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Abstract

We list the so-called Askey-scheme of hypergeometric orthogonal polynomials and we give a q-
analogue of this scheme containing basic hypergeometric orthogonal polynomials.

In chapter 1 we give the definition, the orthogonality relation, the three term recurrence rela-
tion, the second order differential or difference equation, the forward and backward shift operator,
the Rodrigues-type formula and generating functions of all classes of orthogonal polynomials in
this scheme.

In chapter 2 we give the limit relations between different classes of orthogonal polynomials
listed in the Askey-scheme.

In chapter 3 we list the q-analogues of the polynomials in the Askey-scheme. We give their
definition, orthogonality relation, three term recurrence relation, second order difference equation,
forward and backward shift operator, Rodrigues-type formula and generating functions.

In chapter 4 we give the limit relations between those basic hypergeometric orthogonal poly-
nomials.

Finally, in chapter 5 we point out how the ‘classical’ hypergeometric orthogonal polynomials
of the Askey-scheme can be obtained from their q-analogues.
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Preface

This report deals with orthogonal polynomials appearing in the so-called Askey-scheme of hyper-
geometric orthogonal polynomials and their q-analogues. Most formulas listed in this report can
be found somewhere in the literature, but a handbook containing all these formulas did not exist.
We collected known formulas for these hypergeometric orthogonal polynomials and we arranged
them into the Askey-scheme and into a q-analogue of this scheme which we called the q-scheme.
This q-scheme was not completely documented in the literature. So we filled in some gaps in order
to get some sort of ‘complete’ scheme of q-hypergeometric orthogonal polynomials.

In chapter 0 we give some general definitions and formulas which can be used to transform
several formulas into different forms of the same formula. In the other chapters we used the most
common notations, but sometimes we had to change some notations in order to be consistent.

For each family of orthogonal polynomials listed in this report we give conditions on the pa-
rameters for which the corresponding weight function is positive. These conditions are mentioned
in the orthogonality relations. We remark that many of these orthogonal polynomials are still
polynomials for other values of the parameters and that they can be defined for other values as
well. That is why we gave no restrictions in the definitions. As pointed out in chapter 0 some
definitions can be transformed into different forms so that they are valid for some values of the
parameters for which the given form has no meaning. Other formulas, such as the generating
functions, are only valid for some special values of parameters and arguments. These conditions
are mostly left out in this report.

We are aware of the fact that this report is by no means a full description of all that is known
about (basic) hypergeometric orthogonal polynomials. More on each listed family of orthogonal
polynomials can be found in the articles and books to which we refer.

Roelof Koekoek and René F. Swarttouw.

Roelof Koekoek René F. Swarttouw
Delft University of Technology Free University of Amsterdam
Faculty of Technical Mathematics and Informatics Faculty of Mathematics and Informatics
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2628 CD Delft 1081 HV Amsterdam
The Netherlands The Netherlands
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Definitions and miscellaneous
formulas

0.1 Introduction

In this report we will list all known sets of orthogonal polynomials which can be defined in terms
of a hypergeometric function or a basic hypergeometric function.

In the first part of the report we give a description of all classical hypergeometric orthogonal
polynomials which appear in the so-called Askey-scheme. We give definitions, orthogonality re-
lations, three term recurrence relations, second order differential or difference equations, forward
and backward shift operators, Rodrigues-type formulas and generating functions for all families of
orthogonal polynomials listed in this Askey-scheme of hypergeometric orthogonal polynomials.

In the second part we obtain a q-analogue of this scheme. We give definitions, orthogonality
relations, three term recurrence relations, second order difference equations, forward and backward
shift operators, Rodrigues-type formulas and generating functions for all known q-analogues of the
hypergeometric orthogonal polynomials listed in the Askey-scheme.

Further we give limit relations between different families of orthogonal polynomials in both
schemes and we point out how to obtain the classical hypergeometric orthogonal polynomials from
their q-analogues.

The theory of q-analogues or q-extensions of classical formulas and functions is based on the
observation that

lim
q→1

1− qα

1− q
= α.

Therefore the number (1− qα)/(1− q) is sometimes called the basic number [α].
Now we can give a q-analogue of the Pochhammer-symbol (a)k which is defined by

(a)0 := 1 and (a)k := a(a + 1)(a + 2) · · · (a + k − 1), k = 1, 2, 3, . . . .

This q-extension is given by

(a; q)0 := 1 and (a; q)k := (1− a)(1− aq)(1− aq2) · · · (1− aqk−1), k = 1, 2, 3, . . . .

It is clear that

lim
q→1

(qα; q)k

(1− q)k
= (α)k.

In this report we will always assume that 0 < q < 1.
For more details concerning the q-theory the reader is referred to the book [193] by G. Gasper

and M. Rahman.
Since many formulas given in this report can be reformulated in many different ways we will

give a selection of formulas , which can be used to obtain other forms of definitions, orthogonality
relations and generating functions.

Most of these formulas given in this chapter can be found in [193].
We remark that in orthogonality relations we often have to add some condition(s) on the

parameters of the orthogonal polynomials involved in order to have positive weight functions. By
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using the famous theorem of Favard these conditions can also be obtained from the three term
recurrence relation.

In some cases, however, some conditions on the parameters may be needed in other formulas
too. For instance, the definition (1.11.1) of the Laguerre polynomials has no meaning for negative
integer values of the parameter α. But in fact the Laguerre polynomials are also polynomials in
the parameter α. This can be seen by writing

L(α)
n (x) =

1
n!

n∑
k=0

(−n)k

k!
(α + k + 1)n−kxk.

In this way the Laguerre polynomials are defined for all values of the parameter α.
A similar remark holds for the Jacobi polynomials given by (1.8.1). We may also write (see

section 0.4 for the definition of the hypergeometric function 2F1)

P (α,β)
n (x) = (−1)n (β + 1)n

n! 2F1

(
−n, n + α + β + 1

β + 1

∣∣∣∣ 1 + x

2

)
,

which implies the well-known symmetry relation

P (α,β)
n (x) = (−1)nP (β,α)

n (−x).

Even more general we have

P (α,β)
n (x) =

1
n!

n∑
k=0

(−n)k

k!
(n + α + β + 1)k(α + k + 1)n−k

(
1− x

2

)k

.

From this form it is clear that the Jacobi polynomials can be defined for all values of the parameters
α and β although the definition (1.8.1) is not valid for negative integer values of the parameter α.

We will not indicate these difficulties in each formula.
Finally, we remark that in each recurrence relation listed in this report, except for (1.8.34) and

(1.8.36) for the Chebyshev polynomials of the first kind, we may use P−1(x) = 0 and P0(x) = 1
as initial conditions.

0.2 The q-shifted factorials

The symbols (a; q)k defined in the preceding section are called q-shifted factorials. They can also
be defined for negative values of k as

(a; q)k :=
1

(1− aq−1)(1− aq−2) · · · (1− aqk)
, a 6= q, q2, q3, . . . , q−k, k = −1,−2,−3, . . . . (0.2.1)

Now we have

(a; q)−n =
1

(aq−n; q)n
=

(−qa−1)n

(qa−1; q)n
q(

n
2), n = 0, 1, 2, . . . , (0.2.2)

where (
n

2

)
=

n(n− 1)
2

.

