2) = A(2)P,(qz) — [A(z) + A(z_l)] Po(2) + A(z"HPu(q7 ' 2),

where

(I —az)(1 —-bz)(1— cz)‘

A= A0 )

Forward shift operator.
Sgpn(zia,b,clg) = —q 2" (1 = ")(e" — e ®)p,_1(x;aq%,bg? , cq? |q), = = cosf

or equivalently

TL
Dypn(w;a,b, clq) = 2¢~ 2"~ nl qpn (w3097 ,bg? , eq? |q).

1-—
Backward shift operator.
Oq [@(x; a, b, clq)pn (23 a, b, clq)]
= ¢ 2" (e — e )i(x;a07%,bgF, cq "2 |g)
1 1 1
X pny1(x;a9” 2,072, ¢q” 2|q), © = cosb

or equivalently

D, [w(z;a,b, clq)pn(x; a,b, c|q)]

2q_%" - _1 _1 _1 1 a1 .
:_1_qw(a?;aq 2,bq 2,cq 2‘q)pn+1(x;aq 27bq 3 ¢cq 2|q).

Rodrigues-type formula.

—1\"
(s sl nbeele) = (150 ) 0D (D) [taant™ b o).

2

Generating functions.

(ct; @)oo s aew,bew
(€0 q)0e > ab

i pn(;0,0,clq) ,,
t —— ", x = cosf.
> nz;] (ab, q;9)n

) i0 .0
Gt (o a’fe\ ) = 3 b o

(e q) oo (ac,q;q)n
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(3.3.7)

(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)



at; @)oo be'? | ce?
( q)) b (

. —1i6 _ - pn(x;avbvd(]) n o
(g —2 be g;e t> = Z ——————=t", x = cos¥b. (3.3.15)

ae’, ae=" 0 = (—1 "a”q(g) n
(t;q)o0 - 302 ( ob. ac q;t> = Z ((ab)ac.)pn(a:;a,b,cq)t , T =cos#. (3.3.16)
? n=0 b ’q7q n
References. [58], [207].
3.4 Continuous ¢-Hahn
Definition.
(ae)"pn(x;0,b,¢,d5q) q~", abedg" ™!, ae’ 129 qe=i0 ) B
(abe?? ac,ad;q), 3 abe?? ac, ad G ), v =cos(l+¢). (34.1)

Orthogonality. If ¢ = a and d = b then we have, if a and b are real and max(|a|, |b|) < 1 or if
b=aand |a| <1:

%/ w(cos(0 + ¢))pm(cos(0 + ¢); a,b, ¢, d; q)pn(cos(d + ¢);a,b, ¢, d; q)d0 = hyomn,  (3.4.2)

where
. 2
ol L (e*0T9); g) o
w(z) :=w(z;a,b,c,d;q) = (aei(@+28)_pei(0+28) ceid deib; q)
B h(z, 1)h(z, —1)h(z,q% )h(z, —q?)
~ h(x,ae®)h(z,bei®)h(z, ce~ ) h(x, de=i®)’
with
h(z,a) := H [1 — 20zq” + o? Zk] = (aei(9+¢),aeﬂ-(0+d’);q) , = cos(6 + ¢)
k=0 e
and
b (abedq™1; ) (abedg®™; q) oo

(gt abgme?®, acq™, adq™, beq™, bdg™, cdgme=21%; q) o

Recurrence relation.

QIZNM(Z') = Anﬁn-‘rl(x) + [aei¢ + aileiid) - (An + Cn)] ﬁn(x) + Cnf)n—l(x)v (3'4'3)
where (ae’®)"py )
) i ae’ npn .’L‘;(l,b7 c, d,q
n = pn(z;a,b,c,d; = i
P (iC) p ((E a ¢ q) (ab€21¢, ac, ad; q)n
and

1 — abe??q™)(1 — acq™)(1 — adq™)(1 — abedg™ ™)
ae'®(1 — abedg?—1)(1 — abedg?™)

An:(

ae’®(1 —q™)(1 — beg™ 1) (1 — bdg" 1) (1 — cde=21%qn—1)

Cn = (1 — abedg?=2)(1 — abedg®?—1)

Normalized recurrence relation.

1 . . 1
pp (7) = ppi1(z) + 3 [ae® +a"te " — (A, + Cp)] pu(z) + ZAn,lCnpn,l(x), (3.4.4)
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where
(30,0, ¢,d;q) = 2" (abedq™ ™ ; @) npn ().

g-Difference equation.

(1-¢)*D, [ﬁ)(w; aq?,bq?, cq?,dg?; q) Dyy(x)

+ A(z;a,b,¢,d; q)y(x) =0, y(x) = pn(z;a,b, c,d;q), (3.4.5)
where ( boedia)
~ w :'L'; a” ) C7 ; q
w(x;a,b,c,d;q) = ————————=
( V= A
and

Ap = 4¢7 "1 — ¢™)(1 — abedg™™t).

Forward shift operator.

dqpn (@3 a,b,¢,d; q)

— g E(1 = ") (1 — abedg™ ) (1OH9) — ¢~i(O+9)

X P-1(z;aq?,bg?, cq®,dq?;q), © = cos(0 + ¢)  (3.4.6)
or equivalently
1y (L —q")(1 — abedg" ")
l—q

Dypn(z;a,b,¢,d; q) = 2q7%("7 pn_l(z;aq%,bq%,cq%,dq%;q). (3.4.7)

Backward shift operator.

dq [W(z;a,b,¢,d; q)pn(z;a,b, c,d; q)]
= g 3D ((i0F8) _ —il8+0))p (x aqg”%,bq"7,cq 2 ,dg % q)

1 1

X pnﬂ(x;aq_f,bq 2,cq 2,dq”2;q), © = cos(6 + ¢) (3.4.8)
or equivalently
Dq [11}(.137 a, b7 C, da Q)pn('ra a, b7 (e d7 Q)}
2q_%”

=7 W(x;aq9%,bg %, cq”2,dg "3 q)pusr (50972, bg "2, cq %, dg %5 q). (3.4.9)
—q

Rodrigues-type formula.
w(z;a,b, ¢, d; q)pn(z;a,b, ¢, d; q)

_ 1 n
_ (q 5 ) qin(n—l) (Dq)”l [w(x;aq%"J)q%",cq%"’dq%n;q)} . (3410)

Generating functions.

aei(0+29) pei(6+26)
201

_ —i(0420) go—i(0+20) |
abe2i® q; €Z(0+¢)t) 201 (Ce e ’(% 61(0+¢)t>

cde—2i

pn(z;a,b,c,d;q)t" B
- Z (abe?@ cde—0_g; g &~ o8O+ 9)- (3.4.11)

aei(0+28) ceit
201

—i0 g —i(6+26
" ei(6+¢)t) 21 (be , de~1(0+24) ‘q; 6i(0+¢)t>
ac

bd

pn(z;a,b,c,d;q) ,,
Z—ac b, 4 0 t", x = cos(f + ¢). (3.4.12)
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o (aei(0+2¢)’dei9 b, ce—il6+26)

q; 6i(9+¢)t> 201 ( ’ q; 6i(0+¢)t>

ad be
o~ P(w30,b,¢,d;5q)
= Z " ¢ = cos(0 + ). (3.4.13)
— (ad,be,q;q)n
Remark. If we change ¢ by ¢~! we find
ﬁn($7 a, b7 c, d7 qil) = ﬁn(l'7 ailv bilv Cilv dil; (I)
References. [31], [64], [193].
3.5 Big ¢-Jacobi
Definition. —
—'n,, a n ,x
Pn(x;aaba C; q) = 3¢2 (q aqch qu) . (351)

Orthogonality. For 0 <a < ¢!, 0<b< ¢! and c < 0 we have

aq
/ (a’_lw7 C_lx; Q)oo

(@, be™ a5 q) oo

Py (z30,b,¢;9) Py (50,0, ¢;q)dgx

cq

= aq(1 - q)

(¢,abg®,a" e,ac™q;q)oo

(aq,bq, cq, abc™1q; q) oo
(1 —abq) (q,bq,abc™'q;q)y, 2n (1)
— n Ormn- 5.2
(1 —abg**1) (ag,abq,cq; q)n (macq)"q (8:5.2)

Recurrence relation.

(x = 1)Py(z;a,b,¢5q)
= AnPn-&-l(I; a,b,c; Q) - (An + On) Pn(m; a,b, c Q) + Cnpn—l(x; a, b, c; Q)7 (353)

where
A = (1 —ag" ) (1 — abg"t1)(1 — cq™t)
n = (1 — abg?n+1)(1 — abg?"+2)
C, = _acqn+1 (1 - q”)(l - abcflq")(l _ bqn)

(1 _ abq2n)(1 _ abq2n+1)

Normalized recurrence relation.

xpn(x) = pn+1($) + [1 - (An + Cn)]pn(x) + An—lcnpn—l(x)v (3-54)
where (ab o )
abq"" " q)n
Pp(x;a,b,¢;q) = —————pn(T).
( ) (aq,cq; @)n (@)

g-Difference equation.

¢ (1 —¢™)(1 — abg"™Ha*y(x) = B(zx)y(qx) — [B(x) + D(x)]y(x) + D(x)y(¢ *z),  (3.5.5)

where
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and
B(z) = aq(x — 1)(bx — ¢)
D(@) = (« — aq)(x - cq).
Forward shift operator.
q—n+1(1 _ qn)(l _ abqn-i-l)
(1 —aq)(1—cq)

Py (x;a,b,¢:9) — Pu(qz;a,b,c;q) = xP,_1(qr;aq,bq,cq;q)  (3.5.6)

or equivalently

¢ "1 = ¢")(1 — abg™t?)
(1-¢)(1—aq)(1—cq)

Dan(x;a,b, C; Q) = Pnfl(qx;a(bbq’ Cq;(I)' (357)

Backward shift operator.

(x —a)(x — ¢)Py(x;a,b,¢;q) — alx — 1)(bx — ¢) P, (qz;a,b,¢;q)
=(1—a)(1 = c)xPus1(z;aq” " bg " cq™ s q) (3.5.8)

or equivalently

D, [w(x;a,b,c; q)Py(x;a,b, ¢;q)]
(1—a)(1—rc)

= WW(x;aq*,bq*l,cq*l;q)Pn+1(x;aq*l,bq*ﬂcq*l;q), (3.5.9)
where (! Lo g)
a "T,C T q)so
ca.b.cg) =
w(z;a,b,c;q) (@012 q)
Rodrigues-type formula.
n,.n n(n+1) Y
a"c'q (1-q) n
w(x;a,b,c;q)Py(x;a,b,¢c;q) = D w(xz;aq”,bq"™, cq";q)]. 3.5.10
( )P )= e (D) 1. @510)
Generating functions.
—1 —1 o0
agz™",0 be™la (cq; @)n
10) < ‘q;xt) 10) ( ‘q;cqt) = ———=—P,(x;a,b,c;q)t". 3.5.11
e aq L b ;(bq,q;q)n ( ) ( )

-1 -1
cqr~,0 bc™'x

201 < ‘Q; xt) 191 ( 1
cq abc—1q

Remarks. The big ¢g-Jacobi polynomials with ¢ = 0 and the little g-Jacobi polynomials defined
by (3.12.1) are related in the following way :
)

bg; n
Py(x;a,0,0;9) = M(—1)"61"61’”(2)1”‘ (x;b’a
aq
Sometimes the big g-Jacobi polynomials are defined in terms of four parameters instead of
three. In fact the polynomials given by the definition
q; Q>

(ag; @)n
are orthogonal on the interval [—d, ¢] with respect to the weight function

—  (ag;q)n
cagt ) = ——LDn  poeg b gt (3.5.12
©aq ) nz:% (abc=1q,q;q)n (w5 0,6, ¢34) ( )

—n

,abg" ! ac gz

q
Py(z;a,b,¢,d;q) =
(x3a,b,¢,d;q) = 302 ( aq. —ac—1dg

(c gz, —d 'qz;9)
(a‘cilqirv _bdiqu; q)oo

q-
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These polynomials are not really different from those defined by (3.5.1) since we have
Po(w;0,b,¢,d; q) = Po(ac™'qu;a,b, —ac™'d; q)

and
Pn(x’ a, bv (6N q) = Pn(xv a, b7 aq, —cq; q)

References. [11], [13], [31], [67], [166], [193], [203], [206], [208], [218], [239], [242], [248], [262],
[279], [282], [318], [323], [325], [326], [327], [371], [379].

Special case

3.5.1 Big ¢-Legendre
Definition. The big g-Legendre polynomials are big g-Jacobi polynomials with a =b=1:

" "

P, (z;¢;q) = 3¢2 (
q,¢q

q;q> : (3.5.13)

Orthogonality. For ¢ < 0 we have

q
A=) ('GDn,_ a2 (1)
P,.(x;¢;,q)Py(x;¢;,q)dgr = q(1 — ¢ —cq?)"q\2) §pm. 3.5.14
[ PP = a1 - o) gt Bl o) (35.14)
cq
Recurrence relation.
(1‘ - l)Pn(xa [6X Q) = AnPnJrl(m; & q) - (An + Cn) Pn(xa & C]) + CnPnfl(im (& Q)a (3515)

where
B (1 _ qu+1)(1 _ cqn—i-l)

@At - gt

w1 (1=¢M(A —c"'q")
(1+¢m)(1 —g?n+1)’

Cn, =—cq

Normalized recurrence relation.

ZPn(x) = pry1(x) +[1 — (Ap + Cp)] pn(x) + Ap—1Crpn—1(x), (3.5.16)
where U
Po(z;0,9) = mpn(ﬂﬂ)

g-Difference equation.

¢ "1 —q"(1—q¢"Na’y(z) = B(z)y(qz) — [B(z) + D(z)]y(x) + D(z)y(q 'z),  (3.5.17)

where
y(x) = Pu(x;¢;q)

{ B(x) = q(x = 1)(z - ¢)

D(z) = (z — q)(z — cq).

and

Rodrigues-type formula.

cnqn(n+1) (1 _ q)n

frlmed) - T A A (3.5.18)
" L) g2
(g cq; n (Dg)" [(qz™, cqz ™5 q)na™]
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Generating functions.

—1 -1 0
qz=,0 cw (¢q; On
10) ( q;xt) 1) ( q;cqt> = P,(x;c;q)t". 3.5.19
e q T g ;(mq;q)n (wicig) ( )
o (9 oY v (€ gt i n(7360), (3.5.20)
201 cq q; 191 g ;9 n_o G )n -0-

References. [257], [279)].

3.6 ¢-Hahn

Definition.

n+1

—T

afq
aq,q

)4
—N

Qulq 0, B, Nq) = 36 ("_”

q;q>7n:071,2,...,N. (3.6.1)

Orthogonality. For 0 < a <¢ ' and 0 <3< ¢ ! or for a > ¢ and 3 > ¢~ we have

N N

2 (q(agqlq)q) (0B9) " Qunla ™ @, B, N|g)Qu (g% 0, B, N|g)

=0 ) x
(

_ _(aBe*a)n  (9,080"72, Bg;q)n (1 = afg)(=0q)" () nng (3.6.2)
B a)n(aq)N (aq,aBq,qNiq)n (1 — afg? 1) " o
Recurrence relation.
- (1 - q_gj) Qn(q™") = AnQn+1(¢7") — (An + Cn) Qn(q™") + CrQn-1(q""), (3.6.3)
where
Qn(q_m) = Qn(q_$§ «, Ba N|q)
and
L (=g ) = ag (1 - ag™t)
n (1 _ a6q2n+1)(1 _ Ozﬁq2”+2)
o _aqn—N(l _ qn)(l _ Oéﬁq"—H\H_l)(l _ ﬁqn)
" (1—afg®)(1 — afg> 1) '
Normalized recurrence relation.
(@) = Prr(2) + [1 = (An + Cn)] pa(@) + An_1Crpn1(2), (3.6.4)
where (0 o 0
(g% Nlg) = (2B 5 q)n L (070).
Qn(q " a,,Nlq) (0g a0 ? (@)

g-Difference equation.
¢ "(1-¢") (1= apq")y(z) = Bx)y(x +1) - [B(z) + D(z)]y(x) + D(z)y(z — 1),  (3.6.5)

where
y(x) = Qu(q¢~";a, B, Nlq)
and
{ B(z)=(1-¢"M)(1-a¢"t)
D(z) = aq(1 —¢")(B—¢" V7).
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Forward shift operator.

Qn(a™* 0, 8,N|q) — Qnlg™ ", 8, N|q)

=Tl — g™ _ n+1
= (1<1— aZ)()l(l— q?fet)l )Qn—l(‘I’m;aq,ﬂq?N —1lq) (3.6.6)

or equivalently

AQn(g~"10. B, Nlg) _ ¢~ "*(1—¢")(1 — aBq™*)
Ag® (1-q)(1—aq)(l—gN)

Backward shift operator.

(1—ag") 1= ¢V NQula*;0,8,Nlg) — (1 = ¢*)(B - ¢* V" 1Qn(g "0, 8,Nlg)
=¢"(1—a)(1 = ¢ ¥ Qui1(g 5 0q7 ", B¢, N + 1]g) (3.6.8)

or equivalently

Qn-1(¢"";aq,8q,N — 1|q). (3.6.7)

V[w(z;a, 8, Nlg)Qn(q™"; o, 8, Nq)]

Vqg=*
1 o e
= 7 ulmag L B¢ N +10q)Quia (¢ 5 aq7 , Bg N + 1]g), (3.6.9)
where N
w(z; o, B, N|q) = M(am
(q,871 Qe
Rodrigues-type formula.
where v
Vg = =
Generating functions. For x =0,1,2,..., N we have
- z—N N -N
q ¢ N0l o, R _
¢ ( q;aqt> ¢ ( ‘q;q ”“t) =Y —2Qun(¢" " a, 6, N|g)t". 3.6.11
o (7 o (7 S e . (361)

—w’l@ N+1—z
201 <q 1

B qw—N’aqm-l—l
0 q; —aq” NHt) 200 (

_Z aq @i )n Qg7 a, B, N|g)t". (3.6.12)
n=0

n

Remark. The ¢-Hahn polynomials defined by (3.6.1) and the dual ¢g-Hahn polynomials given by
(3.7.1) are related in the following way :

Qn(q " 0,8,N|q) = Ry(pu(n); o, B, Nlq),

with
u(n) =q "+ afqg"!
or
Rn(u(z);7,0,Nlg) = Qz(¢"";7,6, Nlg),
where

() = ¢ +v8¢" .
References. [13], [28], [31], [62], [64], [67], [144], [161], [190], [193], [208], [248], [259], [263], [277],
279], [323], [325], [346], [383], [385], [386].
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3.7 Dual ¢-Hahn

Definition.

x+1

_n7 _$7 6
Ro(4(2): 7,6, Na) = 362 (q 7704

q;q>7 n:071727"'7N7
V4: 4

where
p(z) == q " +~8¢" "

Orthogonality. For 0 <y < ¢ 'and 0 < < g !orfory>qg ¥

and 6 > ¢~V

EN: 4,764, N q)e (1 —~0g>* 1)
(q,70¢N*2,0¢;q)2 (1 —v9q)(—vq)®
Y6q% )N
(dg; q)

Recurrence relation.

—(1=¢7") (1 =~3¢""") Ru((x))
= AnRn1(u(z)) — (A + Cn) Ry (u(x)) + Cr Ry 1 (p()),

x=0
G N Y I O
(Y4, 47 N;q)n

(vq) (769)" Omn.-

where

R, (p(z)) == Ro(p(z); 7,6, N|q)

{ A= (1=¢"") (1 —q"")

Cn=7q(1—q")(6—¢""7).

Normalized recurrence relation.

2P (%) = pri1(2) + [L+79¢ = (An + Cn)] pn(2)

and

+9q(1=¢") (1 =g (1 =g V(6 = "N pn_1 (),

where
Ry (pu(); 7,0, N|q) =

g-Difference equation.
¢ "(1—q")y(x) = B(x)y(x +1) — [B(x) + D(z)]y(z) + D(x)y(x — 1),

where
Ry (u(z);v,6, Nq)

=
8

~—
[

and N
1— ") (1 —vg"™)(1 — y5¢™ )
(1 _ 76q2m+1)<1 _ 75q2x+2)

g™ N (1 — ¢") (1 — v6¢" TN (1 — 6¢™)
(1 —70¢%*)(1 — ydg?*+1) '

B(z) = (

D(z) = —
Forward shift operator.

Ry, (u(x +1);7,0, N|q) — Rp(u();, 6, N|q)

1 —-q™) (1 — 2x+2
- (1(1— vg)()l(l— quvq) )Rt (u(2)i 7,6, N — 1]q)

78

we have

(3.7.1)

¢V~ ) Ry (u(2); 7,6, Nlg) R (1(x); 7,6, Nq)

(3.7.2)

(3.7.3)

(3.7.4)

(3.7.5)

(3.7.6)



or equivalently

ARy (pu(x);7,6, Nlg) _ g1 — ") o B
Ap() = AU =g = ™ 1 l@)i7a,6, N = 1g). (3.7.7)

Backward shift operator.
(1= ~¢")(1 = ~v0¢")(1 — ¢" "N YRy (u(x); 7, 6, Nlq)
+yq" N1 = ¢) (1 = 0g" TN (1 = 6¢%) R (u( — 1);7, 6, Nlqg)
=¢"(1 =) =g VN1 = 75¢*) Rugr (p(x);vq ™", 6, N + 1]q) (3.7.8)

or equivalently

V [w(x; v, 0, N|q) Ry (11(x); v, 6, Nlq)]

Vi(z)
1 4 .
= ————w(x; ,0,N +1lqg)R, T); ,0, N +1|q), 3.7.9
(1—q)(1—~0) (z57q lq) Ry 1 (p(); g lq) ( )
where .
’LU(I;’V,(S,NM) _ (7(177 q,9 7Q)m (7 ,1)1(11\{1_(3)'

(q,70qN*+2,0¢;q)

Rodrigues-type formula.

w(x; 7,8, N|q) Ry (u(x); 7,0, N|g) = (1 — q)" (70¢; @)n (V)" [w(z;vq"™, 6, N —nlg)],  (3.7.10)

where v
Vyi=o—F.
Vi(z)
Generating functions. For x =0,1,2,..., N we have

= (0N )a
q;76q$+1t> = Z —— 2R, (1(x);,8, N|g)t".  (3.7.11)

—z §—1,—x
—N q 76 q
q "t N—z 201 (
( ) vq (¢ @)n

n=0

r—N x+1 N —N .
Vg . (a,7¢9) n
5-1g-N q;q t) = E 2 Ry (u(x);, 6, Nig)t™.  (3.7.12)

. . q
(v0qt; q) 2¢1< (62N, gsq)n "

n=0

Remark. The dual ¢g-Hahn polynomials defined by (3.7.1) and the ¢g-Hahn polynomials given by
(3.6.1) are related in the following way :

Qn(q"";a,8,N|q) = Ry(u(n); o, B, Nq),
with
p(n) = q " +afg"
or
Ry (u(2);7,6, Nlg) = Qz(q~";7, 9, Nlq),
where
p(x) = q~" +~8¢" .
References. [29], [31], [62], [64], [67], [193], [263], [323], [385].
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3.8 Al-Salam-Chihara

Definition.
, (ab; q)n ¢ ae ae|
Qn(x,a,b|q) = T?)QSQ ab,O q;q (381)
. . qg ", be—10 B ]
= (ae";q)ne™ 201 ( a—1g-n+1e—io| 44 Lge'

_ i0
—i0 ind q ", ae’
= Gt (000

q; blqei9> , T = cosf.

Orthogonality. If a and b are real or complex conjugates and max(|al,|b|) < 1, then we have the
following orthogonality relation

1
1 w(x) 5mn
— [ == ; ; = 8.2
2”/1 VT gz o P P = G gy (352
where
. (€ q)e [P h(@ Dh(z, —1)h(z, g% )h(x, —q*)
w(z) = wiz;a,blg) = (aet® bei?;q)oe | h(x,a)h(zx,b) ’
with

h(z,a) = H [1 — 2azq" + a2q2k} = (aew, e q)Oo , - =cosf.
k=0

If a > 1 and |ab| < 1, then we have another orthogonality relation given by :

i/MQm(x;a,blq)Qn(w;a,bIQ)dﬂﬂ

27 1— 22
21
6777/77/
+ Zk: wEQm (Tk; a,b|q)Qn(zr; a,blg) = (@, abq™; ) (3.8.3)

1<aq®<a

where w(x) is as before,

-1
ag® + (aq")
T =y

and

(@) (1 —a?¢®*)(a?, ab; ) _kz( 1 )k
WE = .

(¢,ab,a=1b;q)e (1 — a2)(g,ab~1q;q)x a3b

Recurrence relation.
22Qn (2) = Qni1(z) + (a +b)¢"Qn(z) + (1 — ¢")(1 — abg" ") Qn_1(). (3.8.4)

Normalized recurrence relation.

2pu(@) = pura (&) + 30 D)"pale) + (1= (1 —abg" Dpoala), (385)

where
Qn(x§ a, b|Q) = 2"Pn($)-
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g-Difference equation.

(1= @)D, [@(x:a0%, ba* o) Dyy ()|

+4g7" (1 = ¢")i(wsa,blg)y(x) = 0, y(z) = Qn(w;a,blg),

where ( )
. wl\x;a,0|q
w(z;a,blq) (= ————=.
If we define (ab:q) )
ao;q)n q ", az,az”
Pn = 5
(2) o 302 ( ab.0 q Q>

then the g-difference equation can also be written in the form
¢ " (1= q")Pa(2) = A(2)Pa(q2) — [A(z) + A(z7)] Pa(2) + Az Pula"2),

where
(1 —az)(1—b2)

(1= )1 =%

A(z) =
Forward shift operator.

3qQn(xia,blg) = —q~ 2" (1 — ¢")(e" — e )Qn_1(x;aq , bg?|q), © = cos®

or equivalently
1-—
DyQn(w;0,blg) = 272"~ V5

Backward shift operator.

bq [W(z; a, blq)Qn(x; a,blq)]
=q 2(n+1)(

Qn 1(z5aq%,bg?|q).

or equivalently
1
. 2q72" | _1 ., 1 _1, 1
Dyq [@(z; a,blq)Qn(2; 0, blq)] = —T——w(x; 0972, bg™ 2 @) Qn+1(2; 0477, bg™ 2 g).

Rodrigues-type formula.

~ - 1\" in(n— n | ~ in in
w(x;a,b|lq)Qn(x;a,blq) = <q2> q1 (n—1) (Dg)" |w(x;aq>",bg> |q)}

Generating functions.

(at, bt; q) s - anablq
(ewte—letq Z , T = cosf.

1 ae’?, bew
201
oo a

n=0

it Qn(z;a, b\q
t E = 0.
) 2 (ab, ¢ 0)n , T = COS

q;t> oy C0aa e, o — cost.

= Z (a(lj’q)q)Qn(x a,blg)t", x = cosf, v arbitrary.

References. [13], [19], [20], [55], [58], [73], [125], [132], [164], [236], [239], [261], [262].
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— e Vi (z;aq7 3, bg" 2 |q)Qu1(z;aq7 2, bg" 2 |g), & = cosf

(3.8.6)

(3.8.7)

(3.8.8)

(3.8.9)

(3.8.10)

(3.8.11)

(3.8.12)

(3.8.13)

(3.8.14)

(3.8.15)

(3.8.16)



3.9 ¢-Meixner-Pollaczek

Definition.
‘ —n_ei(0420) 40—i0
P za _ a—ne—znqﬁ( 7Q) q , A€ ) .
n( ‘q) (q q) ¢2 a2,0 q;49
_ (ae*w; On ein(0+¢)2¢1 q ", ae'?
(¢ 0)n “lgmntleit

Orthogonality. For 0 < a < 1 we have

67’””

- / (c08(6 -+ 9):ala) P (cos(® + 6);ala) Pacos(6 + 0);ala)d

" (G 0)n (0,820 @)oo

where )
w(xa\ ) = (621‘(9+¢);q)00 h(xv1)h($7_1)h(x’q%>h($>_q%)
= (aei®+29) qeif: q) o | h(x,aei®)h(x, ae=?) ’
with
O . .
h(z,a) = H [1 - 2aa:q +a? 2k] _ (aez(%q&)’aeﬂ(%cb);q) , = cos(f + ¢).
k=0 o
Recurrence relation.
2P, (z;alq) = (1 — ¢"*1) Poya (25 alg)
+ 2aq" cos p P, (z;alq) + (1 —a?q"~ 1)Pn_1(x; alg).
Normalized recurrence relation.
1 _
-Tpn(x) = pn—&-l(x) + aqn Cos (Zspn(x) + 1(1 - qn)(l - aQqn 1)pn—1($)7

where
27l

Pn(x; a|Q) = m

().

g-Difference equation.

(1 - q)*Dy |w(; aq®|q) Day(a )} + 47" (1 = ¢")d(x;alq)y(x) = 0, y(x) = Pu(w;alg),

where
_ w(wx;alg)

w(x;alq) := ik

Forward shift operator.

0y Po(w;alg) = —g~ "9 — 70T P, (5003 |g), @ = cosd

or equivalently

—1(n-1)
2 1

Pr—1(x;aq?|q).

Dy P (z;alq) =
Backward shift operator.
Oq [ (3 alq) Py (x; alq)]
=q 2(nJrl)( 7qn+1)(6i9

82

— ) ia;aq" ¥ |q) Pagr (s ag ™ |q), @ = cos

(3.9.1)

a: qalei(0+2¢)> , & = cos(0 + ¢).

, (3.9.2)

(3.9.3)

(3.9.4)

(3.9.5)

(3.9.6)

(3.9.7)

(3.9.8)



or equivalently

~ 1, 1— anrl
Dy [w(x; alq) Pn(x;alq)] = =272 T W (w; aq” *|q) Poy1 (2509 2[q). (3.9.9)
Rodrigues-type formula.
q— 1 " In(n—1) 1 n | ~ 1,
(s alq) Py (x; alg) = ¢t —— (Dy)" [(z;00%"|0)] (3.9.10)
2 (4 On
Generating functions.
(ae®t;q)oe |©  (a€t,ae™t;q)oo B
0D q)o | (1O, e—10T0)E; ) o ZP z;alg)t", @ = cos(9 + ¢). (3.9.11)
1 ae’0+29) gt , >, P,(z;a|q)
—_— ’ cemi0+e)y ) — I Y
(ei(9+¢)t;q)oo2¢1 ( o2 q;e t) = ; (0% ) t", x =cos(d +¢). (3.9.12)
References. [13], [20], [55], [64], [113], [217].
3.10 Continuous ¢-Jacobi
Definition. If we take @ = ¢2%T%, b = q2°t%, ¢ = —¢2AT% and d = —¢2P+1 in the definition

(3.1.1) of the Askey-Wilson polynomials we find after renormalizing

- 1 1 1 1
P(a’ﬁ)(x| ) _ M (b q n,qn+a+5+17q2a+46197q20z+4e i0
' v (@ a)n e qotl, —gz(atB+l) _g3(atpt2)

q;q) , x=cosf. (3.10.1)

Orthogonality. For a > —= and 8 > —3 we have

1

1 w(zx)
2 plaB) gy PB) (pla)da
| FEL PN o )

(q% (a+[5+2)7 q% (a+[5+3)’ q)oo
= ><
(g, q+L, gHL, =2 (D) g3 (ot F2) )

-1

1
(1 — qotB+1)(go+l ¢f+1 —qblatB+3). o) e+ hng (3.102)
mn»s . .
(1 — g2ntotBtl)(q,qoth+l, —gz(ethtl); gy,
where
2
(€ @)oo
w(z) = w(z; ¢%, ¢° =
() (4", ¢"lq) ‘<q§a+iei9,qéa+2619’_q2ﬂ+46197_q§ﬁ+26i9;q)w
(€, =47 )os i
o (q%a+iei9, 7q%6+i610.q§)00
_ b, Dh(e, ~)h(z, ¢} h(x, —q})
h(w,qz°F5)h(w, g2 5)h(z, q25+ h(x, —¢20+1)’
with

h(z,a) = H [1 — 2azq" + o? 2]“} = (aew,ae_w;q)oo, T = cosf.
k=0
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Recurrence relation.
20 P, (2|q) = ApPoi(z]q) + [q%a+% +q727F — (A, + C)| Pu(zlq) + CuPu_i(zlg), (3.10.3)

where

5 q:49)n o
Pulela) i= i e ulg)

and
_ qn+a+1)(1 _ qn+a+ﬁ+1)(1 + qn+%(a+ﬁ+1))(1 + qn+%(a+5+2))

(1
Ay = Iotl
qz: I (1 _ q2n+o¢+ﬂ+1)(1 _ q2n+a+5+2)

c - qFt (1= ") (1 — ¢"P) (1L 4 "+ 3(FP)) (1 4 gt alatfiD)
n— (1 _ q2n+a+ﬂ)(1 _ q2n+a+ﬁ+1) ’

Normalized recurrence relation.

1 1
2pn() = posi(2) + 5 |27+ 4737 = (A + Co) | pa(@) + A0 1Copai @), (3.10.4)

where -
2ngaotaln(gntethil gy,

(g, —qz (@0 gz (athit2)g)

P (z|q) = Do ().

g-Difference equation.
(1= )*Dy [B(x; ¢**, " g) Dyy()] + Anid (5%, ¢°|g)y(x) = 0, y(x) = PP (xlg), (3.10.5)

where ( ,6| )
~ N w(z; 9%, 4" |q
W(z;9%, ¢°|q) = B e
An = 4qin+1(1 —q")(1 - qn+a+ﬁ+1)'

Forward shift operator.

g Rt (1 — gttt (e — e ) g i)

(1 _’_q%(a-i-ﬁ-‘rl))(l +q%(a+ﬁ+2)) n—1

8, P (2] q) = — (z|q), x = cosf  (3.10.6)

or equivalently

2q7n+%a+% (1 — grrathtly

pLTLETD (0. (3.10.7)

(a,B) —
Dan (x|Q) (1—q)(l+q%(a+ﬁ+1))(l+q%(a+ﬁ+2)) n—1

Backward shift operator.
8q [ (x; ¢, " |q) PLP (x]q)
_ qi%aii(l _ anrl)(l Jrq%(omtﬁfl))(l + q%(a+ﬁ))(ei9 _ efie)
X w(x;qa_l,q6_1|q)P,(LiIl’ﬁ71)(a:|q), x=cosf (3.10.8)

or equivalently

Dy |w(x; 4%, ¢°|q) P{™P) (z]q)
Ctapr (L= ") (1 4+ g2 HD) (1 4 g3 (o))
l—¢q
x w(x;0°7 Y, " g P (2lg). (3.10.9)
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Rodrigues-type formula.
w(x; 4%, ¢°lg) P{P) (xlq)

N2 ) (g gt —ga et i gy, e
¢ eiet)

t", x =cosf. (3.10.11)

e eiet)

t", x = cosé. (3.10.12)

Generating functions.

q%a+%ei97 q%aJr%eiQ
2¢1 qa+1

_io —qhP im0, it e
e Ut 20 S

2(04"!‘6"1‘1) _qg(a+ﬂ+2) q)n P, aﬁ)(x|q)
(y+17qﬂ+1’q)n q(2a+ n

» q%a-i-%e—w’_q%ﬁ—&-%e—i@
g e "t | 291 1 3
—g3(atp+3)

1 o,
—q2 (@842 ) PP (2g)
—q%(a+5+3%q)n q(%a+i)n

n=0

q§a+§ei97 _qg5+iew
201 —gz(atptD)

I
[M]8

n=0

q§a+%ez‘9 _q%ﬁ+%ew » q%a-i-%e—i@ _q%ﬂ—&-%e—ia »
« U ? .t
201 —qz(a+ﬁ+2) g e "t ] 201 _q%(a+6+2) q, et
oo l(oz—&-ﬁ-l—l). P(aﬂ)
2
Z —4 n Pr (@0 o) (3.10.13)

(—q3(@tBt2), o) " gGatiin

Remarks. In [345] M. Rahman takes a = q%, b= q‘”%, c= —q5+% and d = —q% in the definition
(3.1.1) of the Askey-Wilson polynomials to obtain after renormalizing

_ 1 . 1 _ .
(q"‘“,—qﬂJrl;q)nM53 (q N E N E

pless) T;q) =
n () (4, =G Dn qotl, —¢ftt, —q

q;q) , © =cosf. (3.10.14)

These two g-analogues of the Jacobi polynomials are not really different, since they are connected
by the quadratic transformation :

e (_q’q)" na p(a
PP (alg®) = Wq PP (a3 q).

The continuous g-Jacobi polynomials given by (3.10.14) and the continuous g-ultraspherical (or
Rogers) polynomials given by (3.10.15) are connected by the quadratic transformations :

A
9", —¢q)n 1, ,(0-3,-1
Czn(x;qqu):%q inpPT2m2) (952 1)
(q27_q2;Q)n

and N
—1;¢)n _11
02n+1(l’; qA|Q) = Mq*%nzgy‘ 2’2)(2x2 -1

T— 1 q).
(%, —q7;Q)nt1

—1 we find

If we change g by ¢
PO (alg™") = ¢ PP (2lg) and PP (w;q7") = g TP (25q).
References. [64], [163], [191], [193], [232], [234], [237], [322], [323], [345], [347], [348], [350], [371],

[389].
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Special cases

3.10.1 Continuous g¢-ultraspherical / Rogers

Definition. If we set a = 3%, b= 32¢%, c = —3% and d = —(3%¢? in the definition (3.1.1) of the
Askey-Wilson polynomials and change the normalization we obtain the continuous g-ultraspherical
(or Rogers) polynomials :

2. | —-n 2. n % 0 % —i0
Cn(x,/(ﬂq) — (ﬁ 7Q)n57§n4¢3 <q 75 q 76 € 7/8 €

(4 D)n Bqz, B, —Bq>
q ", B, Be?
5.0 a; q)

q;51q62i9> , T =cos#.

q;q) (3.10.15)

2, '

— (/(Bq?q(é)n 5—ne—zn03¢2 (
/67 n n 71’175

N ((q;;]))ne 201 <Bg1q‘"+1

Orthogonality.

(3,86 Do (8% q)n (1 —0)

i/ ), (: 81a)C(: Bla)ir = Omns 6] <1, (3.10.16)

21 : 1— a2 (B 900 (¢0)n (1—Bgm)
where
e q) o L) [
w(z) = w(x;Blg) = ‘ T 0 o1 1 -9( 1 >-9 T 1 9 ’ :’ ( 2i0.)
(B2e?, Brq2ei, —B2eif, —B2q2e;q)0 (8e%; q)oo

with

oo
h(z,a) = H [1 — 2azq" + azq%} = (aew, e q)Oo , = cosf.
k=0
Recurrence relation.

2(1 — Bq")xCh(x; Blg) = (1 — q"+1)Cn+1(m; Blg) + (1 — ﬂzq”_l)C’n,l(x;ﬁm). (3.10.17)
Normalized recurrence relation.

(1-q")A %"

Tpn(x) = ppi1(z) + 10— A1 Bq")pnfl(x)’ (3.10.18)
where 2 (5. q)
(2 Blq) wan ” (z)
g-Difference equation.
(1= q)>Dq [w(x; Bqlq) Day(x)] + Antd(z; Blq)y(x) = 0, y(z) = Cu(x; Blg), (3.10.19)
where (z: Blo)
— _wlT; Plg
and
An =471 = g™ (1 = B2q").
Forward shift operator.
04Cn (x5 Blq) = —q_%"(l — ﬁ)(ew — e_ie)Cn_l(x;ﬁq\q), x = cosf (3.10.20)
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or equivalently

1o 1 —
DyCh(w; Blg) = 2q 2 1)—§Cn_1(x;ﬁq|q). (3.10.21)

1-—

Backward shift operator.

dq [w(w; Blq) Cn(x; Blg)]

iy A=A =BT e i
e -y )
x w(w; B q)Cyr (25 Bqg), & = cosf (3.10.22)
or equivalently
Dy [w(=; Blq)Cn(z; Blq)]
2 —%n 1— n+1 1— 2 n—1
R U B ) s by ) Con (80 ). (3102)
Rodrigues-type formula.
qg—1 "o y4)n ny~ n
alas plCulasl) = (157 ) 0 G0 (0, i) G102
Generating functions.
(Bt q)o|” (B, Be ™t q)0s L
‘ (€5 q) oo ‘ (e et q) o _;C"(z’mqﬁ = cost. (3.10.25)
1 210
T (6@2 ﬂ%) Z ﬂ;qﬁq ",z = cosf. (3.10.26)
216 o n
(e7"t:q)o0 - 201 (ng ge “’) Z ﬁf ¥ Co(z; Bl)t™, © =cosf.  (3.10.27)
n=0
5192%10 _;—19_%%—19 )
201 (ﬁ ‘ bg;q ‘ q76_29t> 2¢1< pe K,qu Q;ewt>

=y B0 g piyen, & = cose. (3.10.28)

= (52,842 0)n
‘ 1 1 9 i 1 _i9 .
q;e“%) 2¢1<ﬁ2q26 - orare q;6’9t>
l.
— MCn(x;,6’|q)t", T = cosd. (3.10.29)

Bq
(8%, =8¢ @)n

% 0 _ % % 6 . % % —fBze= ;
201 <ﬁ ’ 75§§q ) q;e_wt> 21 (ﬂ 5‘126 e ;620t>
_ ZM Co(; Bq)t", = = cos. (3.10.30)

n=0 (ﬂzv _ﬂq%aQ)n
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(ve'?t; )0 ob v, 3, Be*?
(€%t ¢) oo ﬂ veift

g e 10t>

x; Blg)t", x = cosb, v arbitrary. (3.10.31)

o0
Remarks. The continuous g-ultraspherical (or Rogers) polynomials can also be written as :

k k
z; Blq) = E —" in=2k)0 0 — cos.
k=0 q;q k n k

They can be obtained from the continuous g¢-Jacobi polynomials defined by (3.10.1) in the
following way. Set 0 = « in the definition (3.10.1) and change qo“"% by [/ and we find the
continuous g-ultraspherical (or Rogers) polynomials with a different normalization. We have

o, a+l*’6 ﬂql q n
P (alg) 25 VL0 iy (o gl
(6% @n
If we set 8 = ¢®2 in the definition (3.10.15) of the g-ultraspherical (or Rogers) polynomials
we find the continuous g-Jacobi polynomials given by (3.10.1) with f = «. In fact we have

2a+1

. a4t _ (q ’q) (e, )
Cn(zaq 2|Q)* (qa+1;q) q(2a+ )np (CE|q)

1 we find

Cn(z;Blg") = (Bq)"Cn(z; 87 q).