We can also define

(a; q)∞ =
∞∏

k=0

(1− aqk).

This implies that

(a; q)n =
(a; q)∞

(aqn; q)∞
, (0.2.3)
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and, for any complex number λ,

(a; q)λ =
(a; q)∞

(aqλ; q)∞
, (0.2.4)

where the principal value of qλ is taken.
If we change q by q−1 we obtain

(a; q−1)n = (a−1; q)n(−a)nq−(n
2), a 6= 0. (0.2.5)

This formula can be used, for instance, to prove the following transformation formula between
the little q-Laguerre (or Wall) polynomials given by (3.20.1) and the q-Laguerre polynomials
defined by (3.21.1) :

pn(x; q−α|q−1) =
(q; q)n

(qα+1; q)n
L(α)

n (−x; q)

or equivalently

L(α)
n (x; q−1) =

(qα+1; q)n

(q; q)nqnα
pn(−x; qα|q).

By using (0.2.5) it is not very difficult to verify the following general transformation formula
for 4φ3 polynomials (see section 0.4 for the definition of the basic hypergeometric function 4φ3) :

4φ3

(
qn, a, b, c

d, e, f

∣∣∣∣ q−1; q−1

)
= 4φ3

(
q−n, a−1, b−1, c−1

d−1, e−1, f−1

∣∣∣∣ q; abcqn

def

)
,

where a limit is needed when one of the parameters is equal to zero. Other transformation formulas
can be obtained from this one by applying limits as discussed in section 0.4.

Finally, we list a number of transformation formulas for the q-shifted factorials, where k and
n are nonnegative integers :

(a; q)n+k = (a; q)n(aqn; q)k. (0.2.6)
(aqn; q)k

(aqk; q)n
=

(a; q)k

(a; q)n
. (0.2.7)

(aqk; q)n−k =
(a; q)n

(a; q)k
, k = 0, 1, 2, . . . , n. (0.2.8)

(a; q)n = (a−1q1−n; q)n(−a)nq(
n
2), a 6= 0. (0.2.9)

(aq−n; q)n = (a−1q; q)n(−a)nq−n−(n
2), a 6= 0. (0.2.10)

(aq−n; q)n

(bq−n; q)n
=

(a−1q; q)n

(b−1q; q)n

(a

b

)n

, a 6= 0, b 6= 0. (0.2.11)

(a; q)n−k =
(a; q)n

(a−1q1−n; q)k

(
− q

a

)k

q(
k
2)−nk, a 6= 0, k = 0, 1, 2, . . . , n. (0.2.12)

(a; q)n−k

(b; q)n−k
=

(a; q)n

(b; q)n

(b−1q1−n; q)k

(a−1q1−n; q)k

(
b

a

)k

, a 6= 0, b 6= 0, k = 0, 1, 2, . . . , n. (0.2.13)

(q−n; q)k =
(q; q)n

(q; q)n−k
(−1)kq(

k
2)−nk, k = 0, 1, 2, . . . , n. (0.2.14)

(aq−n; q)k =
(a−1q; q)n

(a−1q1−k; q)n
(a; q)kq−nk, a 6= 0. (0.2.15)

(aq−n; q)n−k =
(a−1q; q)n

(a−1q; q)k

(
−a

q

)n−k

q(
k
2)−(n

2), a 6= 0, k = 0, 1, 2, . . . , n. (0.2.16)

(a; q)2n = (a; q2)n(aq; q2)n. (0.2.17)

(a2; q2)n = (a; q)n(−a; q)n. (0.2.18)

(a; q)∞ = (a; q2)∞(aq; q2)∞. (0.2.19)

(a2; q2)∞ = (a; q)∞(−a; q)∞. (0.2.20)
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0.3 The q-gamma function and the q-binomial coefficient

The q-gamma function is defined by

Γq(x) :=
(q; q)∞
(qx; q)∞

(1− q)1−x. (0.3.1)

This is a q-analogue of the well-known gamma function since we have

lim
q↑1

Γq(x) = Γ(x).

Note that the q-gamma function satisfies the functional equation

Γq(z + 1) =
1− qz

1− q
Γq(z), Γq(1) = 1,

which is a q-extension of the well-known functional equation

Γ(z + 1) = zΓ(z), Γ(1) = 1

for the ordinary gamma function. For nonintegral values of z this ordinary gamma function also
satisfies the relation

Γ(z)Γ(1− z) =
π

sinπz
,

which can be used to show that

lim
α→k

(1− q−α+k)Γ(−α)Γ(α + 1) = (−1)k+1 ln q, k = 0, 1, 2, . . . .

This limit can be used to show that the orthogonality relation (3.27.2) for the Stieltjes-Wigert
polynomials follows from the orthogonality relation (3.21.2) for the q-Laguerre polynomials.

The q-binomial coefficient is defined by[n
k

]
q

=
[

n

n− k

]
q

:=
(q; q)n

(q; q)k(q; q)n−k
, k = 0, 1, 2, . . . , n, (0.3.2)

where n denotes a nonnegative integer.
This definition can be generalized in the following way. For arbitrary complex α we have[α

k

]
q

:=
(q−α; q)k

(q; q)k
(−1)kqkα−(k

2). (0.3.3)

Or more general for all complex α and β we have[
α

β

]
q

:=
Γq(α + 1)

Γq(β + 1)Γq(α− β + 1)
=

(qβ+1; q)∞(qα−β+1; q)∞
(q; q)∞(qα+1; q)∞

. (0.3.4)

For instance this implies that

(qα+1; q)n

(q; q)n
=
[
n + α

n

]
q

.

Note that

lim
q↑1

[
α

β

]
q

=
(

α

β

)
=

Γ(α + 1)
Γ(β + 1)Γ(α− β + 1)

.

For integer values of the parameter β we have(
α

k

)
=

(−α)k

k!
(−1)k, k = 0, 1, 2, . . .
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and when the parameter α is an integer too we may write(
n

k

)
=

n!
k! (n− k)!

, k = 0, 1, 2, . . . , n, n = 0, 1, 2, . . . .

This latter formula can be used to show that(
2n

n

)
=

(
1
2

)
n

n!
4n, n = 0, 1, 2, . . . .

This can be used to write the generating functions (1.8.46) and (1.8.52) for the Chebyshev poly-
nomials of the first and the second kind in the following form :

R−1

√
1
2
(1 + R− xt) =

∞∑
n=0

(
2n

n

)
Tn(x)

(
t

4

)n

, R =
√

1− 2xt + t2

and
4

R
√

2(1 + R− xt)
=

∞∑
n=0

(
2n + 2
n + 1

)
Un(x)

(
t

4

)n

, R =
√

1− 2xt + t2

respectively.
Finally we remark that

(a; q)n =
n∑

k=0

[n
k

]
q
q(

k
2)(−a)k. (0.3.5)

0.4 Hypergeometric and basic hypergeometric functions

The hypergeometric series rFs is defined by

rFs

(
a1, . . . , ar

b1, . . . , bs

∣∣∣∣ z) :=
∞∑

k=0

(a1, . . . , ar)k

(b1, . . . , bs)k

zk

k!
, (0.4.1)

where
(a1, . . . , ar)k := (a1)k · · · (ar)k.