The special case § = ¢ of the continuous g-ultraspherical (or Rogers) polynomials equals the
Chebyshev polynomials of the second kind defined by (1.8.31). In fact we have

If we change g by ¢~

sin(n + 1)0
sin 6
The limit case 8 — 1 leads to the Chebyshev polynomials of the first kind given by (1.8.30) in the

following way :

Cn(z;qlq) = = U,(x), x = cos¥.

1 _ n
/131—>H11 Tjﬁ)cn(x;ﬂ\q) =cosnb =T,(x), x =cosf, n=1,2,3,....
The continuous ¢-Jacobi polynomials given by (3.10.14) and the continuous g-ultraspherical
(or Rogers) polynomials given by (3.10.15) are connected by the quadratic transformations :
Con(;¢q) = 7([{ ,*Qj n qiénPrEAigﬁé)(Q:rQ —1;9)
and \
5 _1; n _in A—l,l
. AL )
(@2, =¢%; Ont1
Finally we remark that the continuous g-ultraspherical (or Rogers) polynomials are related to
the continuous ¢g-Legendre polynomials defined by (3.10.32) in the following way :

1 _1i,
Cu(x;q%|q) = ¢~ 1" Py(z]q).

References. [13], [15], [16], [31], [43], [44], [45], [53], [54], [55], [57], [64], [67], [94], [98], [99], [165],
[185], [186], [187], [189], [191], [192], [193], [218], [232], [238], [239], [243], [258], [259], [278], [322],
323], [327], [350], [352], [356], [357], [358], [363], [364], [365], [370].
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3.10.2 Continuous ¢-Legendre

Definition. The continuous ¢-Legendre polynomials are continuous g¢-Jacobi polynomials with

a=0p=0: ) )
q ,q ,qie”,qie
Po(z]q) = 463 ( 3 g

Q§Q> , & =cosf. (3.10.32)

Orthogonality.

1
1 [ w(z;l]g)
2T 1—22
—1

P (%]q) Po(2|q)dw = - (3.10.33)

where
2i0. 2 0 _ _io. L 2
wiwialg) = |0 R b LA
(agie®, aqie?, —aqie?, —aqie?; q) (agiet, —aqie??;q7) o
| g [P h(@ Dh(, ~Dh(x, ¢})h(z, —qF)
(a2q% €213 q) o h(z,aq)h(z, aq?)h(z, —aq®)h(z, —aq?)’
with -
h(z,a) = H [1 — 20zq® + a2q2k} = (aew, e q)oo , x = cosf.
k=0
Recurrence relation.
n4 -1 n 1 n
2(1 = ¢""2)zPy(zlg) = ¢ T(1 = ¢" ) Puya(zlg) + ¢ (1 — ¢") Pur(2]q). (3.10.34)

Normalized recurrence relation.

(1—q")° a1 (2), (3.10.35)

nl) =@ G

where . .
2"q1" (g5 q)n
P,(z|q) = ————————p,(2).
g-Difference equation.
(1-q)*D, [u?(ar; 2 1q) Day(@) | + At (; 1|q)y(z) = 0, y(z) = Pa(zlq), (3.10.36)
where
An=4¢ " (1= ¢")(1 - ¢")
and (: alg)
- w\T; alq
w(z;alq) i= ———=£.
(el ==
Rodrigues-type formula.
g—1\" gt
~ - n ~ ln
L e (D" [i@s a2l (3.10.37)
(¢, —a2, —a;@)n

Generating functions.

(g7 €t; q) oo
(et ¢) o

2 , .
_ (q%emt,q%e_“’t;q)oo _ i P, (z|q)

L t", a = cosd. 3.10.38

1
in

n=0 q
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1 i1 20 ) oo P,
291 1=.ae e | = Z (7x|ql)t”, x = cosb. (3.10.39)
(et q)oo q = (4 Onga™
11 20 o0 n, in+(3)
. . —1 1 2
(7t q) oo - 261 = aze et = Z LPn(ﬂq)t", x =cosf.  (3.10.40)
q = (@GDn
0 0 1 —i0 —i60
1e' qie i —qgie ,—qie i
201 (q qq e 975) 201 < I . I e 9t>

0o 1
—q2,—q, nPn
:Z( 92, —49) (lxlq)tn’ —— (3.10.41)
(2,4 O)n qr"
3 _i0 3 —if
. 1€ y —qte€ 7
qsewt) 201 (q §q g;e 9t>

5 ——1", x = cos#. (3.10.42)

q;ei9t>
00 1
—q2;q)n Pn
-y (—q7%:q) (1:c|q) .z = cos. (3.10.43)
(—¢:q)n gin

a; ewt)

3 ; 1 )
) 2677,9 _ 26719
Q;ewt) 201 (q 7_qq

(et @)oo ( a2, q2 e

(€9t q)oo q,ve't
> ; n P’n
= MMt”, x = cosf, v arbitrary. (3.10.44)
= (@0 qi"

Remarks. The continuous g-Legendre polynomials can also be written as :

1 (@25 017 Dk -2
P (z;q) = q5" P20 g — cos .
i) ,;) (¢ Dk (@ Dn—rk
If we set &« = =0 in (3.10.14) we find
-n .n+l1 1 0 L1 _—ip
Puwiq)=ags [ T 70 TP g, @ = coso,
q,—4q,—q

but these are not really different from those defined by (3.10.32) in view of the quadratic trans-
formation

P, (z|q%) = Pu(x;q).

1

If we change g by ¢~ we find

Py (z|q") = Pa(zlq).
The continuous ¢-Legendre polynomials are related to the continuous g-ultraspherical (or
Rogers) polynomials given by (3.10.15) in the following way :

Py (xlg) = ¢+"Cul:0%|q).
References. [256], [262], [275], [279], [282].
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3.11 Big g-Laguerre

Definition.
Powiabiq) = 3609 0% g (3.11.1)
n\Z;a,0;q — 392 aq,bq q;9q sl
_ 1 8 g ", aqr? A
I CRr T N ag  |T0)
Orthogonality. For 0 < a < ¢~! and b < 0 we have
i (a tx, b~ tx;q)
. L2 Pz a,b;q)Po(x;a,b; q)dgx
[ S R e )Py,
bg
71b bfl . . n
— aq(l o q) (q; a aa q7 q)oo (q7 Q)n (7abq2)nq(2)§mn (3112)

(aq,b¢;¢)0c  (aq,bq;q)n
Recurrence relation.
(x — 1)Py(z;5a,b;q) = ApPog1(z;a,b;q9) — (An + Cp) Po(x;a,b;q) + CoPo1(x;a,b;q), (3.11.3)

where
An = (1—ag"t)(1—bg"t1)

Cp = —abg"* (1 - q").
Normalized recurrence relation.
2P (2) = pni1 (@) + [1 = (An + Cn)l pn(z) — abg™ ™' (1 — ¢")(1 — ag™)(1 — bg")pn—1(z), (3.11.4)

where

1
P, (x;a,b;q) = mpn(x).
g-Difference equation.
g " (1 - ¢")z’y(x) = B(x)y(qz) — [B(z) + D(x)] y(z) + D(z)y(q~ " z), (3.11.5)
where
y(x) = Po(x;a,b;9)
and

B(x) = abg(1 — z)

D(z) = (x — ag)(x — bg).

Forward shift operator.

n\4, t, 7Q) n(qx7a7 7Q) - (1_aq)(1_bq)l' n—l(qzaaqv (Lq) ( «LL. )
or equivalently
=)

D,P,(z;a,b;q) =

(1= Q) (1= ag)(1 —bg) -1 (4w 00 basa). (3.11.7)

Backward shift operator.

(z—a)(z—b)Py(x; a,b; q) —ab(1—z) Py (qa; a,b;q) = (1—a)(1—b)aPyy1(z;aq” ", b1 q) (3.11.8)
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or equivalently

1—a)(1-0 _ _ _ _
Dy [w(a;a,b; q) Pu(z;a,b;9)] = (ab(l)(_q))w(x;aq Log7 @) Paga(wsag”t bg Y ), (3.11.9)
where 1y et
w(zsa,big) = Dl L

(%3 ¢) o0

Rodrigues-type formula.

anbnqn(nJrl) (1 _ q)n

w(z;a,b;q)Py(x;a,b;q) = (0.b0:0)

Generating functions.

bgz~1,0 > (aq; q)n
(agt; q)oc - 201 ( 4 ‘q;xt> =y (ad; ) Py (z;a,b;q)t".

bq = (@D
(t'q) . (b (0,0,3? q; t> — i MP (x'a b q)tn
PHee T2 ag,bg | (Gq)n "7

n=0

(Dy)" [w(x; ag™, bg"; q)] .

(3.11.10)

(3.11.11)

(3.11.12)

(3.11.13)

Remark. The big g-Laguerre polynomials defined by (3.11.1) and the affine ¢g-Krawtchouk poly-

nomials given by (3.16.1) are related in the following way :
K (g7 p,Nrq) = Pula™ "m0 h0).

References. [13], [27], [228].

3.12 Little ¢-Jacobi

Definition.
—n n+1

, abgq

q
Pn(r;a,blq) = 201 (
aq

q;qx) .

Orthogonality.

— (bg; ¢
> ((q. q)): (a9)*pm(4"; a,blg)pn(q"; a, blg)
k=0 %’

_ (abg? @)oo (1 — abg)(aq)" (g,bq;@)n
(a¢; @)oo (1 — abg>*?) (ag, abg; q)n

Smn, 0<a<q !

Recurrence relation.

—xpn(z;0,blq) = Appny1(w;a,blq) — (An + Cn) pa(2; a,b|q) + Crpn—1(x;a,blg),

where
(1 —ag™*")(1 — abg" )

(1 — abg®™+t1)(1 — abg?n+2)

(1 —¢")(1 —bg")
(1 —abg®™)(1 — abg®*+1)’

An:qn

Cn = aqn

92

1

and b<q .

(3.12.1)

(3.12.2)

(3.12.3)



Normalized recurrence relation.
xpn(x) = pn+1($) + (An + Cn)pn(x) + Anflcnpnfl(‘%% (3'12'4)

where ;
(—1)q~ () (abg™ 15 q)
(aq; q)n

pn(z;a,blq) = Pn ().

g-Difference equation.
¢ (1~ ¢")(1 — abg"H)ay(x)
= B(x)y(qz) — [B(x) + D(x)]y(«) + D(x)y(q~'x), y(z) = pala;a,blg), (3.12.5)
where
B(x) = a(bgx — 1)
D(z)=z -1
Forward shift operator.
¢ "1 —g¢")(1 — abg" )
(1 —aq)

Pn(x;a,blq) — pn(qe;a,blq) = — rpn—1(x; aq, bqlq) (3.12.6)

or equivalently
q—n—i-l(l _ qn)(l _ abq”“)
(1=q)(1 - aq)

Dypn(x;a,blg) = — Prn—1(x; aq, bq|q). (3.12.7)

Backward shift operator.
a(br — Dpy(2;a,blq) — (x — Dpp(qgtz;a,blq) = (1 — a)ppy1(z;aq~ ", b q) (3.12.8)

or equivalently

a 1-— q(x o— —
Dy [w(z; o, Bla)pa(z; 4%, ¢°lq)] = mw(x;a—l,ﬂ—llq)pnﬂ(x;q Ld" g), (3.12.9)
where
(9% @)oo
w(z; o, Blq) = g
( 19 (P15 9) 0

Rodrigues-type formula.

B — g

w(z; a, Blq)pn (x5 4%, ¢°|q) = @0 (Dg—1)" [w(w; a+n, B+ nlq)] . (3.12.10)
Generating function.
- 21,0 =, (—1)q(2)
;aqat lgat) = — ;a,blg)t". 3.12.11
e (aq e ) 201 ( bq ‘q’x ) nZ:;J (s ) 705 P19 ( :

Remarks. The little g-Jacobi polynomials defined by (3.12.1) and the big g-Jacobi polynomials
given by (3.5.1) are related in the following way :

b 14)n np—n,—n—(5
pu(a; 0, blg) = Ea‘;fj})u) b="q ") P, (bgas b, a, 03 ).

The little g-Jacobi polynomials and the g-Meixner polynomials defined by (3.13.1) are related
in the following way :

Mo (q7"3b,¢;q) = pa(—c ¢ 0,67 g7 Hg).

References. [11], [13], [22], [23], [30], [31], [43], [67], [167], [168], [169], [190], [193], [203], [208],
[218], [231], [242], [259], [263], [277], [279], [280], [282], [313], [318], [323], [346], [377], [379], [382].
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Special case

3.12.1 Little ¢-Legendre

Definition. The little ¢g-Legendre polynomials are little g-Jacobi polynomials with a =b=1:

n+1

pa(@lg) = 261 ( T

q;qx) .

k k k "
kzoq Pm(4°10)Pn(d"|9) =)

Orthogonality.

Recurrence relation.

—xpn(|q) = Anpny1(zlg) — (An + Cn) pu(zlq) + Crpn-1(z]q),

where ( +1)
1_ n
An=4q" i ! 2nt1
(I+¢mt)(1 — gt
1— "
Co =g (1—-q")

(L+qm)(1 =g t1)
Normalized recurrence relation.
.’prn(l‘) = p’ﬂ+1(x) + (An + Cn)pn(x) + An—lcnpn—l(x)a

where ;
(1) G (g™t ),
(@ Dn

pa(lq) = Pn ().

g-Difference equation.
¢ " (1—¢")(1 = ¢"xy(x) = Bx)y(gz) — [B(x) + D(z)] y(z) + D(x)y(q~ ),

where

and

Rodrigues-type formula.

Generating function.

_ —170
0d1 ( ‘q;qa:t) 201 (x
q q

References. [279], [280], [351], [392].

) s (1) .
q’xt) =2 (4,4 Dn Pl

94

(3.12.12)

(3.12.13)

(3.12.14)

(3.12.15)

(3.12.16)

(3.12.17)
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3.13 ¢-Meixner

Definition. +1
. Y A
M(q ;b7C;Q):2¢’1< bg e >
Orthogonality.
e b N T —x -z
Z (bg; g g3 Mo (g3 b, ¢ ¢) M (g3 b, ¢ q)

bcq q)

_ (*C;q)oo (¢.—c"';:9)
(=beq;@)oe (b3 Q)n

Recurrence relation.

;c=0

1

g " 6mm, 0<b< g ! and ¢>0.

2n+1(1 _

q TE)My(q7) = (1 — bqn+1)Mn+1(q71)

q
— [e(@=bg" ") +q(1—¢

where

M, (q77) == Mn(q"";b,¢;q).

Normalized recurrence relation.

2pn(2) = ppi1(x) + [1 + g2t {c(l —bg"™) +q(1 — ¢")(c+ q")}] pn ()

+eqg "1 = ¢ (A = bg™)(c+ ¢")pp_1(z),
where ’

Mn(q™%50,¢q) = F————
(4 &4) (bg; q)nc™

palq™).
g-Difference equation.

—(1=¢")y(z) = B(x)y(x +1) = [B(x) + D(x)] y(z) + D(z)y(x — 1),
where
y(x) = Mn(q~";b,¢:q)
and
B(x) = cq" (1 — bg™*1)
D(z) = (1 —¢")(1+ beg®).
Forward shift operator.
Mn(q—w—l.b ¢;q) — Mn(q~%;b,c;q) = —MMnfﬂq_w' bg Cq_l'q)
) b b ) b b C(l _ bq) b ) )
or equivalently

AM,(q~*;b,¢;q) q(1—q") _ 1
=— My, _1(q7*;bq,cq” "5 q).
Ag o~ (1~ bg) )

Backward shift operator.

cq” (1= bg") My (q~*;b,¢;9) — (1 — ¢") (1 4 beg®) My (g5 b, ¢9)

= cq"(1 = b)Mpu11(q~"5bg ", cq; )
or equivalently

Vw(@;b,c; ) My(qg " b,659)] 1
Vg 1—g¢
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e+ q")] Mu(qa™*) +q(1 = ¢")(c+q")My1(q77),

w(x;bg ", eq; @) Mny1(g~ ;b7 cq; q),

(3.13.1)

(3.13.2)

(3.13.3)

(3.13.4)

(3.13.5)

(3.13.6)

(3.13.7)

(3.13.8)

(3.13.9)



where

(04; 4)a )
w(x;b, ¢ q) = c"q\ 2
( ) (¢, —bcg; q)a
Rodrigues-type formula.
w(@; b, c; ) My (g3 b,¢59) = (1 — )" (V)" [w(a;bg", cq™";q)] (3.13.10)
where v
Vg =
q vqu
Generating functions.
1 q_r -1 > Mn(q_zab703Q)
¢ ( ¢ —c qt) SR N AC S kR 3.13.11
(t@)oo '\ b = (9 ( )
1 —bteTlgTe (b3 9)n
1) ( q;bqt) = M, (q7 b, c; )t 3.13.12
Qo —c g nz::O (=19, ¢:q)n ( ) ( )

Remarks. The ¢-Meixner polynomials defined by (3.13.1) and the little g-Jacobi polynomials
given by (3.12.1) are related in the following way :

M, (g "3 b,¢;q) = pu(—c 'q";0,b7 g " Hg).

The ¢-Meixner polynomials and the quantum g¢-Krawtchouk polynomials defined by (3.14.1)
are related in the following way :

K™ (¢ % p,N;q) = Ma(q~ "¢ N1 —p 7t q).

References. [13], [26], [27], [28], [67], [104], [193], [208], [323].

3.14 Quantum ¢-Krawtchouk

Definition.

—T

m a"q
th ( 7p7 5q )_2¢1< q_N

q;pq”+1>, n=0,1,2,...,N. (3.14.1)

Orthogonality.

N
pq q)N T _1\N—=z () qtm . qtm( —x. .
( n"p ( q)an(q,pq;q)nq(Ngl)f(ngl)mna

—N
s P> . 3.14.2
(¢, ¢:9)n p=4 ( )

Recurrence relation.

_pq2n+1(1 _ q—:c>K;;Ltm(q—a:) _ (1 _ qn N)Kgfm(q—x)
— [ =) g = ") (= pg")] K™ (a7) + a1 = ") (1= pg") K73 (g77), (3.14.3)

where
K3 (q™") == K™ (¢"";p, N; q).
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Normalized recurrence relation.
wpn(®) = puyr () + [1—p g7 {1 = ¢" ™) + ¢(1 = ¢")(1 — pg™) }] pu(2)
+p T (1= g™ (1= pg™) (1= "N paoa (), (3.14.4)
where

K™ (q~*;p,N;q) =

n

g-Difference equation.
—p(1 —¢")y(x) = B(z)y(x + 1) — [B(x) + D(x)] y(x) + D(x)y(z — 1), (3.14.5)

where
y(z) = K™ (¢"%p,N; q)

and
B(z)=—¢"(1—¢"")

D(x)=(1-¢")p—q¢ "),

Forward shift operator.

my(, —xr— my(,, —x pq—wl_qn m, —x
KI™(q=""Yip, Niq) — KI'™(q ;p,N;q)Zl_(q_N>KZt1(q ;pg, N —1;q)  (3.14.6)

or equivalently

AKI™(g~";p,N;q) pq(1 —q") o
Agr = T g Mm@ " pa, N = 1ig). (3.14.7)

Backward shift operator.

(1—g" N "HKI™(q " p,N;q) + ¢ (1 — ¢")(p— ¢" NV HKL™ (g~ " p,N;q)
= (1—g MK (@ a7 N+ 159) (3.14.8)

or equivalently

V [w(z;p, N;q) K" (¢ %;p, N; q)]

Vqg==
1 _ myo—w
=1l LN+ LK (a g N + 1), (3.14.9)
where (Vi)
qi y4)x —x z+1
w(x;p, N;q) = m(* )7q(2)
Rodrigues-type formula.
w(@;p, Ny @) K™ (g5, Nyq) = (1= q)" (V)" [w(zs pg™, N — n3.q)] (3.14.10)
where v
Vg = 7=l
Generating functions. For x =0,1,2,..., N we have
N q " pgN e N (V59
(@t a)N—z 201 < o 9" t> => WKﬁt’"(Q’m;p,N;Q)t”~ (3.14.11)
n=0 1e/mn
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. N
—xy, q N70 ’q n qtm/ —x, . n
(@60 2t ( Z g (g% p, N @)t (3.14.12)

Remarks. The quantum ¢-Krawtchouk polynomials defined by (3.14.1) and the g-Meixner poly-
nomials given by (3.13.1) are related in the following way :

KI™(q™"p,N;q) = My (¢ ¢ V1 —p 7Y ).

The quantum ¢-Krawtchouk polynomials are related to the affine g-Krawtchouk polynomials
defined by (3.16.1) by the transformation g «» ¢~ in the following way :

m( T — — p " —(5 T— —
K™ (g% p,Nig") = (0 '¢;0)n (—q) g GV KA ("N p~' N ).

References. [193], [277], [279].

3.15 ¢-Krawtchouk

Definition.
Ko(¢%p,Niq) = 3¢2<q_n’qq__;:0_pqn q;q) (3.15.1)
= mm(q&lﬁni 7 pq”*N“), n=012...,N.
Orthogonality.
ZN: <q(;zvq;)i)z (=p) "Km(q~ ", N; @) Kn(q *;p, N5 q)

0
(¢,—pd" " q)n (1+0p)
(—paN;q)n (14 pg®)

% (—pa:0)xp~ Va3 (—pg )" ¢ B p > 0. (3.15.2)
Recurrence relation.
—(1=q") Ka(a™™) = AnKpns1(q7") = (An + Cn) Kn(g™") + CnKn1(g™"), (3.15.3)
where
Kn(q™") := Kn(g™"p, N3 q)
and

(1—g¢""™)( +pg")
(1 +pg>r)(1 + pg*r*)

n =

on_n—1 (L4+pg"™)(1—q") .
(14 pg*=1)(1 + pg*")

Cn = —pq
Normalized recurrence relation.
2pn () = pntr(2) + [L = (An + Cn)] pn(2) + An1Crpna (2), (3.15.4)
where

(—pq"; On ().

K.(q "p,N;q) = @0
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g-Difference equation.

g "1 =) +pg"y(x) =1 —q¢" V)y(z+1)
— [ =¢"™) = p(1 = ¢")] y(z) — p(1 — ¢")y(z — 1), (3.15.5)
where
y(x) = Kn(q~";p, N3 q).

Forward shift operator.

K, (¢ Yp,Niq) — Kn(qg ";p, N3 q)

—n—x 17 n 1+ n .
=1 (1 _qq_)j(v = )Kn—l(q ipg°, N — 1;q) (3.15.6)

or equivalently

AKn(q % p,N;q) qg " 1(1 —q")(1 +pqg") - 2
= K, T pg®, N — 1;q). 3.15.7
g7 1-qa q—N) 1 "5 pq q) ( )

Backward shift operator.

(1=¢" "N NKu(g"p,Nyq) +pg (1 = ¢")Kn(g™ " p, N3 q)

=q¢"(1— ¢ V" HEKui1(g%pq % N + 1;q) (3.15.8)
or equivalently
V|w(z;p, N; q) Ky (q~"; p, N; 1 _ e
wizip, Ni) - (@ ip Nig] w(w;pg =, N+ 15,¢)Kni1(q~%5pq % N + 159), (3.15.9)
Y 1—gq
where (N:q) "
q iq)x q
w(@;p, N3 q) = ———=— (>
( ) (4:9)x P
Rodrigues-type formula.
w(;p, N;q) Kn(g™"5p, Nig) = (1= )" (V)" [w(z:pg®", N —n:q)] , (3.15.10)
where v
v ——
q vq_x
Generating function. For x =0,1,2,..., N we have
—x x—N N —N
q 7,0 e i @n (n e n
161 < 0 q;pqt> 200 < B ‘q;—q t) => ((q,q))q C) K5 p, Nig)t™. (3.15.11)
n=0 I n

Remark. The g-Krawtchouk polynomials defined by (3.15.1) and the dual ¢-Krawtchouk poly-
nomials given by (3.17.1) are related in the following way :

K, (¢ % p,N;q) = K;(A\(n); —pg™, N|q)

with
An)=q " —pg"
or
Kn(Mx);e,Nlg) = Ko (¢ " —cq™ ™, Niq)
with

Mz) =q % +eq” V.
References. [28], [62], [67], [104], [193], [323], [327], [384], [385].
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3.16 Affine ¢-Krawtchouk

Definition.
-z a"0,a7"
KM (g7 p,N;q) = 3¢2< 0.~V q;q) (3.16.1)
_ n (Z) —-n x—N —x
— (17‘1?‘121(q LCIN ¢ ),n:0,172’m71\7
(P4 )n q
Orthogonality.

N
p4;9)2 (43 Y . .
ZW(PQ) KM (g p, N;q) K (¢ p, N q)
=0 I x ) —x

nN (@ D@ DN-n s

,0<p<qt. 3.16.2
(pa;)n(; )N ™" p=q ( )

= (pq)

Recurrence relation.

~(1 =g KM () =1 —¢" )1 — pg" KM (¢77)
— (1= ¢"™™M)(1 = pg"™) = pg" N (1 — ¢ KL () = pg" N (1 - K (077), (3.16.3)

where
KM (q7) = K (g% p, N q).

Normalized recurrence relation.

apn () = pria (@) + [L= {1 = ¢""M)(1 = pg" ™) = pg" N (1= ¢")}] pn()

— pq"_N(l —¢M(1—-pg™")(1—q"~ _1)pn,1(x), (3.16.4)
where 1
KM (" p,Nyq) = ———pnla™™).
o ) (pq,aN:q)n w27
g-Difference equation.
¢ "(1—¢")y(z) = B(z)y(z + 1) — [B(z) + D(z)] y(x) + D(2)y(z — 1), (3.16.5)
where
y(x) = K2 (¢7%p, Niq)
and

B(z) = (1 —¢*"")(1 —pg"*)

D(x) = —p(1 —q")g" "
Forward shift operator.

. e g (l—gn e
K (g7 p, Nig) = K/ (g7 %5p, Nig) = i _pq)EI _q_zv)Kff{(q ;pg, N —139) (3.16.6)

or equivalently

AKA (=% p, N3 q) g "1 —q") A
n b 4) KM (g% pg, N — 1;q). 3.16.7
Ag—* 1-¢)(1—pg)(1— q—N) n—1 (@ " pq q) ( )

Backward shift operator.

(1 —pg®) (1 — g PN KA T (g7 p, Niq) — p(1 — ¢") K (g7 5 p, Niq)

=(1-p(1— "KM (¢ pg ', N +1;q) (3.16.8)
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or equivalently

V [w(z;p, N; ) KN (¢ p, N q)]
Vqg=*

I S A CNFATT (e, 1 _
= ﬁw(az,pq N+ L) K (e pg N+ 1;q), (3.16.9)
where

) L (Pq; @) .
wlwip, ;) = (GG DON-—0"

Rodrigues-type formula.

(g VR (1 — g

w(z;p, N;q) K (¢ p, N3 q) = (V)" [w(a;pg™, N —n;q)], (3.16.10)

(N;q)n
where v
Vg i= .
q vq_L
Generating functions. For x =0,1,2,..., N we have
N " N a0 a
(" ta)N-—c 101 ( 4 q;pqt> => WKn H(q™;p, N;)t". (3.16.11)
n:0 b n
z—N x+1
_ ", pq .
(—pq N+1t;Q)r'2¢O( a—q t>
N —N.
=3 PRI O RA g i N (31612

n=0

Remarks. The affine ¢-Krawtchouk polynomials defined by (3.16.1) and the big ¢-Laguerre
polynomials given by (3.11.1) are related in the following way :

KM (g p, Niq) = Pu(q %0, V).

The affine g-Krawtchouk polynomials are related to the quantum g¢-Krawtchouk polynomials
defined by (3.14.1) by the transformation g «» ¢~ in the following way :

1
KM (q%p,Niq7 ") = ———— K™ (" ";p7", N3 ).
( ) (P '@ )n ( )
References. [67], [119], [133], [134], [144], [169], [193], [385].

3.17 Dual ¢-Krawtchouk

Definition.
-n ,,—x z—N
q .49 ",cq
K,(\(z);c,Nlq) = 3(252( N0 ‘q;q) (3.17.1)
("N q)n " "
= TNy onw2? ¢t ), n=0,1,2,...,N,
(q—N;q)nqnac2 1 qN—a:—n-‘rl
where



Orthogonality.

N (eqN gN: — cq?*—N

Z ( q(q ;Z q)’Q)m (11 — Zq_N))Cqu(WVw)Km()\(x))Kn()\(x))

2=0 19z

= (7 q)NML(Cq_N)"%n, c<0, (3.17.2)

where
Kn(A(@)) = Kn(A(@); ¢, Nlq).

Recurrence relation.
—(1 =g )1 —eg" M) Kn(A(@)) = (1 = ¢" ) Knp1(A(x))
[0 =¢""M) + a1 = "] Kn(A(2)) + eV (1 = ¢") Kno1(A(2)), (3.17.3)

where

K,(A\(x)) := K,(\x);¢,N|q).

Normalized recurrence relation.

2pn () = poi1 (@) + (14 0)g" Npu(@) + g™V (1 = ¢") (1 = ¢" " pp_i(2), (3.17.4)
where 1
g-Difference equation.
¢ "(1=q")y(z) = B(x)y(z + 1) — [B(z) + D(z)]y(z) + D(2)y(z — 1), (3.17.5)
where
y(x) = Kn(A(@); ¢, Nq)
and

(1—¢""M)(1—cg"N)
(1 — cq2eN)(1 — cq2e—NT1)

(1—q")(1 —cq")
(1 — cg?r=N=1)(1 — ¢g2*—N)’

B(z) =

D(x) — cq2m72N71
Forward shift operator.

Kn(Az +1);¢,Nlg) — Ky (AMz); ¢, N|g)
_ qfnfm(l _ qn)(l _ CqufNJrl

1—q ¥ )Kn—1(A(x); ¢, N —1|q) (3.17.6)

or equivalently

AK,(M(x);¢,Nlg) ¢ ""'(1—-¢") e
AX(z) = Q=g =g 1 (A@)ie, N = lg). (3.17.7)

Backward shift operator.

(1—¢" "1 = cg" N HKn(A); ¢, Nlg)
—c® NI (1= ¢") (1 — ¢¢”) Kn(A(x — 1);¢, Nlq)
=q¢"(1—g V(1 —cg® VK1 (Ma); e, N +1]g) (3.17.8)
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or equivalently

V [w(z; ¢, N|q) Ky (Az); ¢, N|q)]

VA(x)
1
= e, N+ 19 K Az);e, N+1 3.17.9
(1 —q)(l _cq—N—l)w(x’c7 + |Q) n+1( (I),C, + |Q)a ( )
where NN
’LU(JI, ¢ N|q) _ (q ) €4 7Q)£C c—mq2Nm—x(z—1).
(¢:¢q;9)z
Rodrigues-type formula.
w(w; ¢, N|g) Kn(A(@); ¢, Nlg) = (1 = )" (g5 ¢)n (V2)" [w(zs e, N = nlqg)], (3.17.10)
where v
Vi = .
AT V()
Generating function. For x =0,1,2,..., N we have
ad (qiN'Q)n
(cg™™t;9)0 - (VL QN2 = Z WKH()\@); ¢, N|g)t". (3.17.11)
n=0 1/

Remark. The dual g-Krawtchouk polynomials defined by (3.17.1) and the ¢-Krawtchouk poly-
nomials given by (3.15.1) are related in the following way :

K, (¢ %p,N;q) = K. (\(n); —pg™, N|q)

with
An) =q¢ " —pq"”
or
Kn(Ma);e,Nlg) = Ko (¢ " —cq™ ™, Niq)
with

Aa)=q~" +cg" .
References. [119], [259], [279], [282].

3.18 Continuous big ¢-Hermite

Definition.

7n7aei9 ae~ "0
Hafoiala) = a a0 (70

- i0
; q ", ae
= 62"92%( 7

Orthogonality. If a is real and |a| < 1, then we have the following orthogonality relation

q;q> (3.18.1)

q; q”e%g) , T =cos#.

— | —=Hn(z; H, (x; =— 18.2
3 | s Hlasal)H, (o ala)de = i (3182

where

(€29 q) oo ‘2 _ h(z, 1)h(z, —1)h(z, g% )h(z, —q?)
(ae'?; @)oo




with -
h(z,a) = H [1 — 2azq" + azq%} = (aew, e q)OO , = cosf.
k=0

If @ > 1, then we have another orthogonality relation given by :

= LB, o alo) sl

X 9 e}
1<aqk§a

where w(x) is as before,
-1
ag® + (aqk)
2

(a2 @)oo (1= a®¢™) (% )k g2 1y (1"
G (T-a)(@Gae © ( ) '

T =

and

W =
Recurrence relation.
2xH,(x;alq) = Hypy1(x;alq) + ag" Hy(x;alq) + (1 — ¢")Hp—1(2; alq). (3.18.4)

Normalized recurrence relation.

Tpn () = pnia(x) + %aq”pn(:c) + %(1 —q¢")pn-1(z), (3.18.5)

where
Hy(z;alq) = 2"pp(z).

g-Difference equations.
(1—q)*Dy |w(z; aqélq)qu(x)] +dg 7" (1 = ¢")d(ws alg)y(x) = 0, y(z) = Hu(z;alg), (3.18.6)

where ( 9)
oo w(walg
w(z;alq) : ik

If we define

" az,az” !

Po(z) :==a""3¢2 (q ’0 0

then the g-difference equation can also be written in the form

Q;Q)

¢ (1= q")Pu(2) = A(2)Pu(g2) — [A(2) + A(z71)] Pu(2) + A(z"1) Palq " 2), (3.18.7)
where
(1—-az)

AR = T gy

Forward shift operator.
S, Hy(z:alq) = —q 2" (1 — ¢")(€” — e ™)H, _, (2;aq?|q), = cos b (3.18.8)

or equivalently )
274" (1L - ")
l—gq

D, H,(x;alq) = Hyp_1 (3097 |q). (3.18.9)
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Backward shift operator.
§q [W(z;alq)Hy(z; alq)] = qié("ﬂ)(ew — e Yap(a aq7%|q)Hn+1(x; aq7%|q)7 x = cosf (3.18.10)
or equivalently

2q_%"

Dy [i6(a; ala) (w5 0lq)] = =T —_-t0(wi ag* @) Hua (w309~ q). (3.18.11)
Rodrigues-type formula.
q_l " Inn— n in
w(x;a|q>Hn<x;a|q>(2) 0 (D))" [w(a:agi"|g)]. (3.18.12)

Generating functions.

(at;Q)oo - Hn('x;a‘q) n
—_— = —————t", x = cos®. 3.18.13
(€7t e~ t; ) oo ; (@3 O)n ( )
6 X 1\ (n)
i, ae™| | —io,\ _ (=1)"q'> . no_

(€t q) o0 - 101 ( giog | € t) = nz;:) WHn(x,cdq)t , & =cosf. (3.18.14)
mﬂbl <%a6i0 4; €i0t) = i (’Y;Q)nH (z;a|@)t", © = cos@, v arbitrary. (3.18.15)

(€5 ¢)oc ettt |7 (G " ’ ’

References. [58], [72], [73], [162].

3.19 Continuous g-Laguerre

Definitions. The continuous ¢-Laguerre polynomials can be obtained from the continuous g¢-
Jacobi polynomials defined by (3.10.1) by taking the limit 8 — oo :

a+1. —-n la-i—% 0 Lo+l —i0
PO (zg) (¢ 7Q)n(¢2 a"qz €+qu ie
(©:Q)n q*tt,0

q;q> (3.19.1)

Lot3 _ip. -n Lo+l io
(g2 TEeT ) (%a+%)nein9¢ q ",q2%1e
- ’ 2¥1 —lat+il_n g

(¢ ) g tiTe

1 1 .
q;q2a+4e’9> , T = cosf.

: 1
Orthogonality. For a > —35 we have

1

1 w(z) 1 (¢“*'5q) 1
2+ pla) pla) dr — 2 glatg)ng 3.19.2
27r/m w (T B (lg)de @ e (GO ’ ( )
41
where
2
. 621’6’; q 2 6197 762'0; q% -
’LU(I) ::w(x;q |Q) = ’ Totd (9 T )+ P = ( I l)
(qzeiel? q2% el q) o (gz°F1e?;q2 )
_ hl@, Dh(w, —1)h(z,q?)h(z, —q?)
h(z q2“+%)h(x7q%a+2) ’
with -
h(z,a) := H [1 —20zq® + a2q2k} = (aew, e q)oo , x = cosf.
k=0
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Recurrence relations.

1 1

20 P\ (z]q) = ¢ 21 (1 — ") P, (z]q)

gt tEeta(] 4

Normalized recurrence relations.

q%) P (x]q) + q32F1 (1 —

1 lo41 1 1 n n+a
Tpn (x) = prgr () + §q”+2 TI(1+¢2)pnlz) + 1—d"(—q TP (),
where an(%a-s-i)n
Pé“)(xlq) = an(m)
k) n

g-Difference equations.

(1= a)* Dy [@(x;¢°*q) Dy (@)] +4q~ "+ (1 = ¢")io(x; 4% [q)y(x) = 0, y(x)

where

Bz 4°lg) = w(w;¢*lg)

’ V1—2z?
Forward shift operator.
5, PL) (x]q) = —g~"TEotE (e — e ) P (2]q), & = cos O
or equivalently
2 —n-‘r%a-‘ré o
D,P{(alg) = F——P\"" (xlq).
—q

Backward shift operator.
O {U?(w; 4°lg) P (wlq)}
_ q—%a—i(l _ qn+1)<ei9 _

or equivalently

D, [(w:4°1a) P (alg) | = —2¢ ™

Rodrigues-type formula.

e—i&)w(x; qa—l \q)P(a

_1 1
at3

n 1,2,1
q4n +2na

1 (J:|q), z = cosf

1— anrl

T SR G

a0 P el = (15

Generating functions.

(¢° T3t ¢° 1t @)oo

(¢;9)n (Dg)" [w(2;4°"|q)] -

1 1 . 1 1 .
(qztieif, gz ae~t; q)

20t>

1 QS q%a+iei0,q%a+%ei9
(€%t: q) oo 21 gott

1 1o 1 1 ;
5(1—}-1619’ q§a+Ze—z
qa+1

(t:@) o0 - 201 (q

= Z P (z|q)t", z = cosf.
) n=0

P(Ot) x|q)t”
a+1 2a+ m

||M8

P(a)(x|q) t", x = cosé.

, x = cosb.

g )P (2]g). (3.19.3)

(3.19.4)

— P (alq), (3.19.5)

(3.19.6)

(3.19.7)

(3.19.8)

(3.19.9)

(3.19.10)

(3.19.11)

(3.19.12)

(3.19.13)



(Vei"t;q)oo¢ v,qietiel grotiel
(e0t: q)oe 7 gt yeift

a; 6“’15)

Z a+1 e o(é+‘q)) t", x = cos#, v arbitrary. (3.19.14)

Remark. If we let § tend to infinity in (3.10.14) and renormalize we obtain

(qa+1 —i6

O g ", q7e" gre
73¢2

P(a) x;
(=)= (45 0)n gt —q

q;Q) , & =cosf. (3.19.15)

These two g-analogues of the Laguerre polynomials are connected by the following quadratic
transformation :

P{(z|¢%) = ¢"* P\ (3 q).
Reference. [64].