Of course, the parameters must be such that the denominator factors in the terms of the series
are never zero. When one of the numerator parameters ai equals −n where n is a nonnegative
integer this hypergeometric series is a polynomial in z. Otherwise the radius of convergence ρ of
the hypergeometric series is given by

ρ =


∞ if r < s + 1

1 if r = s + 1

0 if r > s + 1.

A hypergeometric series of the form (0.4.1) is called balanced (or Saalschützian) if r = s + 1,
z = 1 and a1 + a2 + . . . + as+1 + 1 = b1 + b2 + . . . + bs.

The basic hypergeometric series (or q-hypergeometric series) rφs is defined by

rφs

(
a1, . . . , ar

b1, . . . , bs

∣∣∣∣ q; z) :=
∞∑

k=0

(a1, . . . , ar; q)k

(b1, . . . , bs; q)k
(−1)(1+s−r)kq(1+s−r)(k

2) zk

(q; q)k
, (0.4.2)

where
(a1, . . . , ar; q)k := (a1; q)k · · · (ar; q)k.
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Again, we assume that the parameters are such that the denominator factors in the terms of the
series are never zero. If one of the numerator parameters ai equals q−n where n is a nonnegative
integer this basic hypergeometric series is a polynomial in z. Otherwise the radius of convergence
ρ of the basic hypergeometric series is given by

ρ =


∞ if r < s + 1

1 if r = s + 1

0 if r > s + 1.

The special case r = s + 1 reads

s+1φs

(
a1, . . . , as+1

b1, . . . , bs

∣∣∣∣ q; z) =
∞∑

k=0

(a1, . . . , as+1; q)k

(b1, . . . , bs; q)k

zk

(q; q)k
.

This basic hypergeometric series was first introduced by Heine in 1846. Therefore it is some-
times called Heine’s series. A basic hypergeometric series of this form is called balanced (or
Saalschützian) if z = q and a1a2 · · · as+1q = b1b2 · · · bs.

The q-hypergeometric series is a q-analogue of the hypergeometric series defined by (0.4.1)
since

lim
q↑1

rφs

(
qa1 , . . . , qar

qb1 , . . . , qbs

∣∣∣∣ q; (q − 1)1+s−rz

)
= rFs

(
a1, . . . , ar

b1, . . . , bs

∣∣∣∣ z) .

This limit will be used frequently in chapter 5. In all cases the hypergeometric series involved is
in fact a polynomial so that convergence is guaranteed.

In the sequel of this paragraph we also assume that each (basic) hypergeometric series is in
fact a polynomial. We remark that

lim
ar→∞

rφs

(
a1, . . . , ar

b1, . . . , bs

∣∣∣∣ q; z

ar

)
= r−1φs

(
a1, . . . , ar−1

b1, . . . , bs

∣∣∣∣ q; z) .

In fact, this is the reason for the factors (−1)(1+s−r)kq(1+s−r)(k
2) in the definition (0.4.2) of the

basic hypergeometric series.
The limit relations between hypergeometric orthogonal polynomials listed in chapter 2 of this

report are based on the observations that

rFs

(
a1, . . . , ar−1, µ

b1, . . . , bs−1, µ

∣∣∣∣ z) = r−1Fs−1

(
a1, . . . , ar−1

b1, . . . , bs−1

∣∣∣∣ z) , (0.4.3)

lim
λ→∞

rFs

(
a1, . . . , ar−1, λar

b1, . . . , bs

∣∣∣∣ z

λ

)
= r−1Fs

(
a1, . . . , ar−1

b1, . . . , bs

∣∣∣∣ arz

)
, (0.4.4)

lim
λ→∞

rFs

(
a1, . . . , ar

b1, . . . , bs−1, λbs

∣∣∣∣λz

)
= rFs−1

(
a1, . . . , ar

b1, . . . , bs−1

∣∣∣∣ z

bs

)
(0.4.5)

and

lim
λ→∞

rFs

(
a1, . . . , ar−1, λar

b1, . . . , bs−1, λbs

∣∣∣∣ z) = r−1Fs−1

(
a1, . . . , ar−1

b1, . . . , bs−1

∣∣∣∣ arz

bs

)
. (0.4.6)

The limit relations between basic hypergeometric orthogonal polynomials described in chapter
4 of this report are based on the observations that

rφs

(
a1, . . . , ar−1, µ

b1, . . . , bs−1, µ

∣∣∣∣ q; z) = r−1φs−1

(
a1, . . . , ar−1

b1, . . . , bs−1

∣∣∣∣ q; z) , (0.4.7)

lim
λ→∞

rφs

(
a1, . . . , ar−1, λar

b1, . . . , bs

∣∣∣∣ q; z

λ

)
= r−1φs

(
a1, . . . , ar−1

b1, . . . , bs

∣∣∣∣ q; arz

)
, (0.4.8)
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lim
λ→∞

rφs

(
a1, . . . , ar

b1, . . . , bs−1, λbs

∣∣∣∣ q;λz

)
= rφs−1

(
a1, . . . , ar

b1, . . . , bs−1

∣∣∣∣ q; z

bs

)
, (0.4.9)

and

lim
λ→∞

rφs

(
a1, . . . , ar−1, λar

b1, . . . , bs−1, λbs

∣∣∣∣ q; z) = r−1φs−1

(
a1, . . . , ar−1

b1, . . . , bs−1

∣∣∣∣ q; arz

bs

)
. (0.4.10)

Mostly, the left-hand sides of the formulas (0.4.3) and (0.4.7) occur as limit cases when some
numerator parameter and some denominator parameter tend to the same value.

All families of discrete orthogonal polynomials {Pn(x)}N
n=0 are defined for n = 0, 1, 2, . . . , N ,

where N is a nonnegative integer. In these cases something like (0.4.3) or (0.4.7) occurs in the
definition when n = N . In these cases we have to be aware of the fact that we still have a
polynomial (in that case of degree N). For instance, if we take n = N in the definition (1.5.1) of
the Hahn polynomials we have

QN (x;α, β, N) =
N∑

k=0

(n + α + β + 1)k(−x)k

(α + 1)kk!

and if we take n = N in the definition (3.6.1) of the q-Hahn polynomials we have

QN (q−x;α, β, N |q) =
N∑

k=0

(αβqn+1; q)k(q−x; q)k

(αq; q)k(q; q)k
qk.