3.20 Little g-Laguerre / Wall

Definition.
g "0
pn(xialg) = 241 g | (3.20.1)
1 _”,:E_l T
- e (T |e)
Orthogonality.
Z (¢ alapn(ds alg) = 0D EDn 5 g, (3.20.2)
= (aq; @)oo (aG; @)n
Recurrence relation.
—xpn(;alq) = Appnir(x;alq) — (A + Cn) pu(x;alq) + Crpn—1(z;alg), (3.20.3)

where
An = qn(l - aqn+1)

Cp =aq™(1 —q").
Normalized recurrence relation.
@pn () = Pt (@) + (An + Co)pa(z) +ag® (1 = ¢")(1 — ag")pu—1(2), (3.20.4)
where
pn(w;alq) =
g-Difference equation.
—q7"(1 = ¢"zy(z) = ay(qz) + (z — a — Dy(z) + (1 — 2)y(¢” '), y(z) = pa(z;alg).  (3.20.5)
Forward shift operator.

q—n—i-l(l _ qn)

- wpn—1(z; aqlq) (3.20.6)

Pn(z;alq) — pnlqz;alg) = —
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or equivalently

—n+1 n
" (1-q")
Dopn(z;alq) = —————pn_1(x;aq|q). 3.20.7
plwialg) = == (azaglo) (3:207)
Backward shift operator.
apn(z;alq) — (1 — 2)pn(q¢ tzsalg) = (a — Dpng1(z;¢  alq) (3.20.8)
or equivalently
@ 1 - qa a—1
Dy-1 [w(z; alq)pn(w; ¢*|q)] = mw(ﬂi;a = U@)pn+1(;¢" " a), (3.20.9)

where
w(z; alg) = (¢7;¢) 0o

Rodrigues-type formula.

¢ +G) (1 — g

w(e;alg)pn(r:4°la) = o (Dg1)" [w(z; a +nlq)]. (3.20.10)
Generating function.
(t:9) (—’ ) = (—1)q() ,
— q;aqxt | = ————pn(x; alg)t™. 3.20.11
(@t q)ee \ ag nZ:O (¢ Dn (i alg) ( )

1

Remark. If we set a = ¢ and change ¢ to ¢~ we find the ¢g-Laguerre polynomials defined by

(3.21.1) in the following way :
palziq gt) = (

References. [13], [25], [71], [121], [123], [124], [169], [193], [279], [280], [323], [392], [396].

3.21 g¢-Laguerre

Definition.
“t " ,
L (w;q) = ((q_q))1¢1 <qa+1 ¢ —q "t (3.21.1)
1 q_n’_m n—+ao
= (q'q)zqﬁl( 0 q;9 + +1>~
bl n

Orthogonality. The g-Laguerre polynomials satisfy two kinds of orthogonality relations, an abso-
lutely continuous one and a discrete one. These orthogonality relations are given by, respectively :

a+1

T(—a)T (e + 1)dpmn, a>—1 (3.21.2)

[ o VL (2 oV — 41D o0 (@500
o/(—x'q)ooLm (@) L (: q)d (G Do (@ 0)ng™

and
s qkaJrk L L
> WLW(CQ ;)L (ed"; )
ke — oo y4)~
(¢, —cq® ™, —c ' @)oo (¢*T5 )

= Omn, > —1 and ¢ > 0. 3.21.3
(Y, —¢,—c ' @)oe (G @)ng™ ™" ( )
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Recurrence relation.
— L (a5q) = (1 - "L, (w5q)
— (1= g™ + q(1 — g™ ) L (259) + q(1 — ¢ )L (259).  (3.21.4)
Normalized recurrence relation.

2pn () = prr1 (@) + ¢ 2" (1= g™ + q(1 = ¢"F)] pala)

+ g2 — ™) (1 - ¢ )P (2), (3.21.5)
where (o)
*1)”’(]” n+ao
L) (2:q :7( pn(x).
w (9) (¢ D)n (@)
g-Difference equation.
—¢*(1 = ¢"zy(x) = ¢* (1 + 2)y(qz) — [L + ¢ (1 +2)]y(z) +y(g~ @), (3.21.6)
where
y(x) = L (w;q)-
Forward shift operator.
L (23q) — L (gw;.q) = —¢* T oL (g ) (3.21.7)
or equivalently
DL (5q) = — L 4D (g0 3.21.8
oLy (z3q) = gl (g3 q). (3.21.8)
Backward shift operator.
L (x3q) = (14 2) L (g3 q) = (1= " LT (a39) (3.20.9)
or equivalently
() 1—g¢"*! (e—1)
Dy |w(z;a59) Ly (2;9) | = - w(r;a—1;9) L, 7 (25q), (3.21.10)
where N
w(aiasg) = ———
Y (=25 0)oo
Rodrigues-type formula.
e V(@ ey = D™ o .
w(z; a; )Ly (z5q) = @0 (Dy)" [w(z; o + m59)] - (3.21.11)
Generating functions.
L o [ T g et ) = iL@ (z; q)t". (3.21.12)
(t; @)oo 0" A
1 — gy G (z;q)
¢ ( g qa“xt> = et 3.21.13
(s \ gt nz:% (@t )n ( )
- = (_1)nq(2) (@)
(t; @) - 092 ( 41 ‘Q; qa+1$t> =D oty Ln ()t (3:21.14)
g+t = (@ q)n



(10) v
(t;9)oo ¢2< gyt

q;—q*t t) Z a+1 q L (z;q)t", v arbitrary. (3.21.15)

Remarks. The g-Laguerre polynomials are sometimes called the generalized Stieltjes-Wigert
polynomials.

If we change g to ¢~
in the following way :

! we obtain the little g-Laguerre (or Wall) polynomials given by (3.20.1)

(@ g
(4 @)ng™

The g-Laguerre polynomials defined by (3.21.1) and the alternative g-Charlier polynomials
given by (3.22.1) are related in the following way :

K, (q";a;q)
(4;9)n

LS (z;q7Y) = pn(—2;¢%|q).

= L7 (aq"; q)-

The g-Laguerre polynomials defined by (3.21.1) and the ¢-Charlier polynomials given by
(3.23.1) are related in the following way :

Cn(—2;—q¢"%q)

= L (z;q).
G (:9)

Since the Stieltjes and Hamburger moment problems corresponding to the g-Laguerre polyno-
mials are indeterminate there exist many different weight functions.
References. [11], [13], [42], [43], [64], [71], [116], [121], [123], [124], [156], [193], [203], [235], [246],
[319].

3.22 Alternative g-Charlier

Definition.
q—n7 _aqn
K,(z;a;q9) = o1 ( 0 q;qx) (3.22.1)
—n g n
= (¢"zq)n 100 (q—n+1 q; —aq +1x)
-n —1 —n—+1
_ . q T 9
e o (T )
Orthogonality.
o k+1 L & " a"’q(n;ﬂ)
Z Kin(q™;a;0) Kn(q"5a39) = (43 0)n(—09": @)oo 75~ 0mn, a > 0. (3.22.2)
= ( (14 ag®)
Recurrence relation.
—2Ky(z;059) = A K1 (w505q) — (An + Co) Kp(w5059) + Cr K1 (x5 05 q), (3.22.3)
where
A = qn (1 + aqn>
" (14 ag®™)(1 + ag?ntl)
C. — aq2"_1 (1-q")

(a1 +ag™)
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Normalized recurrence relation.

xp’ﬂ(w) = anrl(m) + (An + Cn)pn(x) + Anflcnpnfl(-r%

where

n

Ko (z:a;9) = (-1)"q~3) (~ag"; q)upn (2).
g-Difference equation.
—¢ " (1= ¢")(1 + ag")zy(z) = azy(gr) — (ax + 1 - x)y(z) + (1 —2)y(¢ 'z
where
y(z) = Ky (2;0;q).
Forward shift operator.
Kn(w;a:q) = Ku(grsas.q) = —¢7" (1= ¢")(1 + ag") 2K -1 (23 ag% q)
or equivalently

" (L= g1+ ag”)

DqKn(x;a;Q):_ 1_q

K,—1(z;aq% q).

Backward shift operator.

aq" 'Kn(¢"a;q) — (1 — ¢") K (q" z5a3q) = —Knp1(¢% a0 25 q)

or equivalently

V [w(z;a; ) K ("5 a;q)] q s Ly
= saq @) Knv1(q% 09775 q),
Ve a<1_q)w(z,aq ;@) Kni1(q" a9 %5 q)
where )
awq(;)
w(z;a;q) = @0

Rodrigues-type formula.

w(z;a;9)Kn(q”;a;q) = a™(1 — q)"¢" "D (V)" [w(x; ag®™;q)] ,

where

Generating functions.

01 ( B’Q; —aqmﬂt) 200 (qi, 0

(t;q) oo p wt
(t;q)oo >\ 0,0,

(¢ @n

n=0

> (—1)7¢(%)
4; —aqxt) = Z %Kn(x; a; q)t".

(¢ Dn

n=0

(oo}
Kn(q"; a;
q;qmt> :ZML‘", x=0,1,2,....

(3.22.4)

(3.22.5)

(3.22.6)

(3.22.7)

(3.22.8)

(3.22.9)

(3.22.10)

(3.22.11)

(3.22.12)

Remark. The alternative ¢-Charlier polynomials defined by (3.22.1) and the ¢-Laguerre polyno-

mials given by (3.21.1) related in the following way :

K, (q"; a5 q)

G = L),
? n

References. No references known.
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3.23 ¢-Charlier

Definition.
_ N gt
Cnlg "a5q9) = 2¢1< 0 |57
B 1 qfn qn+17:r
= (=0 q;q)n 11 <_a_1q G-
Orthogonality.
oo T
a Ed _ _ _ _
> — 03 Co(a 7 4;9)Cola ™" 050) = 47" (~03 @)oo (—a7 0, 45 Q) Ban, @ > 0.
= (@)

Recurrence relation.

¢ (1= g7 )Cn(q¢7") = aChya(a™")

—la+q(1-q")(a+¢")]Cnlg™™) +q(1 —q")(a+q")Crn1(q""

where

Normalized recurrence relation.

apn () = pni1(@) + 1+ ¢ Ha+q(1 = ¢")(a+¢")}] palz)
+aqg " (1 - ¢")(a+ ¢ )pa-1(2),
where
B (_1)nqn

Pn(q™").

g-Difference equation.

q"y(x) = aq”y(x + 1) — ¢"(a — Dy(z) + (1 — ¢")y(z — 1), y(z) = Cnlq” ";a;9).

Forward shift operator.
Cu(a™" Y a39) = Cula™"1a59) = —a~ 17" (1 = ¢")Cpo1 (a5 a9 15 q)

or equivalently

AC, (g " a5q)  q(1 —q”)c 1

IV T n-1(¢""; aq

Backward shift operator.

Crlqg "1a;q) —a 'q (1 — ¢")Cn(q~ " a59) = Cry1(q " aq;q)

$q)-

or equivalently

Vi w(z;a;9)Cr(q™*; a; 1 Ca
“ %)q—x(q ol 1 _qw(x;aq;q)CnH(q ;ag; q),

where ot1
a,xq( 2 )

w(w;aiq) = (G0

Rodrigues-type formula.

w(z;a;q)Cn(q "5a59) = (1 — )" (V)" [w(z;aq™™;q)]
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(3.23.2)

(3.23.3)

(3.23.4)

(3.23.5)

(3.23.6)

(3.23.7)

(3.23.8)

(3.23.9)

(3.23.10)



where

\Y
Vg = 7=l
Generating functions.
1 e _ — Cnlq ";a;q) ,
b o0 n=0 b n
1 - L — Cn(q™";a;q)
é ( g —alq ”%) =y L Yy 3.23.12
()’ \—a"'q ;(—a‘lq,q;qn ( )

Remark. The ¢-Charlier polynomials defined by (3.23.1) and the ¢g-Laguerre polynomials given
by (3.21.1) are related in the following way :

Cn(=2—4"%q)
(43 )n
References. [28], [67], [193], [208], [261], [323], [410].

= L (23 q).

3.24 Al-Salam-Carlitz 1

Definition. B .
U (2;9) = (—a)"q(3) 21 (q 696 a; q;) . (3.24.1)
Orthogonality.
1
/(qx,a‘qu;q)ooU,S?)(x;q)Ur(L“)(fc;q)dqx
= (~0)"(1 = ) D2 0,07 3 0)0q B 61, @ < 0. (3.24.2)
Recurrence relation.
2US (z1q) = UL (w19) + (@ + 1)q" UL (259) — ag" ™ (1 — ¢")UL, (w5 )- (3.24.3)
Normalized recurrence relation.
2pn(z) = prt1(z) + (e + 1)q"pn(x) — aq”fl(l —¢")pn—1(x), (3.24.4)

where
U™ (239) = pa(2).

g-Difference equation.

(1= ¢g"a*y(z) = aqg" 'y(qz) — [ag" "+ ¢"(1 - z)(a — z)] y(2)

+¢"(1 —z)(a —2)y(g " z), y(z) = UW (z;q). (3.24.5)
Forward shift operator.
UL (2 q) — UL (gw;q) = (1 — ¢")2U, (w5.0) (3.24.6)
or equivalently
(a) 14" @
DU (x;9) = ﬁUn_l(x;q). (3.24.7)
Backward shift operator.
aU ;) — (1 = 2)(a = 2)UL (g "asq) = —q 00U, (59) (3.24.8)
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or equivalently

Dy w(x;a;q)UT(La)(x;q) =

. w(z; a; q)Ufffl(x; q), (3.24.9)

where
w(z;a;9) = (qz,a” ' q2; ¢) oo

Rodrigues-type formula.

w(z;a;q)U (z:q) = aq2" "3 (1 — ¢)" (Dy-1)" [w(z; a5 q)] - (3.24.10)
Generating function.
: o rrla)c, ..
(taat7Q)oo — Z n (xaQ)tn' (32411)
@t Qe = (G Dn

Remark. The Al-Salam-Carlitz I polynomials are related to the Al-Salam-Carlitz II polynomials
defined by (3.25.1) in the following way :

U (x347") = Vi (59).

References. [13], [17], [19], [60], [67], [121], [123], [132], [193], [216], [233], [252], [410].

3.25 Al-Salam-Carlitz 11

Definition.
VD (25) = (—a)"q () a0y (qi’x ¢ q:) . (3.25.1)
Orthogonality.
o 2 n
> VOV = (s, a0 (325.2)
Recurrence relation.
V(@) = V(@) + (a+ Dg "V () +ag 1 — WV (@) (3253)
Normalized recurrence relation.
P () = ppi1(x) + (@ + 1)g "pp(x) + ag~ " (1 — ¢")pp_1(x), (3.25.4)

where
Vi (2;q) = pu(@).

g-Difference equation.

—(1—¢")a?y(x) = (1 - 2)(a — 2)y(gz) — [(1 - 2)(a — z) + ag] y(=)

+aqy(qg '), y(x) = Vi9(x;0q). (3.25.5)
Forward shift operator.
Vi (2:q) — V@ (qz;q) = ¢ (1 — ¢™)2 V) (g q) (3.25.6)
or equivalently
DV, (w;q) = “T(_lq_qn)%(a)l(qx; q). (3.25.7)
Backward shift operator.
V{9 (z:q) — (1= z)(a — 2)V, (qz; q) = —¢"aV, ) (w;0) (3.25.8)
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or equivalently
n

q

a(l —q)

1
(z,a7'2;¢)

D, w(x;a;q)VTE“)(z;Q)] =— w(z; a; q) V.Y, (w3 ),

where
w(x;a;q) =

Rodrigues-type formula.

w(z;a;q)V, W (z;q) = a" (¢ — 1)"q -(3) (D))" [w(z; a;q)]

Generating functions.

(Tt q) oo _ i (-1)"q G >V(a)($ Q"

tatiq)o = (@D

n(n—1)
q a
Vi@ (5 q)t".

(at; @)oo - 161 (;‘ Q§t)

(& Dn

(3.25.9)

(3.25.10)

(3.25.11)

(3.25.12)

Remark. The Al-Salam-Carlitz II polynomials are related to the Al-Salam-Carlitz I polynomials

defined by (3.24.1) in the following way :
Vi (z3q7") = UM (a;9).

References. [13], [17], [19], [59], [84], [120], [121], [123], [132], [169], [216].

3.26 Continuous ¢g-Hermite

Definition. .
H,(z|q) = ™3¢0 <q )0 q;q"ezi‘g) , = cosf.
Orthogonality.
1

1 [ w(zlg) Smn

— | —=H,,(z|q)H,(z|q)de = ————,

HERTE (i) (ela) (@ 9)oo
where

(.26, 2 _ 1 1
’LU(ZL'|q) - ‘(6 ’q)oo‘ - h((E,l)h((E, 1)h(1’7q2)h($, qz)’

with

h(z,a) := H [1 — 2owcq +a? 2’“} = (aew,ae_w;q)oo, T = cosf.
k=0

Recurrence relation.
2vHy(zlq) = Hpy1(2lq) + (1 — ¢")Hp—1(2]q).
Normalized recurrence relation.
1 n
2pn(2) = Pot1(z) + 7 (1 = ¢")pn-1(2),

where
H,(z|q) = 2"pp(z).

g-Difference equation.

(1= )*Dg [w(2|q) Dgy(x)] + 4¢7" (1 = ") (z]q)y(x) = 0, y(x) = Hy(z]g),
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where

ooy w(xlg)
w(z|q) = Nt
Forward shift operator.
5, Hn(x]q) = —q~2"(1 — ¢")(e" — e ) H,y_; (2|q), = = cosf (3.26.6)

or equivalently
1
2¢ 2"V (1 - ¢")

Dy H,(z|q) = - H, -1 (2]q). (3.26.7)
Backward shift operator.
0y [0 (xlq) Ha(x]q)] = g 20 (e" — e=)id(w|q) Hpa (2]g), @ = cos (3.26.8)
or equivalently )
D, [6(ala) H, (al)] = ~ 51— ilala) v ela). (326.9)
Rodrigues-type formula.
alelo (el = (157 ) o#0 ) (D) atela)] (3.26.10)
Generating functions.
oo
|(ewt;1q)oo|2 _ (ewt,e}i@t;q)m _ nz:% mt", x = cos . (3.26.11)
(€t @)oo - 11 (;;t q;e_wt) = 3 WHn(xq)t7‘, x = cosb. (3.26.12)

et q) oo ,0
(ve'’t;q) 2¢1<7

(7)o ~eitt q;ei9t> = Z (’Y;Q)an(:c\q)t”, x =cosf, v arbitrary.  (3.26.13)

(¢:0)n

n=0
Remark. The continuous g-Hermite polynomials can also be written as :
~  (¢9)
Hy(zlg) =) ——220 n=2R)0 0 — cos 6.

i kz:(:) (4 )k (¢ @)k

References. [7], [13], [14], [24], [31], [43], [44], [53], [54], [58], [64], [65], [66], [67], [73], [83], [93],
98], [101], [165], [189], [193], [219], [229], [238], [240], [323], [363], [364], [365], [378].

3.27 Stieltjes-Wigert

Definition. 1
qin n+1
Sn(ziq) = ) ( a—q"" x) - 3.27.1
0 =G o 2
Orthogonality.
m\ZT; n\L; 1 190
/ S (;)S 1(96 ) gy — 4G Doc s (3.27.2)
J (—z,—qz~ 1 ¢) oo 7" (¢:9)n

Recurrence relation.

—*" Sy (ri0) = (1= ¢ ) S (w39) — 1+ ¢ — " Su(250) + 4Sn-i1(z50).  (3.27.3)
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Normalized recurrence relation.

2pn(2) = pra1(x) + ¢ 2" 1+ g — ¢" ] pa(@) + ¢ (1 = ¢")pn-1(2), (3.27.4)
where )
_ (-=1)"q" .
Sn(;q) o Pn()

g-Difference equation.

—z(1 = ¢")y(x) = zy(qz) — (z 4+ Vy(z) + y(g~'z), y(x) = Sn(z;q). (3.27.5)

Forward shift operator.