So these cases must be understood by continuity.
In cases of discrete orthogonal polynomials we need a special notation for some of the generating

functions. We define

[f(t)]N :=
N∑

k=0

f (k)(0)
k!

tk,

for every function f for which f (k)(0), k = 0, 1, 2, . . . , N exists. As an example of the use of this
Nth partial sum of a power series in t we remark that the generating function (1.10.12) for the
Krawtchouk polynomials must be understood as follows : the Nth partial sum of

et
1F1

(
−x

−N

∣∣∣∣− t

p

)
=

∞∑
k=0

tk

k!

x∑
m=0

(−x)m

(−N)mm!

(
− t

p

)m

equals
N∑

n=0

Kn(x; p,N)
n!

tn,

for x = 0, 1, 2, . . . , N .

0.5 The q-binomial theorem and other summation formulas

One of the most important summation formulas for hypergeometric series is given by the binomial
theorem :

1F0

(
a

−

∣∣∣∣ z) =
∞∑

n=0

(a)n

n!
zn = (1− z)−a, |z| < 1. (0.5.1)

A q-analogue of this formula is called the q-binomial theorem :

1φ0

(
a

−

∣∣∣∣ q; z) =
∞∑

n=0

(a; q)n

(q; q)n
zn =

(az; q)∞
(z; q)∞

, |z| < 1. (0.5.2)
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For a = q−n with n a nonnegative integer we find

1φ0

(
q−n

−

∣∣∣∣ q; z) = (zq−n; q)n, n = 0, 1, 2, . . . . (0.5.3)

In fact this is a q-analogue of Newton’s binomium

1F0

(
−n

−

∣∣∣∣ z) =
n∑

k=0

(−n)k

k!
zk =

n∑
k=0

(
n

k

)
(−z)k = (1− z)n, n = 0, 1, 2, . . . . (0.5.4)

As an example of the use of these formulas we show how we can obtain the generating function
(1.3.12) for the continuous dual Hahn polynomials from the generating function (1.1.12) for the
Wilson polynomials. From chapter 2 we know that

lim
d→∞

Wn(x2; a, b, c, d)
(a + d)n

= Sn(x2; a, b, c),

where Wn(x2; a, b, c, d) denotes the Wilson polynomial defined by (1.1.1) and Sn(x2; a, b, c) denotes
the continuous dual Hahn polynomial given by (1.3.1). Now we have by using (0.4.6) and (0.5.1)

lim
d→∞

2F1

(
c− ix, d− ix

c + d

∣∣∣∣ t) = 1F0

(
c− ix

−

∣∣∣∣ t) = (1− t)−c+ix, |t| < 1,

which implies the desired result.
In a similar way we can find the generating function (3.14.11) for the quantum q-Krawtchouk

polynomials from the generating function (3.6.11) for the q-Hahn polynomials. First we have from
chapter 4 :

lim
α→∞

Qn(q−x;α, p,N |q) = Kqtm
n (q−x; p,N ; q),

where Qn(q−x;α, β, N |q) denotes the q-Hahn polynomial defined by (3.6.1) and Kqtm
n (q−x; p, N ; q)

denotes the quantum q-Krawtchouk polynomial given by (3.14.1). Further we have by using (0.4.9)
and (0.5.3)

lim
α→∞ 1φ1

(
q−x

αq

∣∣∣∣ q;αqt

)
= 1φ0

(
q−x

−

∣∣∣∣ q; t) = (q−xt; q)x, x = 0, 1, 2, . . . , N,

which leads to the desired result.
Another example of the use of the q-binomial theorem is the proof of the fact that the generating

function (3.10.25) for the continuous q-ultraspherical (or Rogers) polynomials is a q-analogue of
the generating function (1.8.24) for the Gegenbauer (or ultraspherical) polynomials. In fact we
have, after the substitution β = qλ :∣∣∣∣ (qλeiθt; q)∞

(eiθt; q)∞

∣∣∣∣2 =
(qλeiθt, qλe−iθt; q)∞

(eiθt, e−iθt; q)∞
= 1φ0

(
qλ

−

∣∣∣∣ q; eiθt

)
1φ0

(
qλ

−

∣∣∣∣ q; e−iθt

)
,

which tends to (for q ↑ 1)

1F0

(
λ

−

∣∣∣∣ eiθt

)
1F0

(
λ

−

∣∣∣∣ e−iθt

)
= (1− eiθt)−λ(1− e−iθt)−λ = (1− 2xt + t2)−λ, x = cos θ,

which equals (1.8.24).
The well-known Gauss summation formula

2F1

(
a, b

c

∣∣∣∣ 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

, Re(c− a− b) > 0 (0.5.5)

and the Vandermonde summation formula

2F1

(
−n, b

c

∣∣∣∣ 1) =
(c− b)n

(c)n
, n = 0, 1, 2, . . . (0.5.6)
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have the following q-analogues :

2φ1

(
a, b

c

∣∣∣∣ q; c

ab

)
=

(a−1c, b−1c; q)∞
(c, a−1b−1c; q)∞

,
∣∣∣ c

ab

∣∣∣ < 1, (0.5.7)

2φ1

(
q−n, b

c

∣∣∣∣ q; cqn

b

)
=

(b−1c; q)n

(c; q)n
, n = 0, 1, 2, . . . (0.5.8)

and

2φ1

(
q−n, b

c

∣∣∣∣ q; q) =
(b−1c; q)n

(c; q)n
bn, n = 0, 1, 2, . . . . (0.5.9)

On the next level we have the summation formula

3F2

(
−n, a, b

c, 1 + a + b− c− n

∣∣∣∣ 1) =
(c− a)n(c− b)n

(c)n(c− a− b)n
, n = 0, 1, 2, . . . (0.5.10)

which is called Saalschütz (or Pfaff-Saalschütz) summation formula. A q-analogue of this summa-
tion formula is

3φ2

(
q−n, a, b

c, abc−1q1−n

∣∣∣∣ q; q) =
(a−1c, b−1c; q)n

(c, a−1b−1c; q)n
, n = 0, 1, 2, . . . . (0.5.11)

Finally, we have a summation formula for the 1φ1 series :

1φ1

( a

c

∣∣∣ q; c

a

)
=

(a−1c; q)∞
(c; q)∞

. (0.5.12)

As an example of the use of this latter formula we remark that the q-Laguerre polynomials
defined by (3.21.1) have the property that

L(α)
n (−1; q) =

1
(q; q)n

, n = 0, 1, 2, . . . .

0.6 Transformation formulas

In this section we list a number of transformation formulas which can be used to transform
definitions or other formulas into equivalent but different forms.

First of all we have Heine’s transformation formulas for the 2φ1 series :

2φ1

(
a, b

c

∣∣∣∣ q; z) =
(az, b; q)∞
(c, z; q)∞

2φ1

(
b−1c, z

az

∣∣∣∣ q; b) (0.6.1)

=
(b−1c, bz; q)∞

(c, z; q)∞
2φ1

(
abc−1z, b

bz

∣∣∣∣ q; c

b

)
(0.6.2)

=
(abc−1z; q)∞

(z; q)∞
2φ1

(
a−1c, b−1c

c

∣∣∣∣ q; abz

c

)
. (0.6.3)

The latter formula is a q-analogue of Euler’s transformation formula :

2F1

(
a, b

c

∣∣∣∣ z) = (1− z)c−a−b
2F1

(
c− a, c− b

c

∣∣∣∣ z) . (0.6.4)

Another transformation formula for the 2φ1 series is

2φ1

(
a, b

c

∣∣∣∣ q; z) =
(az; q)∞
(z; q)∞

2φ2

(
a, b−1c

c, az

∣∣∣∣ q; bz) , (0.6.5)
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which is a q-analogue of another transformation formula for the 2F1 series which is also due to
Euler :

2F1

(
a, b

c

∣∣∣∣ z) = (1− z)−a
2F1

(
a, c− b

c

∣∣∣∣ z

z − 1

)
. (0.6.6)

This transformation formula is also known as the Pfaff-Kummer transformation formula.
As a limit case of this one we have Kummer’s transformation formula for the confluent hyper-

geometric series :

1F1

( a

c

∣∣∣ z) = ez
1F1

(
c− a

c

∣∣∣∣− z

)
. (0.6.7)

Limit cases of Heine’s transformation formulas are

2φ1

(
0, 0
c

∣∣∣∣ q; z) =
1

(c, z; q)∞
1φ1

( z

0

∣∣∣ q; c) (0.6.8)

=
1

(z; q)∞
0φ1

(
−
c

∣∣∣∣ q; cz) , (0.6.9)

2φ1

(
a, 0
c

∣∣∣∣ q; z) =
(az; q)∞
(c, z; q)∞

1φ1

( z

az

∣∣∣ q; c) (0.6.10)

=
1

(z; q)∞
1φ1

(
a−1c

c

∣∣∣∣ q; az

)
, (0.6.11)

1φ1

( a

c

∣∣∣ q; z) =
(a, z; q)∞
(c; q)∞

2φ1

(
a−1c, 0

z

∣∣∣∣ q; a) (0.6.12)

= (ac−1z; q)∞ · 2φ1

(
a−1c, 0

c

∣∣∣∣ q; az

c

)
(0.6.13)

and

2φ1

(
a, b

0

∣∣∣∣ q; z) =
(az, b; q)∞

(z; q)∞
2φ1

(
z, 0
az

∣∣∣∣ q; b) (0.6.14)

=
(bz; q)∞
(z; q)∞

1φ1

(
b

bz

∣∣∣∣ q; az

)
. (0.6.15)

If we reverse the order of summation in a terminating 1F1 series we obtain a 2F0 series, in fact
we have

1F1

(
−n

a

∣∣∣∣x) =
(−x)n

(a)n
2F0

(
−n,−a− n + 1

−

∣∣∣∣− 1
x

)
, n = 0, 1, 2, . . . . (0.6.16)

If we apply this technique to a terminating 2F1 series we find

2F1

(
−n, b

c

∣∣∣∣x) =
(b)n

(c)n
(−x)n

2F1

(
−n,−c− n + 1
−b− n + 1

∣∣∣∣ 1
x

)
, n = 0, 1, 2, . . . . (0.6.17)

The q-analogues of these formulas are

1φ1

(
q−n

a

∣∣∣∣ q; z) =
(q−1z)n

(a; q)n
2φ1

(
q−n, a−1q1−n

0

∣∣∣∣ q; aqn+1

z

)
, n = 0, 1, 2, . . . (0.6.18)

and

2φ1

(
q−n, b

c

∣∣∣∣ q; z)
=

(b; q)n

(c; q)n
q−n−(n

2)(−z)n
2φ1

(
q−n, c−1q1−n

b−1q1−n

∣∣∣∣ q; cqn+1

bz

)
, n = 0, 1, 2, . . . . (0.6.19)
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A limit case of the latter formula is

2φ0

(
q−n, b

−

∣∣∣∣ q; zqn

)
= (b; q)nzn

2φ1

(
q−n, 0

b−1q1−n

∣∣∣∣ q; q

bz

)
, n = 0, 1, 2, . . . . (0.6.20)

The next transformation formula is due to Jackson :

2φ1

(
q−n, b

c

∣∣∣∣ q; z) =
(bc−1q−nz; q)∞

(bc−1z; q)∞
3φ2

(
q−n, b−1c, 0
c, b−1cqz−1

∣∣∣∣ q; q) , n = 0, 1, 2, . . . . (0.6.21)

Equivalently we have

3φ2

(
q−n, a, 0

b, c

∣∣∣∣ q; q) =
(b−1q; q)∞

(b−1q1−n; q)∞
2φ1

(
q−n, a−1c

c

∣∣∣∣ q; aq

b

)
, n = 0, 1, 2, . . . . (0.6.22)

Other transformation formulas of this kind are given by :

2φ1

(
q−n, b

c

∣∣∣∣ q; z) =
(b−1c; q)n

(c; q)n

(
bz

q

)n

3φ2

(
q−n, qz−1, c−1q1−n

bc−1q1−n, 0

∣∣∣∣ q; q) (0.6.23)

=
(b−1c; q)n

(c; q)n
3φ2

(
q−n, b, bc−1q−nz

bc−1q1−n, 0

∣∣∣∣ q; q) , n = 0, 1, 2, . . . , (0.6.24)

or equivalently

3φ2

(
q−n, a, b

c, 0

∣∣∣∣ q; q) =
(b; q)n

(c; q)n
an

2φ1

(
q−n, b−1c

b−1q1−n

∣∣∣∣ q; q

a

)
(0.6.25)

=
(a−1c; q)n

(c; q)n
an

2φ1

(
q−n, a

ac−1q1−n

∣∣∣∣ q; bq

c

)
, n = 0, 1, 2, . . . . (0.6.26)

Limit cases of these formulas are

2φ0

(
q−n, b

−

∣∣∣∣ q; z) = b−n
3φ2

(
q−n, b, bzq−n

0, 0

∣∣∣∣ q; q) , n = 0, 1, 2, . . . , (0.6.27)

or equivalently

3φ2

(
q−n, a, b

0, 0

∣∣∣∣ q; q) = (b; q)nan
2φ1

(
q−n, 0

b−1q1−n

∣∣∣∣ q; q

a

)
(0.6.28)

= an
2φ0

(
q−n, a

−

∣∣∣∣ q; bqn

a

)
, n = 0, 1, 2, . . . . (0.6.29)

On the next level we have Sears’ transformation formula for a terminating balanced 4φ3 series :

4φ3

(
q−n, a, b, c

d, e, f

∣∣∣∣ q; q)
=

(a−1e, a−1f ; q)n

(e, f ; q)n
an

4φ3

(
q−n, a, b−1d, c−1d

d, ae−1q1−n, af−1q1−n

∣∣∣∣ q; q) (0.6.30)

=
(a, a−1b−1ef, a−1c−1ef ; q)n

(e, f, a−1b−1c−1ef ; q)n

× 4φ3

(
q−n, a−1e, a−1f, a−1b−1c−1ef

a−1b−1ef, a−1c−1ef, a−1q1−n

∣∣∣∣ q; q) , def = abcq1−n. (0.6.31)

Sears’ transformation formula is a q-analogue of Whipple’s transformation formula for a ter-
minating balanced 4F3 series :

4F3

(
−n, a, b, c

d, e, f

∣∣∣∣ 1) =
(e− a)n(f − a)n

(e)n(f)n

× 4F3

(
−n, a, d− b, d− c

d, a− e− n + 1, a− f − n + 1

∣∣∣∣ 1) , a + b + c + 1 = d + e + f + n. (0.6.32)
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Whipple’s formula can be used to show that the Wilson polynomials defined by (1.1.1) are
symmetric in their parameters in the sense that the following 24 different forms are all equal :

Wn(x2; a, b, c, d) = Wn(x2; a, b, d, c) = Wn(x2; a, c, b, d) = · · · = Wn(x2; d, c, b, a).