Sn(w;q) = Snlqr; q) = —quSn—1(¢*; q) (3.27.6)
or equivalently
DySn(x;q) = —%Sn_l(q%; q). (3.27.7)
Backward shift operator.
Sn(w1q) = 2Sn(qr;0) = (1= ¢" 1) Sns1(a™ 239), (3.27.8)

or equivalently
1 _ qn+1

¢ w(e w3 a)Sna(a w5 ), (3.27.9)

Dy [w(x; q)Sn(x;q)] =

where

1

(=2, —qz7 Y q)oo

w(w;q) =

Rodrigues-type formula.

wles)Sy(eia) = LI (D) 0) (1), (327.10)
Generating functions.
G ;)OO 0P1 ( 8 ‘ q; —qxt) = gSn(x; q)t". (3.27.11)
(t: @)oo - 002 <0Tt ‘ a; —qxt> = 2(—1)%(3)&(%; Q)t". (3.27.12)
(&f;qq)lzoubz (ijt‘ g —qwt) = g(v;q)nsn(x;q)t”7 7 arbitrary. (3.27.13)

Remark. Since the Stieltjes and Hamburger moment problems corresponding to the Stieltjes-
Wigert polynomials are indeterminate there exist many different weight functions. For instance,
they are also orthogonal with respect to the weight function

1
2lnq’

w(z) = = exp (=7’ In’z), & >0, with +* = —

VT
References. [42], [43], [73], [122], [123], [132], [323], [387], [388], [391], [398].
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3.28 Discrete g-Hermite 1

Definition. The discrete g-Hermite I polynomials are Al-Salam-Carlitz I polynomials with a =
—1:

n q—n .%‘_1
ho(z:q) = US D (@i9) = ¢(3)aey < o | —q:v> (3.28.1)
-n ,—n+1 2n—1
= x”z%(q ' R )
— T
Orthogonality.
1
/ (a2, —q%; @)oo hm (25 Q) e (75 ¢)dgr = (1 — q)(q; @)n(q, —1, —¢; )00 5. (3.28.2)
-1
Recurrence relation.
Thy(23q) = hny1(z59) +¢" (1 — ¢")hn-1(z;q). (3.28.3)
Normalized recurrence relation.
2pn(2) = puy1(x) +¢" (1 = ¢")pn-1(z), (3.28.4)
where

hn (23 q) = pn(z).
g-Difference equation.

—q " ay(2) = ylgw) — (1+ @)y() + q(1 = 2*)y(q™" @), y(@) = ha(z;9). (3:28.5)

Forward shift operator.

ha(2;9) = hn(ge; @) = (1 = ¢")xhn 1 (2 q) (3.28.6)
or equivalently
Dy (1) = (a0, (3.28.7)
Backward shift operator.
h(2:q) — (1= 2®)ho(q ™ w3q) = ¢ "y (259) (3.28.8)
or equivalently .
Dyt s )] = ~ L2 ) 530, (3.29)

where
w(z;q) = (42, —4%; Q) oo-
Rodrigues-type formula.
w(@; )b (w39) = (g — 1)"q2" "™ (Dy-1)" [w(z: q)] . (3.28.10)
Generating function.
(#:0%)o0 _ N Pn(@39)
(@t @) = (GO

Remark. The discrete ¢-Hermite I polynomials are related to the discrete ¢-Hermite II polyno-
mials defined by (3.29.1) in the following way :

(3.28.11)

ho (i q_l) = i”’izn(x; q).

References. [13], [17], [67], [83], [98], [193], [208], [283].
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3.29 Discrete ¢g-Hermite 11

Definition. The discrete g-Hermite II polynomials are Al-Salam-Carlitz II polynomials with

a=—1:
- n —-n 4
ha(aiq) =iV Vi) = i (3 ae0 (q ;” q;—q”) (3.29.1)
_ n q—n’ q—n+1 5 _f
- xr 2¢1 ( O q bl x2
Orthogonality.
> [ﬁm(ch; Dhn(cq®; @) + hum(—cq"; @) hn(—cq"; q)} w(cq*; q)q"
k=—o00
(¢* —%q,—c2¢:¢*) o0 (¢ 0)n
=2 Smms 0, 3.29.2
(¢, —c% —c2¢%¢Y) o ¢ < ( )
where
(z1q) = 1 B 1
D = G i) (2%
Recurrence relation.
Tha(3q) = hog1(259) + 721 — ¢y (25 9). (3.29.3)

Normalized recurrence relation.

2pn () = puyr(2) + ¢ 1 = ¢ )ppa (@), (3.29.4)

where

b (75 q) = pu(z).

g-Difference equation.
—(1 = ¢")a’hn(w39) = (14 2°)hn(gz;0) — (1 +2° + Qhn(w39) + ahn(q '250).  (3.29.5)

Forward shift operator.

b (23) — b (qz5q) = ¢ " (1 — ¢")xhn-1(q7; ) (3.29.6)
or equivalently
Dyhn(2;q) = q_n+11(_1q_qn)ﬁn_1(qx; q). (3.29.7)
Backward shift operator.
hn(23q) — (14 2°) by (g3 q) = —q"Thn i1 (259) (3.29.8)
or equivalently .
D, [w(x;q)ﬁn(x;q)} = —1Cilqw(x;Q)ﬁn+1(m;q)- (3.29.9)
Rodrigues-type formula.
w(w; g)hn(w;q) = (g - 1)"g~ ) (D))" [w(a: q)]. (3.29.10)
Generating functions. §
((_;f;q%))z = T;) (3;(;;1 Fon (3 )17 (3.29.11)



T . s (—]_)”q"(”*l) -
gt ) = ————hu(x; q)t". 3.29.12
o lwit) =3 ET (329.12)

(=it @)oo - 101 (

n=0

Remark. The discrete g-Hermite II polynomials are related to the discrete g-Hermite I polyno-
mials defined by (3.28.1) in the following way :

ho(z3q7) = i "hy(iz; q).

References. [83], [283].
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Chapter 4

Limit relations between basic
hypergeometric orthogonal
polynomials

4.1 Askey-Wilson

Askey-Wilson — Continuous dual ¢-Hahn.
The continuous dual g-Hahn polynomials defined by (3.3.1) simply follow from the Askey-Wilson
polynomials given by (3.1.1) by setting d =0 in (3.1.1) :

pn(x;a,b,¢,0|q) = pn(x;a,b,clq). (4.1.1)

Askey-Wilson — Continuous ¢g-Hahn.

The continuous ¢-Hahn polynomials defined by (3.4.1) can be obtained from the Askey—Wilson
polynomials given by (3.1.1) by the substitutions # — 0 + ¢, a — ae’®, b — be'?, ¢ — ce™*® and
d— de ™ :

Pr(cos(0 + ¢); ae'®, be'?, ce ™ de™"?|q) = pn(cos(d + ¢);a,b, ¢, d;q). (4.1.2)

Askey-Wilson — Big g-Jacobi.

The big g-Jacobi polynomials defined by (3.5.1) can be obtained from the Askey-Wilson polyno-

mials by setting z — %a’lx, b=a"laq,c=a"'yqgand d = aBfy ! in

a"pn(z;a,b, ¢, d|q)
defined by (3.1.1) and then taking the limit a — 0 :

. (x aq yq af
1 n S 00— — :Pn ;00,73 . 4.1.3
lim 5 (2aaa . 7’61) (30, 8,7:19) (4.1.3)
Askey-Wilson — Continuous g-Jacobi.

If we take a = q2°Ti, b = q2®t%, ¢ = —q2PT3 and d = —¢2°T% in the definition (3.1.1)
of the Askey-Wilson polynomials and change the normalization we find the continuous g-Jacobi
polynomials given by (3.10.1) :

q(%O‘Jri)”pn (1'7 q%a+i7q%a+%’ —q%BJF%’ —q%ﬁ+%

1)
_ plas)
(q, g2, —g3(et8i2) g), PP (zlg). (4.1.4)
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In [345] M. Rahman takes a = q%, b = ¢®+2, ¢ = —¢°*2 and d = —¢? to obtain after a change of
normalization the continuous g-Jacobi polynomials defined by (3.10.14) :

q2"py, (x;q%,q”%v —q*3,—q2
(=4, =@ @n

q) = PR (g1 g). (4.1.5)

As was pointed out in section 0.6 these two g-analogues of the Jacobi polynomials are not really
different, since they are connected by the quadratic transformation

@ (7(]; q)" na p(a
B (xlg) = mq PP (3q).

Askey-Wilson — Continuous ¢-ultraspherical / Rogers.
If weset a = 32, b= (32¢q2,c=—F2 and d = —32¢? in the definition (3.1.1) of the Askey-Wilson
polynomials and change the normalization we obtain the continuous g-ultraspherical (or Rogers)
polynomials defined by (3.10.15). In fact we have :

(8% @)npn (x;ﬁ%,ﬂ%q%, —pB%,—B2q3

(5(]%7 _ﬁa _5(]% )y 45 q)n

) _ Co(a: Bla)- (4.1.6)

4.2 ¢g-Racah

¢-Racah — Big ¢-Jacobi.

The big g-Jacobi polynomials defined by (3.5.1) can be obtained from the g-Racah polynomials
by setting § = 0 in the definition (3.2.1) :

Ry (u(x);a,b,¢,0lq) = Po(g ";a,b,¢;q). (4.2.1)

¢-Racah — ¢-Hahn.

The ¢g-Hahn polynomials follow from the g-Racah polynomials by the substitution § = 0 and
vq = ¢~ in the definition (3.2.1) of the ¢-Racah polynomials :

Ry (u(x); e, 8,471, 00g) = Qn(a™"; 0, B, Ng). (4.2.2)

Another way to obtain the ¢-Hahn polynomials from the g-Racah polynomials is by setting v = 0
and § = 371¢~N~! in the definition (3.2.1) :

Ry (pu(x); v, 8,0, 87 ¢ V" g) = Qulq™"; 0, 8, Ng). (4.2.3)

And if we take ag = ¢V, B — By¢V Tt and § = 0 in the definition (3.2.1) of the g-Racah
polynomials we find the ¢g-Hahn polynomials given by (3.6.1) in the following way :

Ry (u(x);q~ N1 Byg™ v, 0la) = Qula™ 57, 8, Nlg). (4.2.4)
Note that pu(z) = ¢~% in each case.

g-Racah — Dual ¢-Hahn.

To obtain the dual g-Hahn polynomials from the g-Racah polynomials we have to take 8 = 0 and
aqg=¢ N in (3.2.1) :

R, (u(x);q N 71,0,7,6q) = Ru(u(x); 7,6, N|q), (4.2.5)
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with
w(x) = q " +~og" .

We may also take o = 0 and 3 = § ¢~ V! in (3.2.1) to obtain the dual ¢-Hahn polynomials
from the g-Racah polynomials :

Ry (p(2);0,6 ¢~V "1, 7,8]q) = Rn(uu(2); 7,6, Nlg), (4.2.6)
with
() = ¢ +v8¢" .
And if we take v¢ = ¢V, § — adg™ ! and B = 0 in the definition (3.2.1) of the ¢-Racah
polynomials we find the dual ¢-Hahn polynomials given by (3.7.1) in the following way :
Ry (p(x);,0,4~ N1, adgV*q) = Ru(u(2); @, 6, N|q), (4.2.7)

with
p(x) = q % 4 adg™
g-Racah — ¢g-Krawtchouk.

The ¢-Krawtchouk polynomials defined by (3.15.1) can be obtained from the g-Racah polyno-
mials by setting ag = ¢V, 3 = —pg" and vy = § = 0 in the definition (3.2.1) of the g-Racah
polynomials :

Ru(q %Nt —pg™,0,0lq) = Ku(¢%;p, N;q). (4.2.8)

Note that p(z) = ¢~ in this case.
g-Racah — Dual ¢-Krawtchouk.

The dual ¢-Krawtchouk polynomials defined by (3.17.1) easily follow from the g-Racah polynomials
given by (3.2.1) by using the substitutions « = 3 =0, v¢=¢ ~ and § = ¢ :

Ro(1(2);0,0,¢~" ", clq) = Kn(A(@); ¢, Nlg). (4.2.9)

Note that

4.3 Continuous dual ¢g-Hahn

Askey-Wilson — Continuous dual ¢-Hahn.
The continuous dual ¢g-Hahn polynomials defined by (3.3.1) simply follow from the Askey-Wilson
polynomials given by (3.1.1) by setting d =0 in (3.1.1) :

pn(z;a,b,¢,0|q) = pn(z;a,b,clq).

Continuous dual ¢-Hahn — Al-Salam-Chihara.

The Al-Salam-Chihara polynomials defined by (3.8.1) simply follow from the continuous dual
g-Hahn polynomials by taking ¢ = 0 in the definition (3.3.1) of the continuous dual g-Hahn
polynomials :

pn(;0,b,0[q) = Qn(z;a,blq). (4.3.1)
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4.4 Continuous ¢-Hahn

Askey-Wilson — Continuous ¢-Hahn.
The continuous ¢-Hahn polynomials defined by (3.4.1) can be obtained from the Askey-Wilson

polynomials given by (3.1.1) by the substitutions § — 6 + ¢, a — ae'®, b — be'®, ¢ — ce™*® and
d— de™? .

Pr(cos(8 + ¢); ae'®, be'?, ce ™ de™™?|q) = pn(cos(d + ¢); a,b, ¢, d;q).

Continuous ¢-Hahn — g-Meixner-Pollaczek.

The g-Meixner-Pollaczek polynomials defined by (3.9.1) simply follow from the continuous ¢-Hahn
polynomials if we set d = a and b = ¢ = 0 in the definition (3.4.1) of the continuous ¢-Hahn
polynomials :

pr(cos(d + ¢);a,0,0,a;q)

(43 Dn = Pu(cos(6 + ¢); alg). (4.4.1)

4.5 Big ¢-Jacobi

Askey-Wilson — Big ¢-Jacobi.

The big g-Jacobi polynomials defined by (3.5.1) can be obtained from the Askey-Wilson polyno-

mials by setting x — %crlm7 b=alaq, c=a'ygand d = afy~ ! in

a"py(x;a,b,c,d|q)

Pn(z;a,b,¢,d|g) = (ab, ac, ad; q)

defined by (3.1.1) and then taking the limit ¢ — 0 :

( Y ﬂ,% q) = Py(z;0,3,7;q).

hmﬁn o Y% ’
2a a a v

a—0
g-Racah — Big ¢-Jacobi.

The big g-Jacobi polynomials defined by (3.5.1) can be obtained from the ¢-Racah polynomials
by setting = 0 in the definition (3.2.1) :

Ry, (u(x);a,b,¢,0|q) = Po(q%;1a,b,¢:q).

Big ¢-Jacobi — Big ¢-Laguerre.

If we set b = 0 in the definition (3.5.1) of the big ¢-Jacobi polynomials we obtain the big ¢-Laguerre
polynomials given by (3.11.1) :

Po(;a,0,¢q9) = Pu(x50,¢9). (4.5.1)

Big ¢-Jacobi — Little g-Jacobi.

The little g-Jacobi polynomials defined by (3.12.1) can be obtained from the big g-Jacobi polyno-
mials by the substitution  — cqx in the definition (3.5.1) and then by the limit ¢ — oo :

lim P,(cqx;a,b,c;q) = pn(z;a,blq). (4.5.2)

Big ¢-Jacobi — g-Meixner.

If we take the limit a — oo in the definition (3.5.1) of the big g-Jacobi polynomials we simply
obtain the g-Meixner polynomials defined by (3.13.1) :

lim P, (¢"5a,b,¢5q) = Ma(q™"50,—b7"5). (4.5.3)
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4.6 ¢-Hahn

¢-Racah — ¢-Hahn.

The ¢g-Hahn polynomials follow from the g-Racah polynomials by the substitution § = 0 and
vq = ¢~ in the definition (3.2.1) of the ¢-Racah polynomials :

Ry (p(z);a, 3,7V 71,0lg) = Qu(q™ 50, B, Nlq).

Another way to obtain the ¢-Hahn polynomials from the ¢g-Racah polynomials is by setting v = 0
and § = 371¢~N~! in the definition (3.2.1) :

R, (u(2);a, 8,0,87 ¢ N q) = Qulg™"; v, B, Nlq).

And if we take ag = ¢V, B — By¢V ! and § = 0 in the definition (3.2.1) of the g-Racah
polynomials we find the g-Hahn polynomials given by (3.6.1) in the following way :

R (pu(z);¢ N7 Bva™ ™, 7, 0lg) = Qula™":7, 8, Nla).
Note that pu(z) = ¢~* in each case.

g-Hahn — Little ¢g-Jacobi.

If we set x — N — z in the definition (3.6.1) of the ¢-Hahn polynomials and take the limit N — oo
we find the little g-Jacobi polynomials :

Jim Qu(g" ;o 8, Nlg) = pu(a”s . Bla), (4.6.1)
where p, (¢%; «, B]q) is defined by (3.12.1).

¢-Hahn — ¢-Meixner.

The g-Meixner polynomials defined by (3.13.1) can be obtained from the ¢g-Hahn polynomials by
setting @ = b and B = —b~lec l¢~V~1 in the definition (3.6.1) of the g-Hahn polynomials and
letting N — oo :

JimQn (7750, —b7 e g N N|g) = My (g~ ";b, ¢ q). (4.6.2)

¢g-Hahn — Quantum ¢-Krawtchouk.

The quantum ¢-Krawtchouk polynomials defined by (3.14.1) simply follow from the g-Hahn poly-
nomials by setting 8 = p in the definition (3.6.1) of the g-Hahn polynomials and taking the limit
o — 00 :

lim Qn(¢~%;a,p,Nlg) = KX (¢ ";p, N3 q). (4.6.3)

a— 00

¢g-Hahn — ¢-Krawtchouk.

If we set 8 = —a~!q~!p in the definition (3.6.1) of the ¢-Hahn polynomials and then let o — 0
we obtain the g-Krawtchouk polynomials defined by (3.15.1) :

lim @ <q‘“;a, —p,N‘ q) = Kn(q";p, N;q). (4.6.4)
a— oq

¢-Hahn — Affine ¢-Krawtchouk.

The affine g-Krawtchouk polynomials defined by (3.16.1) can be obtained from the g-Hahn poly-
nomials by the substitution « = p and 8 =0 in (3.6.1) :

Qn(q¢ ";p,0,N|q) = KM (¢ p, N3 q). (4.6.5)
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4.7 Dual ¢-Hahn

¢-Racah — Dual ¢-Hahn.

To obtain the dual g-Hahn polynomials from the ¢-Racah polynomials we have to take 5 = 0 and
aqg=¢ N in (3.2.1) :

Ry (u(x);qN71,0,7,0lq) = Ru(p(x); 7,6, Nlg),

with
w(x) =q " +~og" .

We may also take o = 0 and 3 = §7 ¢~ V! in (3.2.1) to obtain the dual ¢-Hahn polynomials
from the g-Racah polynomials :

Rn(,u(:v); 07 571(]71\7717 73 6|Q) = Rn(‘LL(l'), s 53 N|q)a

with
px) =g~ +76¢" .

And if we take v¢ = ¢V, § — adég¥*! and B = 0 in the definition (3.2.1) of the g-Racah
polynomials we find the dual ¢-Hahn polynomials given by (3.7.1) in the following way :

R, (u(2); 2,0, N1 adgV T q) = Ry (u(2); o, 6, Nlq),
with
p(x) =g 4 adg”

Dual ¢-Hahn — Affine ¢-Krawtchouk.

The affine ¢g-Krawtchouk polynomials defined by (3.16.1) can be obtained from the dual ¢g-Hahn
polynomials by the substitution vy = p and § =0 in (3.7.1) :

Ry (1(2); p,0, Nq) = K9 (g7 p, N q). (4.7.1)
Note that pu(z) = ¢~* in this case.

Dual ¢-Hahn — Dual ¢-Krawtchouk.

The dual ¢-Krawtchouk polynomials defined by (3.17.1) can be obtained from the dual ¢-Hahn
polynomials by setting 6 = ¢y~'¢~N~! in (3.7.1) and then letting v — 0 :

: € N1
33% R, (u(w‘),% o

q) = Ka(\(@)ic, No). (47.2)

4.8 Al-Salam-Chihara

Continuous dual ¢-Hahn — Al-Salam-Chihara.

The Al-Salam-Chihara polynomials defined by (3.8.1) simply follow from the continuous dual
g-Hahn polynomials by taking ¢ = 0 in the definition (3.3.1) of the continuous dual ¢g-Hahn
polynomials :

pn(7;a,b,0lq) = Qn(z;a,blg).

Al-Salam-Chihara — Continuous big ¢-Hermite.

If we take the limit b — 0 in the definition (3.8.1) of the Al-Salam-Chihara polynomials we simply
obtain the continuous big ¢g-Hermite polynomials given by (3.18.1) :

lim @y (3 a,blq) = Ha(w; alq). (4.8.1)
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Al-Salam-Chihara — Continuous ¢-Laguerre.

The continuous g-Laguerre polynomials defined by (3.19.1) can be obtained from the Al-Salam-
Chihara polynomials given by (3.8.1) by taking a = ¢2°+3 and b = ¢2°+% :

Q) = EDn_ pe) 1) (4.8.2)

1 1 1 3
cq2zT1 _gzoti =
Qn(377q 4 q(%o“*’i)" n

4.9 ¢-Meixner-Pollaczek

Continuous ¢-Hahn — g-Meixner-Pollaczek.
The g-Meixner-Pollaczek polynomials defined by (3.9.1) simply follow from the continuous g-Hahn
polynomials if we set d = a and b = ¢ = 0 in the definition (3.4.1) of the continuous ¢-Hahn
polynomials :
pn(cos(f + ¢);a,0,0,a;q)
(% @)n

= P,(cos(0 + ¢);alq).

g-Meixner-Pollaczek — Continuous ¢-ultraspherical / Rogers.