Sears’ transformation formula can be used to derive similar symmetry relations for the Askey-
Wilson polynomials defined by (3.1.1) :

pn(x; a, b, c, d) = pn(x; a, b, d, c) = pn(x; a, c, b, d) = · · · = pn(x; d, c, b, a).

Finally, we mention a quadratic transformation formula which is due to Singh :

4φ3

(
a2, b2, c, d

abq
1
2 ,−abq

1
2 ,−cd

∣∣∣∣ q; q) = 4φ3

(
a2, b2, c2, d2

a2b2q,−cd,−cdq

∣∣∣∣ q2; q2

)
, (0.6.33)

which is valid when both sides terminate.
If we apply Singh’s formula (0.6.33) to the continuous q-Jacobi polynomials defined by (3.10.1)

and (3.10.14) and use Sears’ transformation formula (0.6.30), formula (0.2.10) twice and also
formula (0.2.18), then we find the quadratic transformation

P (α,β)
n (x|q2) =

(−q; q)n

(−qα+β+1; q)n
qnαP (α,β)

n (x; q).

0.7 Some special functions and their q-analogues

The classical exponential function exp(z) and the trigonometric functions sin(z) and cos(z) can
be expressed in terms of hypergeometric functions as

exp(z) = ez = 0F0

(
−
−

∣∣∣∣ z) , (0.7.1)

sin(z) = z 0F1

(
−
3
2

∣∣∣∣− z2

4

)
(0.7.2)

and

cos(z) = 0F1

(
−
1
2

∣∣∣∣− z2

4

)
. (0.7.3)

Further we have the well-known Bessel function Jν(z) which can be defined by

Jν(z) :=

(
1
2z
)ν

Γ(ν + 1) 0F1

(
−

ν + 1

∣∣∣∣− z2

4

)
. (0.7.4)

Applying this formula to the generating function (1.11.11) of the Laguerre polynomials we
obtain :

(xt)−
1
2 αetJα(2

√
xt) =

1
Γ(α + 1)

∞∑
n=0

L
(α)
n (x)

(α + 1)n
tn.

These functions all have several q-analogues. The exponential function for instance has two
different natural q-extensions, denoted by eq(z) and Eq(z) defined by

eq(z) := 1φ0

(
0
−

∣∣∣∣ q; z) =
∞∑

n=0

zn

(q; q)n
(0.7.5)

and

Eq(z) := 0φ0

(
−
−

∣∣∣∣ q;−z

)
=

∞∑
n=0

q(
n
2)

(q; q)n
zn. (0.7.6)
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These q-analogues of the exponential function are related by

eq(z)Eq(−z) = 1.

They are q-extensions of the exponential function since

lim
q↑1

eq((1− q)z) = lim
q↑1

Eq((1− q)z) = ez.

If we set a = 0 in the q-binomial theorem we find for the q-exponential functions :

eq(z) = 1φ0

(
0
−

∣∣∣∣ q; z) =
1

(z; q)∞
, |z| < 1. (0.7.7)

Further we have

Eq(z) = 0φ0

(
−
−

∣∣∣∣ q;−z

)
= (−z; q)∞. (0.7.8)

For instance, these formulas can be used to obtain other versions of a generating function for
several sets of orthogonal polynomials mentioned in this report.

If we assume that |z| < 1 we may define

sinq(z) :=
eq(iz)− eq(−iz)

2i
=

∞∑
n=0

(−1)nz2n+1

(q; q)2n+1
(0.7.9)

and

cosq(z) :=
eq(iz) + eq(−iz)

2
=

∞∑
n=0

(−1)nz2n

(q; q)2n
. (0.7.10)

These are q-analogues of the trigonometric functions sin(z) and cos(z). On the other hand we
may define

Sinq(z) :=
Eq(iz)− Eq(−iz)

2i
(0.7.11)

and

Cosq(z) :=
Eq(iz) + Eq(−iz)

2
. (0.7.12)

Then it is not very difficult to verify that

eq(iz) = cosq(z) + i sinq(z) and Eq(iz) = Cosq(z) + i Sinq(z).

Further we have  sinq(z)Sinq(z) + cosq(z)Cosq(z) = 1

sinq(z)Cosq(z)− Sinq(z) cosq(z) = 0.

The q-analogues of the trigonometric functions can be used to find different forms of formulas
appearing in this report, although we will not use them.

Some q-analogues of the Bessel functions are given by

J (1)
ν (z; q) :=

(qν+1; q)∞
(q; q)∞

(z

2

)ν

2φ1

(
0, 0
qν+1

∣∣∣∣ q;−z2

4

)
(0.7.13)

and

J (2)
ν (z; q) :=

(qν+1; q)∞
(q; q)∞

(z

2

)ν

0φ1

(
−

qν+1

∣∣∣∣ q;−qν+1z2

4

)
. (0.7.14)

These q-Bessel functions are connected by

J (2)
ν (z; q) = (−z2

4
; q)∞ · J (1)

ν (z; q), |z| < 2.
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They are q-analogues of the Bessel function since

lim
q↑1

J (k)
ν ((1− q)z; q) = Jν(z), k = 1, 2.

These q-Bessel functions were introduced by F.H. Jackson in 1905. They are therefore referred
to as Jackson q-Bessel functions. Another q-analogue of the Bessel function is the so-called Hahn-
Exton q-Bessel function which can be defined by

J (3)
ν (z; q) :=

(qν+1; q)∞
(q; q)∞

zν
1φ1

(
0

qν+1

∣∣∣∣ q; qz2

)
. (0.7.15)

As an example we note that

lim
n→∞

L(α)
n (x; q) = x−

1
2 αJ (2)

α (2
√

x; q),

where L
(α)
n (x; q) denotes the q-Laguerre polynomial defined by (3.21.1). We also have

lim
n→∞

pn(qnx; qα|q) =
(q; q)∞

(qα+1; q)∞
x−

1
2 αJ (3)

α (
√

x; q),

where pn(x; a|q) denotes the little q-Laguerre (or Wall) polynomial defined by (3.20.1).
Finally we remark that the generating function (3.20.11) for the little q-Laguerre (or Wall)

polynomials can also be written as

(−t; q)∞(q; q)∞
(qα+1; q)∞

(xt)−
1
2 αJ (1)

α (2
√

xt; q) =
∞∑

n=0

q(
n
2)

(q; q)n
pn(x; qα|q)tn

or as
(q; q)∞

(qα+1; q)∞
(xt)−

1
2 αEq(t)J (1)

α (2
√

xt; q) =
∞∑

n=0

q(
n
2)

(q; q)n
pn(x; qα|q)tn.

0.8 The q-derivative and the q-integral

The q-derivative operator Dq is defined by

Dqf(z) :=


f(z)− f(qz)

(1− q)z
, z 6= 0

f ′(0), z = 0.

(0.8.1)

Further we define
D0

qf := f and Dn
q f := Dq

(
Dn−1

q f
)
, n = 1, 2, 3, . . . . (0.8.2)

It is not very difficult to see that
lim
q↑1

Dqf(z) = f ′(z)

if the function f is differentiable at z.
An easy consequence of this definition is

Dq [f(γx)] = γ (Dqf) (γx) (0.8.3)

for all real γ or more general

Dn
q [f(γx)] = γn

(
Dn

q f
)
(γx), n = 0, 1, 2, . . . . (0.8.4)

Further we have
Dq [f(x)g(x)] = f(qx)Dqg(x) + g(x)Dqf(x) (0.8.5)
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which is often referred to as the q-product rule. This can be generalized to a q-analogue of Leibniz’
rule :

Dn
q [f(x)g(x)] =

n∑
k=0

[n
k

]
q

(
Dn−k

q f
)
(qkx)

(
Dk

q g
)
(x), n = 0, 1, 2, . . . . (0.8.6)

As an example we note that the q-difference equation (3.21.6) of the q-Laguerre polynomials
can also be written in terms of this q-derivative operator as

(1−q)2xD2
qy(x)+(1−q)

[
1− qα+1 − qα+2x

]
(Dqy) (qx)+(1−qn)qα+1y(qx) = 0, y(x) = L(α)

n (x; q).

The q-integral is defined by∫ z

0

f(t)dqt := z(1− q)
∞∑

n=0

f(qnz)qn. (0.8.7)

This definition is due to J. Thomae and F.H. Jackson. Jackson also defined a q-integral on (0,∞)
by ∫ ∞

0

f(t)dqt := (1− q)
∞∑

n=−∞
f(qn)qn. (0.8.8)

If the function f is continuous on [0, z] we have

lim
q↑1

∫ z

0

f(t)dqt =
∫ z

0

f(t)dt.

For instance, the orthogonality relation (3.12.2) for the little q-Jacobi polynomials can also be
written in terms of a q-integral as :

1∫
0

(qx; q)∞
(qβ+1x; q)∞

xαpm(x; qα, qβ |q)pn(x; qα, qβ |q)dqx

= (1− q)
(q, qα+β+2; q)∞
(qα+1, qβ+1; q)∞

(1− qα+β+1)
(1− q2n+α+β+1)

(q, qβ+1; q)n

(qα+1, qα+β+1; q)n
qn(α+1)δmn, α > −1, β > −1.

0.9 Shift operators and Rodrigues-type formulas

We need some more differential and difference operators to formulate the Rodrigues-type formulas.
These operators can also be used to formulate the second order differential or difference equations
but this is mostly avoided. As usual we will use the notation

f ′(x) =
d

dx
f(x) =

df(x)
dx

.

Further we define
δf(x) = f(x + 1

2 i)− f(x− 1
2 i), (0.9.1)

∆f(x) = f(x + 1)− f(x) (0.9.2)

and
∇f(x) = f(x)− f(x− 1). (0.9.3)

Note that this implies that

δ2f(x) = f(x + i)− f(x)− f(x− i) + f(x) = f(x + i)− f(x− i),

δx = x + 1
2 i− (x− 1

2 i) = i and δx2 = (x + 1
2 i)2 − (x− 1

2 i)2 = 2ix.

21



Further we have for λ(x) := x(x + γ + δ + 1)

∆λ(x) = 2x + γ + δ + 2 and ∇λ(x) = 2x + γ + δ.

In a similar way we have for µ(x) := q−x + γδqx+1

∆µ(x) = q−x−1(1− q)(1− γδq2x+2) and ∇µ(x) = q−x(1− q)(1− γδq2x)

and hence for λ(x) := q−x + cqx−N

∆λ(x) = q−x−1(1− q)(1− cq2x−N+1) and ∇λ(x) = q−x(1− q)(1− cq2x−N−1).

Also note that
∆q−x = q−x−1(1− q) and ∇q−x = q−x(1− q).

For the Rodrigues-type formula in case of discrete orthogonal polynomials we often need to
define an operator like

∇λ :=
∇

∇λ(x)
,

where λ(x) := λ(x; γ, δ) = x(x + γ + δ + 1) depends on γ and δ, for the following reason. For
instance, the Rodrigues-type formula (1.2.10) for the Racah polynomials can be obtained from
(1.2.9) by iteration. First we find from (1.2.9)

ω(x;α, β, γ, δ)Rn(λ(x; γ, δ);α, β, γ, δ) = (γ + δ + 1)

× ∇
∇λ(x; γ + 1, δ)

[ω(x;α + 1, β + 1, γ + 1, δ)Rn−1(λ(x; γ + 1, δ);α + 1, β + 1, γ + 1, δ)] ,

where λ(x; γ + 1, δ) = x(x + γ + δ + 2). If we iterate this formula the λ(x) involved equals
λ(x; γ + n, δ), n = 1, 2, 3, . . . respectively.

In a similar way we obtain from (3.2.10) for the q-Racah polynomials

w̃(x;α, β, γ, δ|q)Rn(µ(x; γ, δ|q);α, β, γ, δ|q)

= (1− q)(1− γδq)
∇

∇µ(x; γq, δ|q)
[w̃(x;αq, βq, γq, δ|q)Rn−1(µ(x; γq, δ|q);αq, βq, γq, δ|q)] ,

where µ(x; γq, δ|q) := q−x + γδqx+2 depends on γ and δ. Iterating this formula we finally obtain
the Rodrigues-type formula (3.2.11) for the q-Racah polynomials. In this process the µ(x) involved
equals µ(x; γqn, δ) = q−x + γδqx+n+1, where n = 1, 2, 3, . . ..

Finally we define

Dqf(x) :=
δqf(x)

δqx
with δqf(eiθ) = f(q

1
2 eiθ)− f(q−

1
2 eiθ), x = cos θ. (0.9.4)

Here we have
δqx = − 1

2q−
1
2 (1− q)(eiθ − e−iθ), x = cos θ.
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Chapter 1

Hypergeometric orthogonal
polynomials

1.1 Wilson

Definition.