If we take # = 0 and a = ( in the definition (3.9.1) of the g-Meixner-Pollaczek polynomials we
obtain the continuous g-ultraspherical (or Rogers) polynomials given by (3.10.15) :

Py (cos ¢; Blq) = Cp(cos ¢; Blq). (4.9.1)

g-Meixner-Pollaczek — Continuous ¢-Laguerre.

If we take ¢i® = ¢~1, a = ¢q2°+2 and ¢ — gie® in the definition (3.9.1) of the g-Meixner-
Pollaczek polynomials we obtain the continuous ¢-Laguerre polynomials given by (3.19.1) :

Po(cos(0 + ¢); q>°2|g) = g~ (32T D" () (cos 0]q). (4.9.2)

4.10 Continuous g-Jacobi

Askey-Wilson — Continuous g-Jacobi.

If we take a = q2°T3, b = q2°t%, ¢ = —q2FT3 and d = —¢2°"% in the definition (3.1.1)
of the Askey-Wilson polynomials and change the normalization we find the continuous g-Jacobi
polynomials given by (3.10.1) :

gzotinp, (w;q%”i,q%“*%, —q3P*E, —qzhtE

)
— pla,B)
(q, _q%(a+ﬁ+1)7 _q%(a+ﬁ+2); Dn P (zlg)-

In [345] M. Rahman takes a = q2, b= ¢®*2, ¢ = —¢®*2 and d = —¢2 to obtain after a change of
normalization the continuous g-Jacobi polynomials defined by (3.10.14) :

q2"pn (w;q%,q‘”i —¢%t3, g3
(4, =0 =4 On

q
) = P (23q).

As was pointed out in section 0.6 these two g-analogues of the Jacobi polynomials are not really
different, since they are connected by the quadratic transformation

a (_q’q)" na p(a
PP (alg?) = e PP (a3 q).
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Continuous ¢-Jacobi — Continuous ¢-Laguerre.

The continuous g¢-Laguerre polynomials given by (3.19.1) and (3.19.15) follow simply from the
continuous g-Jacobi polynomials defined by (3.10.1) and (3.10.14) respectively by taking the limit
8 — 00

lim P{*F) (z]q) = P\ (z|q) (4.10.1)
B—o0
and »
. Py (x5q)
lim P{A) (z;q) = ————2 4.10.2
p—oo (5:4) (=@ a)n ( )

4.10.1 Continuous ¢-ultraspherical / Rogers

Askey-Wilson — Continuous ¢-ultraspherical / Rogers.

If weset a = 32, b= 32¢q2,c=—F2 and d = —32¢? in the definition (3.1.1) of the Askey-Wilson
polynomials and change the normalization we obtain the continuous g-ultraspherical (or Rogers)
polynomials defined by (3.10.15). In fact we have :

(8% @)upn (2:8%, B¥q}, — 5%, —pHq?
(Baz,—B,—B4%,¢:0)n

Qamm»

¢-Meixner-Pollaczek — Continuous ¢-ultraspherical / Rogers.

If we take # = 0 and a = ( in the definition (3.9.1) of the g-Meixner-Pollaczek polynomials we
obtain the continuous g-ultraspherical (or Rogers) polynomials given by (3.10.15) :

P, (cos ¢; Blq) = Cy(cos ¢; Bq).

Continuous ¢-ultraspherical / Rogers — Continuous ¢-Hermite.

The continuous g-Hermite polynomials defined by (3.26.1) can be obtained from the continuous
g-ultraspherical (or Rogers) polynomials given by (3.10.15) by taking the limit 5 — 0. In fact we

have
H,(z|q)

G, (4.10.3)

Bh—% Cy(z;8)q) =

4.11 Big g-Laguerre

Big ¢-Jacobi — Big ¢-Laguerre.

If we set b = 0 in the definition (3.5.1) of the big ¢-Jacobi polynomials we obtain the big ¢-Laguerre
polynomials given by (3.11.1) :

P(x;a,0,¢;q9) = Py(x;a,¢q).

Big ¢-Laguerre — Little ¢-Laguerre / Wall.

The little g-Laguerre (or Wall) polynomials defined by (3.20.1) can be obtained from the big
g-Laguerre polynomials by taking  — bgx in (3.11.1) and then letting b — oo :

blim P, (bgz;a,b; q) = pn(x; alq). (4.11.1)

Big ¢-Laguerre — Al-Salam-Carlitz I.
If we set * — agx and b — ab in the definition (3.11.1) of the big ¢-Laguerre polynomials and take
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the limit @ — 0 we obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

P . .
lim " (agx; a, ab; q)

a—0 a™

= U (z;q). (4.11.2)

4.12 Little g-Jacobi

Big ¢-Jacobi — Little g-Jacobi.

The little ¢-Jacobi polynomials defined by (3.12.1) can be obtained from the big g-Jacobi polyno-
mials by the substitution x — cqx in the definition (3.5.1) and then by the limit ¢ — oo :

lim P,(cqx;a,b,c;q) = pn(z;a,blq).

c— 00

¢-Hahn — Little g-Jacobi.

If we set  — N —z in the definition (3.6.1) of the ¢-Hahn polynomials and take the limit N — oo
we find the little g-Jacobi polynomials :

Jim Qn(q” N, B,Nlg) = pnlq”; o, Blq),

where p, (¢*; a, B|q) is defined by (3.12.1).

Little ¢-Jacobi — Little g-Laguerre / Wall.

The little ¢-Laguerre (or Wall) polynomials defined by (3.20.1) are little g-Jacobi polynomials with
b= 0. So if we set b = 0 in the definition (3.12.1) of the little g-Jacobi polynomials we obtain the
little g-Laguerre (or Wall) polynomials :

pn(x;a,0lq) = pn(z;alq). (4.12.1)

Little ¢-Jacobi — ¢-Laguerre.

If we substitute a = ¢® and  — —b~!¢ 'z in the definition (3.12.1) of the little g-Jacobi polyno-
mials and then let b tend to infinity we find the ¢-Laguerre polynomials given by (3.21.1) :

X

; (G Dn (@)
lim pn | ——;q%blq) = —222 L) (z: q). 4.12.2
Jim p < by 'q) g (z;9) ( )

Little g-Jacobi — Alternative ¢-Charlier.

If we set b — —a~1g~1b in the definition (3.12.1) of the little g-Jacobi polynomials and then take
the limit a — 0 we obtain the alternative ¢-Charlier polynomials given by (3.22.1) :

, b
lim p, <x;a, —aq‘ q> = Ky (2;b;q). (4.12.3)

4.13 ¢g-Meixner

Big ¢-Jacobi — g-Meixner.

If we take the limit a — oo in the definition (3.5.1) of the big g-Jacobi polynomials we simply
obtain the g-Meixner polynomials defined by (3.13.1) :

lim P, (¢ ";a,b,c;q) = My(q ";¢,—b" "5 q).
a— o0
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¢-Hahn — ¢-Meixner.

The g-Meixner polynomials defined by (3.13.1) can be obtained from the ¢g-Hahn polynomials by
setting @ = b and 3 = —b~lec 1¢~V =1 in the definition (3.6.1) of the g-Hahn polynomials and
letting N — oo :

lim Qy (¢~ %36, —b"te g1, Nlq) = My (g~ ";b,¢;9).
N —oo

g-Meixner — ¢-Laguerre.

The g-Laguerre polynomials defined by (3.21.1) can be obtained from the ¢g-Meixner polynomials
given by (3.13.1) by setting b = ¢* and ¢~* — cq“z in the definition (3.13.1) of the ¢-Meixner
polynomials and then taking the limit ¢ — oo :

lim M, (cq®x;¢%,¢;q) = (GDn_ 1o

g-Meixner — g-Charlier.

The g-Meixner polynomials and the ¢g-Charlier polynomials defined by (3.13.1) and (3.23.1) respec-
tively are simply related by the limit b — 0 in the definition (3.13.1) of the ¢-Meixner polynomials.
In fact we have

My (2;0,a;q) = Cp(7;a;9). (4.13.2)

¢-Meixner — Al-Salam-Carlitz II.

The Al-Salam-Carlitz II polynomials defined by (3.25.1) can be obtained from the g-Meixner
polynomials defined by (3.13.1) by setting b = —c~'a in the definition (3.13.1) of the g-Meixner
polynomials and then taking the limit ¢ | O :

1

a n n
lim M, (23 -%,c10) = (== ) BV (:q). 4133
clfg T c cq ( a) q n (*T q) ( )

4.14 Quantum ¢-Krawtchouk

¢-Hahn — Quantum ¢-Krawtchouk.

The quantum ¢-Krawtchouk polynomials defined by (3.14.1) simply follow from the ¢g-Hahn poly-
nomials by setting 8 = p in the definition (3.6.1) of the g-Hahn polynomials and taking the limit
a— 00

lim Qu(¢™";0.p, Ng) = KJ"™(¢7":p, N q).

Quantum ¢-Krawtchouk — Al-Salam-Carlitz II.

If we set p=a~1¢ " ~! in the definition (3.14.1) of the quantum ¢-Krawtchouk polynomials and
let N — oo we obtain the Al-Salam-Carlitz IT polynomials given by (3.25.1). In fact we have
1\" (=
lim KI"(z;a” ¢ N7, Niq) = (—) gGV (2;q). (4.14.1)
N—o0 a

4.15 ¢-Krawtchouk

¢-Racah — ¢-Krawtchouk.
The ¢-Krawtchouk polynomials defined by (3.15.1) can be obtained from the g-Racah polyno-
mials by setting ag = ¢=V, 3 = —pg" and v = § = 0 in the definition (3.2.1) of the g-Racah
polynomials :

Ru(g ¢Vt —pg™,0,0lq) = Ku(g~";p, N3 ).
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Note that pu(xz) = ¢~* in this case.

¢g-Hahn — ¢-Krawtchouk.

If we set 8 = —a~lq7!p in the definition (3.6.1) of the ¢-Hahn polynomials and then let o — 0
we obtain the g-Krawtchouk polynomials defined by (3.15.1) :

. —z b —x
lim @, (q ;a,—,N‘q) = Kn(q ";p,N;q).
a—0 aq

g-Krawtchouk — Alternative ¢g-Charlier.

If we set  — N — x in the definition (3.15.1) of the ¢-Krawtchouk polynomials and then take the
limit N — oo we obtain the alternative ¢-Charlier polynomials defined by (3.22.1) :

Jim K, (¢ Nip, Niq) = Kulq":pig)- (4.15.1)

¢-Krawtchouk — ¢-Charlier.

The g-Charlier polynomials given by (3.23.1) can be obtained from the ¢-Krawtchouk polyno-
mials defined by (3.15.1) by setting p = a~1¢~® in the definition (3.15.1) of the ¢-Krawtchouk
polynomials and then taking the limit N — oo :

Jim K, (a0 ¢, N;q) = Cnlg " a5 9). (4.15.2)

4.16 Affine ¢-Krawtchouk

¢g-Hahn — Affine ¢-Krawtchouk.

The affine ¢-Krawtchouk polynomials defined by (3.16.1) can be obtained from the ¢g-Hahn poly-
nomials by the substitution &« = p and 8 =0 in (3.6.1) :

Qn(q ";p,0,N|q) = KN (¢ p, N3 q).

Dual ¢-Hahn — Affine ¢-Krawtchouk.

The affine g-Krawtchouk polynomials defined by (3.16.1) can be obtained from the dual ¢-Hahn
polynomials by the substitution vy = p and § =0 in (3.7.1) :

R (n(x);p, 0, Nlq) = K (a7 p, N3 q).
Note that p(z) = ¢~ in this case.

Affine ¢-Krawtchouk — Little ¢g-Laguerre / Wall.

If we set x — N — z in the definition (3.16.1) of the affine ¢-Krawtchouk polynomials and take the
limit N — oo we simply obtain the little g-Laguerre (or Wall) polynomials defined by (3.20.1) :

lim K7 (q"Nip,N;q) = pn(q”; pi @) (4.16.1)

N—o0

4.17 Dual ¢g-Krawtchouk

g-Racah — Dual ¢-Krawtchouk.

The dual g-Krawtchouk polynomials defined by (3.17.1) easily follow from the g-Racah polynomials
given by (3.2.1) by using the substitutions a = 8 =0, y¢ = ¢~ and § = ¢ :

R, (u(2);0,0,¢ N1, ¢lg) = K,,(A(2); ¢, N|q).
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Note that

Dual ¢-Hahn — Dual ¢-Krawtchouk.

The dual ¢-Krawtchouk polynomials defined by (3.17.1) can be obtained from the dual ¢-Hahn
polynomials by setting 6 = ¢y~'¢~N~1 in (3.7.1) and then letting v — 0 :

: € N1
33% R, (u(ﬂf),% S

q) — Ku(A(@); e, Ng).

Dual ¢-Krawtchouk — Al-Salam-Carlitz I.

If we set ¢ = a1 in the definition (3.17.1) of the dual ¢-Krawtchouk polynomials and take the
limit N — oo we simply obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

Jim £, ()\(:v); i,N‘q) = (_i>nq(3)Uga>(qw;q). (4.17.1)

Note that A(z) = ¢~ % + a~lgm N,

4.18 Continuous big ¢-Hermite

Al-Salam-Chihara — Continuous big ¢-Hermite.

If we take the limit b — 0 in the definition (3.8.1) of the Al-Salam-Chihara polynomials we simply
obtain the continuous big g-Hermite polynomials given by (3.18.1) :

;ir% Qn(x;a,blq) = Hyp(z; alq).

Continuous big ¢-Hermite — Continuous ¢g-Hermite.

The continuous g-Hermite polynomials defined by (3.26.1) can easily be obtained from the con-
tinuous big g-Hermite polynomials given by (3.18.1) by taking a = 0 :

Hp(2;0]q) = Hn([q). (4.18.1)

4.19 Continuous ¢-Laguerre

Al-Salam-Chihara — Continuous ¢-Laguerre.

The continuous g-Laguerre polynomials defined by (3.19.1) can be obtained from the Al-Salam-
Chihara polynomials given by (3.8.1) by taking a = ¢z°*3 and b = ¢2°F5 :

q) _ Mp(a) (z]q).

1 1 1 3
cqzotT g2oti =
Qn (-Taq 7q q(%a+i)n n

g-Meixner-Pollaczek — Continuous ¢-Laguerre.

If we take €'® = ¢~1, a = ¢q2°%2 and ¢ — gie® in the definition (3.9.1) of the g-Meixner-
Pollaczek polynomials we obtain the continuous g-Laguerre polynomials given by (3.19.1) :

P, (cos(8 + ¢); ots lg) = q_(%a*‘%)”Prg(’)(cos 0lq).
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Continuous ¢-Jacobi — Continuous ¢-Laguerre.

The continuous g¢-Laguerre polynomials given by (3.19.1) and (3.19.15) follow simply from the
continuous g-Jacobi polynomials defined by (3.10.1) and (3.10.14) respectively by taking the limit
8 — 00

lim P (z|q) = P\ (x]q)

B—00
and @
P (z;
lim P,(Laﬁ)(a:;q) = 7(36 q).
B—o0 (= Dn

Continuous ¢-Laguerre — Continuous ¢-Hermite.

The continuous ¢-Hermite polynomials given by (3.26.1) can be obtained from the continuous
g-Laguerre polynomials defined by (3.19.1) by taking the limit & — oo in the following way :

P H
tim D212 _ Halzlg) (4.19.1)
a0 q(2°‘+4)" (Q7q)n

4.20 Little ¢-Laguerre

Big ¢-Laguerre — Little ¢-Laguerre / Wall.

The little g-Laguerre (or Wall) polynomials defined by (3.20.1) can be obtained from the big
g-Laguerre polynomials by taking  — bgx in (3.11.1) and then letting b — oo :

blim P, (bgz;a,b; q) = pp(x;alq).

Little g-Jacobi — Little ¢-Laguerre / Wall.

The little g-Laguerre (or Wall) polynomials defined by (3.20.1) are little g-Jacobi polynomials with
b= 0. So if we set b =0 in the definition (3.12.1) of the little ¢g-Jacobi polynomials we obtain the
little g-Laguerre (or Wall) polynomials :

Pn(7;a,0|q) = pn(x;alq).

Affine ¢-Krawtchouk — Little ¢g-Laguerre / Wall.

If we set x — N —z in the definition (3.16.1) of the affine ¢-Krawtchouk polynomials and take the
limit N — oo we simply obtain the little g-Laguerre (or Wall) polynomials defined by (3.20.1) :

lim K2 ("N p, N;q) = pa(a®;p; ).

N—o0

4.21 g¢-Laguerre

Little ¢-Jacobi — ¢-Laguerre.

If we substitute a = ¢® and x — —b~!¢ 1z in the definition (3.12.1) of the little g-Jacobi polyno-
mials and then let b tend to infinity we find the ¢-Laguerre polynomials given by (3.21.1) :

. S y4)n a
lim p, <;q 7b'q> = (q(qq)LEL ) (23q).

b—oo bq a“tlig)y

g-Meixner — ¢-Laguerre.

The g-Laguerre polynomials defined by (3.21.1) can be obtained from the ¢g-Meixner polynomials
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given by (3.13.1) by setting b = ¢* and ¢~* — cq“x in the definition (3.13.1) of the ¢-Meixner
polynomials and then taking the limit ¢ — oo :

. a,.. a 4;9)n a
Jim M (eq®z; 9%, ¢;q) = (qiﬂ,)q)L( )

g-Laguerre — Stieltjes-Wigert.
If we set © — xq~® in the definition (3.21.1) of the ¢-Laguerre polynomials and take the limit

a — oo we simply obtain the Stieltjes-Wigert polynomials given by (3.27.1) :

lim L{® (zg~%;q) = Sn(z;q). (4.21.1)

a— 00

4.22 Alternative ¢g-Charlier

Little ¢-Jacobi — Alternative ¢-Charlier.

If we set b — —a~1q¢~'b in the definition (3.12.1) of the little g-Jacobi polynomials and then take
the limit @ — 0 we obtain the alternative ¢-Charlier polynomials given by (3.22.1) :

b
lim p, | z;a0,—— = Ky (z;b;q).
alg%)p <xa aq‘q> (w363 9)

g-Krawtchouk — Alternative ¢g-Charlier.

If we set © — N — z in the definition (3.15.1) of the g-Krawtchouk polynomials and then take the
limit N — oo we obtain the alternative ¢g-Charlier polynomials defined by (3.22.1) :

Jim Ko (" ip, Nig) = Ku(q";p3 ).

Alternative ¢g-Charlier — Stieltjes-Wigert.

The Stieltjes-Wigert polynomials defined by (3.27.1) can be obtained from the alternative g-
Charlier polynomials by setting z — a~!x in the definition (3.22.1) of the alternative g-Charlier
polynomials and then taking the limit a — oco. In fact we have

lim K, (E;a;q) = (¢; Q)nSn(xz; q). (4.22.1)

a— 00 a

4.23 ¢g-Charlier

g-Meixner — ¢g-Charlier.

The g-Meixner polynomials and the ¢g-Charlier polynomials defined by (3.13.1) and (3.23.1) respec-
tively are simply related by the limit b — 0 in the definition (3.13.1) of the ¢-Meixner polynomials.
In fact we have

My (2;0,a;q) = Cp(7;a;9).

¢-Krawtchouk — ¢-Charlier.

The g-Charlier polynomials given by (3.23.1) can be obtained from the g-Krawtchouk polyno-
mials defined by (3.15.1) by setting p = a~'¢~" in the definition (3.15.1) of the g-Krawtchouk
polynomials and then taking the limit NV — oo :

lim K, (¢%a "¢ ", N;q) = Culqg "5 a5 q).

N—o0

134



g¢-Charlier — Stieltjes-Wigert.

If we set ¢~ — ax in the definition (3.23.1) of the g-Charlier polynomials and take the limit
a — 0o we obtain the Stieltjes-Wigert polynomials given by (3.27.1) in the following way :

lim C,(az;a;q) = (¢; q)nSn(z; q). (4.23.1)

4.24 Al-Salam-Carlitz 1

Big ¢-Laguerre — Al-Salam-Carlitz 1.

If we set * — agx and b — ab in the definition (3.11.1) of the big ¢-Laguerre polynomials and take
the limit @ — 0 we obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :
iy nlagz;a, abiq)

a—0 am™

= U (w;9).

Dual ¢-Krawtchouk — Al-Salam-Carlitz I.

If we set ¢ = a~! in the definition (3.17.1) of the dual ¢-Krawtchouk polynomials and take the
limit N — oo we simply obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

1 N\" _
li K, A - N [ _(Z)U(a) @)
Ngrclm ( (x)a a’ IQ> ( a) q n (q 7q)
Note that )\(1‘) =q "+ afqufN'

Al-Salam-Carlitz I — Discrete ¢g-Hermite 1.

The discrete ¢-Hermite I polynomials defined by (3.28.1) can easily be obtained from the Al-
Salam-Carlitz I polynomials given by (3.24.1) by the substitution a = —1 :

U (239) = hn(;q). (4.24.1)

4.25 Al-Salam-Carlitz 11

¢-Meixner — Al-Salam-Carlitz II.

The Al-Salam-Carlitz II polynomials defined by (3.25.1) can be obtained from the g¢-Meixner
polynomials defined by (3.13.1) by setting b = —c~'a in the definition (3.13.1) of the g-Meixner
polynomials and then taking the limit ¢ | O :

a 1 n n
li Mn( =6 >= — ) DV ;).
(}Fol v c “9 ( a) 1 n(34)

Quantum ¢-Krawtchouk — Al-Salam-Carlitz II.

If we set p=a"'¢~ V! in the definition (3.14.1) of the quantum ¢-Krawtchouk polynomials and

let N — oo we obtain the Al-Salam-Carlitz IT polynomials given by (3.25.1). In fact we have

N—o0

1 n "
lim K& (z;a ¢ N1, N;q) = (_a) q(Q)Véa)(%?Q)-

Al-Salam-Carlitz IT — Discrete ¢-Hermite II.

The discrete g-Hermite IT polynomials defined by (3.29.1) follow from the Al-Salam-Carlitz II
polynomials given by (3.25.1) by the substitution a = —1 in the following way :

iV (i q) = ha(w3q). (4.25.1)

135



4.26 Continuous ¢-Hermite

Continuous big ¢-Hermite — Continuous ¢-Hermite.
The continuous g-Hermite polynomials defined by (3.26.1) can easily be obtained from the con-

tinuous big g-Hermite polynomials given by (3.18.1) by taking a = 0 :

H,(z;0[q) = Hn(x|q).

Continuous ¢-Laguerre — Continuous ¢-Hermite.

The continuous g-Hermite polynomials given by (3.26.1) can be obtained from the continuous
g-Laguerre polynomials defined by (3.19.1) by taking the limit & — oo in the following way :

1y P (ele) _ Ha(alg)
a0 glZatin ( : ) ’
q*2 4 q:9)n

4.27 Stieltjes-Wigert

g-Laguerre — Stieltjes-Wigert.

If we set * — xq¢~® in the definition (3.21.1) of the g-Laguerre polynomials and take the limit
a — 0o we simply obtain the Stieltjes-Wigert polynomials given by (3.27.1) :

lim Lgf‘) (xq_“;q) = Sn(z;q).

a—00

Alternative ¢g-Charlier — Stieltjes-Wigert.

The Stieltjes-Wigert polynomials defined by (3.27.1) can be obtained from the alternative g-
Charlier polynomials by setting z — a~ !z in the definition (3.22.1) of the alternative g-Charlier
polynomials and then taking the limit a — co. In fact we have

lim K, (E;a;q) = (¢ ¢)nSn(7; q).

a— 0o a

g¢-Charlier — Stieltjes-Wigert.

If we set g% — ax in the definition (3.23.1) of the g-Charlier polynomials and take the limit
a — 0o we obtain the Stieltjes-Wigert polynomials given by (3.27.1) in the following way :

Jim C(az;a; q) = (¢ ¢)nSn(2; q)-
4.28 Discrete g-Hermite I

Al-Salam-Carlitz I — Discrete ¢-Hermite 1.

The discrete g-Hermite I polynomials defined by (3.28.1) can easily be obtained from the Al-
Salam-Carlitz I polynomials given by (3.24.1) by the substitution a = —1 :

U (59) = ha(a;q).

4.29 Discrete g-Hermite 11

Al-Salam-Carlitz II — Discrete ¢-Hermite II.
The discrete ¢-Hermite II polynomials defined by (3.29.1) follow from the Al-Salam-Carlitz II
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polynomials given by (3.25.1) by the substitution a = —1 in the following way :

i_”V,g_l)(ix; q) = ﬁn(x, q).
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Chapter 5

From basic to classical
hypergeometric orthogonal
polynomials

5.1 Askey-Wilson — Wilson

To find the Wilson polynomials defined by (1.1.1) from the Askey-Wilson polynomials we set
a—q%b—q’ c—q° d— q?and e = ¢ (or § = Ing®) in the definition (3.1.1) and take the
limit ¢ T 1 : _ _

i pn(3 (@™ +47) 547, 4%, ¢, ¢%|q)

im

a1l (1—gq)"

= W, (2% a,b, ¢, d). (5.1.1)

5.2 ¢-Racah — Racah

If we set o — q%, 8 — ¢°, v — q”, § — ¢° in the definition (3.2.1) of the ¢-Racah polynomials
and let ¢ T 1 we easily obtain the Racah polynomials defined by (1.2.1) :

lim R ()3 ", 7,47, ¢°lq) = Ra(\(z); v, B, v, 0), (5.2.1)

where

plz) =g " + "ot

AMz)=z(z+v+0+1).

5.3 Continuous dual ¢-Hahn — Continuous dual Hahn

To find the continuous dual Hahn polynomials defined by (1.3.1) from the continuous dual ¢-Hahn
polynomials we set a — ¢%, b — ¢*, ¢ — ¢¢ and € = ¢’ (or # = Ing®) in the definition (3.3.1)
and take the limit ¢ T 1 :

1 ix —ix a b _c
b) + 5 ) )
g 23 (@7 +a77) 14", 4" %)

qT1 (1—q)2" = Sn(2% a,b,¢). (5.3.1)

5.4 Continuous ¢g-Hahn — Continuous Hahn
If we set @ — q¢% b — ¢°, ¢ — ¢°, d — ¢ and e = ¢ (or § = Ing™?) in the definition
(3.4.1) of the continuous g-Hahn polynomials and take the limit ¢ T 1 we find the continuous Hahn
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polynomials given by (1.4.1) in the following way :

i Pr(cos(lng™ + ¢); ¢, ¢’ 4% q%q)

qT1 (1 _ q)n(Q§Q)n = (_2 sin ¢)npn(5c§a;b7 C, d) (541)

5.5 Big ¢-Jacobi — Jacobi

If we set ¢ = 0, a = ¢® and b = ¢? in the definition (3.5.1) of the big ¢-Jacobi polynomials and let
g 71 we find the Jacobi polynomials given by (1.8.1) :

P2z — 1)

lim P, (z; ¢%, ¢°,0: ¢q) = 5.5.1
lim P (23¢%,¢7, 0, 9) e ) (5.5.1)
If we take ¢ = —q” for arbitrary real v instead of ¢ = 0 we find
P(a'ﬂ)(fﬂ)
lim P, (x;¢%, ¢%, —q"; q) = ————. 5.5.2
lim P (+34%, 4", —¢73 ) PR () (5.5.2)

5.5.1 Big ¢-Legendre — Legendre / Spherical

If we set ¢ = 0 in the definition (3.5.13) of the big ¢-Legendre polynomials and let ¢ T 1 we simply
obtain the Legendre (or spherical) polynomials defined by (1.8.57) :

li%l P, (z;0;q) = P,(2z — 1). (5.5.3)
q
If we take ¢ = —q” for arbitrary real v instead of ¢ = 0 we find
lizn Py (7;-¢";q) = Pa(). (5.5.4)
q

5.6 ¢-Hahn — Hahn

The Hahn polynomials defined by (1.5.1) simply follow from the ¢-Hahn polynomials given by
(3.6.1), after setting a — ¢ and 3 — ¢°, in the following way :

lim Qnla™"59% 4", N|g) = Qn(w; . B, N). (5.6.1)

5.7 Dual ¢-Hahn — Dual Hahn

The dual Hahn polynomials given by (1.6.1) follow from the dual ¢-Hahn polynomials by simply
taking the limit ¢ T 1 in the definition (3.7.1) of the dual ¢-Hahn polynomials after applying the
substitution v — ¢” and § — ¢° :

lim Ry (u(): 47, ¢’,Nlg) = Ro(A(z); 7,6, N), (5.7.1)
q

where

pla) = q=" 4 g"rort

AMz)=z(z+v+0+1).

5.8 Al-Salam-Chihara — Meixner-Pollaczek

If we set a = ¢*e™, b= ¢*¢'® and €'’ = ¢*"¢'® in the definition (3.8.1) of the Al-Salam-Chihara
polynomials and take the limit ¢ T 1 we obtain the Meixner-Pollaczek polynomials given by (1.7.1)
in the following way :

e (cos(Ing® + ¢); ¢*e™, g*e¢|q)

— PV (g
i @O P (a3 ¢). (5.8.1)
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5.9 ¢-Meixner-Pollaczek — Meixner-Pollaczek

To find the Meixner-Pollaczek polynomials defined by (1.7.1) from the g-Meixner-Pollaczek poly-
nomials we substitute a = ¢* and ¢ = ¢7(or §# = Ing~*) in the definition (3.9.1) of the
g-Meixner-Pollaczek polynomials and take the limit ¢ T 1 to find :

lim Py (cos(Ing™" + ¢); ¢*|a) = P (w5 —0). (5.9.1)

5.10 Continuous g-Jacobi — Jacobi

If we take the limit ¢ 7 1 in the definitions (3.10.1) and (3.10.14) of the continuous g¢-Jacobi
polynomials we simply find the Jacobi polynomials defined by (1.8.1) :

lim P (2lg) = P () (5.10.1)
q

and
11%111 P{B) (g q) = Pl (z). (5.10.2)
q

5.10.1 Continuous g¢-ultraspherical / Rogers — Gegenbauer / Ultra-
spherical

If we set 3 = ¢” in the definition (3.10.15) of the continuous g-ultraspherical (or Rogers) polyno-
mials and let ¢ tend to one we obtain the Gegenbauer (or ultraspherical) polynomials given by
(1.8.15) :

lim G (5 4*|q) = OV (). (5.103)

5.10.2 Continuous ¢-Legendre — Legendre / Spherical

The Legendre (or spherical) polynomials defined by (1.8.57) easily follow from the continuous
g-Legendre polynomials given by (3.10.32) by taking the limit ¢ T 1 :

1i%rlan(x;q) = P, (). (5.10.4)
a

Of course, we also have
li%rll P, (z|q) = P,(z). (5.10.5)
q

5.11 Big g-Laguerre — Laguerre

The Laguerre polynomials defined by (1.11.1) can be obtained from the big ¢-Laguerre polynomials
by the substitution a = ¢® and b = (1 — ¢)~'¢” in the definition (3.11.1) of the big ¢-Laguerre
polynomials and the limit ¢ T 1 :

—1,8.

. o Lﬁf) x—1
lql%llan(x;q (1-q) " 'q ,Q):(7)~

RI0 (5.11.1)

5.12 Little g-Jacobi — Jacobi / Laguerre

Little ¢-Jacobi — Jacobi
The Jacobi polynomials defined by (1.8.1) simply follow from the little g-Jacobi polynomials
defined by (3.12.1) in the following way :

PP (1 — 2z)

(5.12.1)
PP (1)

limp,, (z; 4%, ¢°|q) =
qT1
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Little ¢-Jacobi — Laguerre

If we take a = ¢, b = —¢° for arbitrary real § and =z — %(1 — ¢)z in the definition (3.12.1) of
the little g-Jacobi polynomials and then take the limit ¢ T 1 we obtain the Laguerre polynomials
given by (1.11.1) :

1 LY (2)
limp, [ =(1 —¢)z;¢%, —¢%|q ) = =— ) 5.12.2
lim p <2( q)r; 4%, —q ‘q) 290) ( )

5.12.1 Little ¢-Legendre — Legendre / Spherical

If we take the limit ¢ 7 1 in the definition (3.12.12) of the little ¢-Legendre polynomials we simply
find the Legendre (or spherical) polynomials given by (1.8.57) :

li%lllpn(z|q) = P,(1—2x). (5.12.3)
q

5.13 ¢-Meixner — Meixner

To find the Meixner polynomials defined by (1.9.1) from the ¢-Meixner polynomials given by
(3.13.1) weset b=¢g’ ! and ¢ — (1 —c)"'cand let ¢ T 1 :

Cc

1-—

lim M,, (qm;qﬁl7 ;q) = M (x;8,c¢). (5.13.1)
q11 c

5.14 Quantum ¢-Krawtchouk — Krawtchouk

The Krawtchouk polynomials given by (1.10.1) easily follow from the quantum g-Krawtchouk
polynomials defined by (3.14.1) in the following way :

lim K3 (¢ p, N3 g) = Ka(2ip™ ", N). (5.14.1)
q

5.15 ¢-Krawtchouk — Krawtchouk

If we take the limit ¢ T 1 in the definition (3.15.1) of the ¢-Krawtchouk polynomials we simply
find the Krawtchouk polynomials given by (1.10.1) in the following way :

1
lim K, (¢ %p,N;q) =K, |2;——,N | . 5.15.1
iy K, 7. Nia) = K (V) (5.15.1)

5.16 Affine ¢-Krawtchouk — Krawtchouk

If we let ¢ 7 1 in the definition (3.16.1) of the affine g-Krawtchouk polynomials we obtain :
lim K17 (q™"3p, Nla) = Kn(w:1 = p, N), (5.16.1)
q

where K, (z;1 — p, N) is the Krawtchouk polynomial defined by (1.10.1).

5.17 Dual ¢-Krawtchouk — Krawtchouk

If we set ¢ = 1 —p~! in the definition (3.17.1) of the dual ¢-Krawtchouk polynomials and take the
limit ¢ T 1 we simply find the Krawtchouk polynomials given by (1.10.1) :

li%rllKn <)\(m); 1- 1,N|q> = K,(x;p,N). (5.17.1)
q p
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5.18 Continuous big ¢-Hermite — Hermite

If we set a = 0 and ¢ — x4/5(1 — ¢) in the definition (3.18.1) of the continuous big ¢-Hermite

polynomials and let ¢ tend to one, we obtain the Hermite polynomials given by (1.13.1) in the

following way :
1
Hy (2(%59)7:0]q)
lim = = H,(z). (5.18.1)
o (5)°

If we take a — ay/2(1 — ¢) and  — z,/3(1 — ¢) in the definition (3.18.1) of the continuous

big g-Hermite polynomials and take the limit ¢ T 1 we find the Hermite polynomials defined by
(1.13.1) with shifted argument :

lqigl t (36 (221;;5) 20 q)‘ q> =H,(x —a). (5.18.2)

NI

w3

5.19 Continuous ¢g-Laguerre — Laguerre

If we set x — ¢* in the definitions (3.19.1) and (3.19.15) of the continuous ¢-Laguerre polynomials
and take the limit ¢ T 1 we find the Laguerre polynomials defined by (1.11.1). In fact we have :

lim P{*)(¢"|q) = Lj” (22) (5.19.1)
q
and
lim P{*(¢"; ) = L") (a). (5.19.2)
q

5.20 Little g-Laguerre / Wall — Laguerre / Charlier

Little ¢-Laguerre / Wall — Laguerre

If we set a = ¢* and x — (1 — ¢)x in the definition (3.20.1) of the little ¢-Laguerre (or Wall)
polynomials and let ¢ tend to one, we obtain the Laguerre polynomials given by (1.11.1) :

LY (z)
lim p,, (1 — q)z; ¢%|q) = =227 5.20.1
lim p (1= q)z;94%q) 20 ( )

Little ¢-Laguerre / Wall — Charlier

If we set @ — (¢ — 1)a and z — ¢ in the definition (3.20.1) of the little g-Laguerre (or Wall)
polynomials and take the limit ¢ T 1 we obtain the Charlier polynomials given by (1.12.1) in the

following way :
n(q"; (@ — 1 Cr(z;
a1l (I—q) a”

5.21 ¢-Laguerre — Laguerre / Charlier

g-Laguerre — Laguerre

If we set © — (1 — ¢)z in the definition (3.21.1) of the g-Laguerre polynomials and take the limit
g 1 1 we obtain the Laguerre polynomials given by (1.11.1) :

lim L (1= @);.0) = Li? (@), (5.21.1)
q
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g-Laguerre — Charlier
If we set z — —q¢ % and ¢®* =a"(¢—1)"! (or a = —(Ing) "' In(g — 1)a) in the definition (3.21.1)
of the g-Laguerre polynomials, multiply by (¢; q)., and take the limit ¢ T 1 we obtain the Charlier
polynomials given by (1.12.1) :

1 In(¢ — 1)a

lim (¢: )0 L (—q—: q) = O, (22 ), ¢* = S B 21.2
i (g5 @) L (=47"0) = Cu(w;0), ¢ = oy or o g (5.21.2)

5.22 Alternative ¢g-Charlier — Charlier

If we set © — ¢* and a — a(1—¢q) in the definition (3.22.1) of the alternative ¢g-Charlier polynomials
and take the limit ¢ T 1 we find the Charlier polynomials given by (1.12.1) :

i Kn(q%;a(1 —q);q)
g1 (=1

=a"Cp(z;0a). (5.22.1)

5.23 ¢-Charlier — Charlier

If we set @ — a(1 — ¢) in the definition (3.23.1) of the g-Charlier polynomials and take the limit
g 71 we obtain the Charlier polynomials defined by (1.12.1) :

lim Cn(¢™%; a(1 = 9);9) = Cu(a; 0). (5.23.1)
q

5.24 Al-Salam-Carlitz I — Charlier / Hermite

Al-Salam-Carlitz I — Charlier

If we set @ — a(¢ — 1) and & — ¢® in the definition (3.24.1) of the Al-Salam-Carlitz I polynomials
and take the limit ¢ 7 1 after dividing by a"(1 — ¢)™ we obtain the Charlier polynomials defined
by (1.12.1) :
(a(qfl))( x.
. Un 7";q)
lim ————== = a"C,,(z;a). 5.24.1
i (w:0) (5:241)

Al-Salam-Carlitz I — Hermite

If we set © — z4/1 — ¢? and a — a+/1 — ¢%> — 1 in the definition (3.24.1) of the Al-Salam-Carlitz I
polynomials, divide by (1 —¢?)%, and let ¢ tend to one we obtain the Hermite polynomials given
by (1.13.1) with shifted argument. In fact we have

1-g2—1
i S )(wvl—q2;Q):Hn(a?—a)

a1l (1—¢%)% 2n

(5.24.2)

5.25 Al-Salam-Carlitz I — Charlier / Hermite

Al-Salam-Carlitz IT — Charlier

If we set @ — a(1—gq) and  — ¢~ * in the definition (3.25.1) of the Al-Salam-Carlitz IT polynomials
and taking the limit ¢ T 1 we find

1- —x
T U]
at  (g—-1)"

=a"Cp(z;0a). (5.25.1)
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Al-Salam-Carlitz II — Hermite

If we set * — z+/1 — ¢% and a — ay/1 — ¢®>+1 in the definition (3.25.1) of the Al-Salam-Carlitz II
polynomials, divide by (1 —¢?)%, and let ¢ tend to one we obtain the Hermite polynomials given

by (1.13.1) with shifted argument. In fact we have

ay/1—q2+1
lim ViV T Y @/ T— g% q) _ Ha(w—2)

gfl (1-¢2)% 2n

(5.25.2)

5.26 Continuous ¢-Hermite — Hermite

The Hermite polynomials defined by (1.13.1) can be obtained from the continuous ¢-Hermite
polynomials given by (3.26.1) by setting x — xy/(1 — ¢). In fact we have

lim

— q) = H,(z). (5.26.1)
qT1 ( fq) 2

5.27 Stieltjes-Wigert — Hermite

The Hermite polynomials defined by (1.13.1) can be obtained from the Stieltjes-Wigert polynomials
given by (3.27.1) by setting 2 — ¢ 'z1/2(1 — q) + 1 and taking the limit ¢ T 1 in the following

way :
lm (g5 q)nSn(q‘Z:f_\/qiél -9 +1iq) _ (—1)" H, (). (5.27.1)

5.28 Discrete ¢-Hermite I — Hermite

The Hermite polynomials defined by (1.13.1) can be found from the discrete ¢g-Hermite I polyno-
mials given by (3.28.1) in the following way :

hn (m 1—q% q) H
lim Y H@) (5.28.1)
qT1 (l — q2) 2 2n

5.29 Discrete ¢g-Hermite II — Hermite

The Hermite polynomials defined by (1.13.1) can also be found from the discrete g-Hermite II
polynomials given by (3.29.1) in a similar way :

B (33 1—¢% Q) H,(z)
li = =2 . .29.1
it (- g)F 2 i
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