Wn(x2; a, b, c, d)
(a + b)n(a + c)n(a + d)n

= 4F3

(
−n, n + a + b + c + d− 1, a + ix, a− ix

a + b, a + c, a + d

∣∣∣∣ 1) . (1.1.1)

Orthogonality. If Re(a, b, c, d) > 0 and non-real parameters occur in conjugate pairs, then

1
2π

∞∫
0

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)Γ(d + ix)
Γ(2ix)

∣∣∣∣2 Wm(x2; a, b, c, d)Wn(x2; a, b, c, d)dx

=
Γ(n + a + b) · · ·Γ(n + c + d)

Γ(2n + a + b + c + d)
(n + a + b + c + d− 1)nn! δmn, (1.1.2)

where

Γ(n + a + b) · · ·Γ(n + c + d)
= Γ(n + a + b)Γ(n + a + c)Γ(n + a + d)Γ(n + b + c)Γ(n + b + d)Γ(n + c + d).

If a < 0 and a + b, a + c, a + d are positive or a pair of complex conjugates occur with positive
real parts, then

1
2π

∞∫
0

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)Γ(d + ix)
Γ(2ix)

∣∣∣∣2 Wm(x2; a, b, c, d)Wn(x2; a, b, c, d)dx

+
Γ(a + b)Γ(a + c)Γ(a + d)Γ(b− a)Γ(c− a)Γ(d− a)

Γ(−2a)

×
∑

k=0,1,2...

a+k<0

(2a)k(a + 1)k(a + b)k(a + c)k(a + d)k

(a)k(a− b + 1)k(a− c + 1)k(a− d + 1)kk!

×Wm(−(a + k)2; a, b, c, d)Wn(−(a + k)2; a, b, c, d)

=
Γ(n + a + b) · · ·Γ(n + c + d)

Γ(2n + a + b + c + d)
(n + a + b + c + d− 1)nn! δmn. (1.1.3)

Recurrence relation.

−
(
a2 + x2

)
W̃n(x2) = AnW̃n+1(x2)− (An + Cn) W̃n(x2) + CnW̃n−1(x2), (1.1.4)
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where

W̃n(x2) := W̃n(x2; a, b, c, d) =
Wn(x2; a, b, c, d)

(a + b)n(a + c)n(a + d)n

and 
An =

(n + a + b + c + d− 1)(n + a + b)(n + a + c)(n + a + d)
(2n + a + b + c + d− 1)(2n + a + b + c + d)

Cn =
n(n + b + c− 1)(n + b + d− 1)(n + c + d− 1)

(2n + a + b + c + d− 2)(2n + a + b + c + d− 1)
.

Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn − a2)pn(x) + An−1Cnpn−1(x), (1.1.5)

where
Wn(x2; a, b, c, d) = (−1)n(n + a + b + c + d− 1)npn(x2).

Difference equation.

n(n + a + b + c + d− 1)y(x) = B(x)y(x + i)− [B(x) + D(x)] y(x) + D(x)y(x− i), (1.1.6)

where
y(x) = Wn(x2; a, b, c, d)

and 
B(x) =

(a− ix)(b− ix)(c− ix)(d− ix)
2ix(2ix− 1)

D(x) =
(a + ix)(b + ix)(c + ix)(d + ix)

2ix(2ix + 1)
.

Forward shift operator.

Wn((x + 1
2 i)2; a, b, c, d)−Wn((x− 1

2 i)2; a, b, c, d)

= −2inx(n + a + b + c + d− 1)Wn−1(x2; a + 1
2 , b + 1

2 , c + 1
2 , d + 1

2 ) (1.1.7)

or equivalently

δWn(x2; a, b, c, d)
δx2

= −n(n + a + b + c + d− 1)Wn−1(x2; a + 1
2 , b + 1

2 , c + 1
2 , d + 1

2 ). (1.1.8)

Backward shift operator.

(a− 1
2 − ix)(b− 1

2 − ix)(c− 1
2 − ix)(d− 1

2 − ix)Wn((x + 1
2 i)2; a, b, c, d)

− (a− 1
2 + ix)(b− 1

2 + ix)(c− 1
2 + ix)(d− 1

2 + ix)Wn((x− 1
2 i)2; a, b, c, d)

= −2ixWn+1(x2; a− 1
2 , b− 1

2 , c− 1
2 , d− 1

2 ) (1.1.9)

or equivalently

δ
[
ω(x; a, b, c, d)Wn(x2; a, b, c, d)

]
δx2

= ω(x; a− 1
2 , b− 1

2 , c− 1
2 , d− 1

2 )Wn+1(x2; a− 1
2 , b− 1

2 , c− 1
2 , d− 1

2 ), (1.1.10)

where

ω(x; a, b, c, d) :=
1

2ix

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)Γ(d + ix)
Γ(2ix)

∣∣∣∣2 .
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Rodrigues-type formula.

ω(x; a, b, c, d)Wn(x2; a, b, c, d) =
(

δ

δx2

)n [
ω(x; a + 1

2n, b + 1
2n, c + 1

2n, d + 1
2n)
]
. (1.1.11)

Generating functions.

2F1

(
a + ix, b + ix

a + b

∣∣∣∣ t) 2F1

(
c− ix, d− ix

c + d

∣∣∣∣ t) =
∞∑

n=0

Wn(x2; a, b, c, d)tn

(a + b)n(c + d)nn!
. (1.1.12)

2F1

(
a + ix, c + ix

a + c

∣∣∣∣ t) 2F1

(
b− ix, d− ix

b + d

∣∣∣∣ t) =
∞∑

n=0

Wn(x2; a, b, c, d)tn

(a + c)n(b + d)nn!
. (1.1.13)

2F1

(
a + ix, d + ix

a + d

∣∣∣∣ t) 2F1

(
b− ix, c− ix

b + c

∣∣∣∣ t) =
∞∑

n=0

Wn(x2; a, b, c, d)tn

(a + d)n(b + c)nn!
. (1.1.14)

(1− t)1−a−b−c−d
4F3

( 1
2 (a + b + c + d− 1), 1

2 (a + b + c + d), a + ix, a− ix

a + b, a + c, a + d

∣∣∣∣− 4t

(1− t)2

)
=

∞∑
n=0

(a + b + c + d− 1)n

(a + b)n(a + c)n(a + d)nn!
Wn(x2; a, b, c, d)tn. (1.1.15)

Remark. If we set
a = 1

2 (γ + δ + 1) ; b = 1
2 (2α− γ − δ + 1)

c = 1
2 (2β − γ + δ + 1) ; d = 1

2 (γ − δ + 1)

and
ix → x + 1

2 (γ + δ + 1)

in

W̃n(x2; a, b, c, d) =
Wn(x2; a, b, c, d)

(a + b)n(a + c)n(a + d)n
,

defined by (1.1.1) and take

α + 1 = −N or β + δ + 1 = −N or γ + 1 = −N, with N a nonnegative integer

we obtain the Racah polynomials defined by (1.2.1).
References. [43], [63], [64], [67], [225], [226], [273], [274], [312], [317], [391], [399], [400].

1.2 Racah

Definition.

Rn(λ(x);α, β, γ, δ)

= 4F3

(
−n, n + α + β + 1,−x, x + γ + δ + 1

α + 1, β + δ + 1, γ + 1

∣∣∣∣ 1) , n = 0, 1, 2, . . . , N, (1.2.1)

where
λ(x) = x(x + γ + δ + 1)

and

α + 1 = −N or β + δ + 1 = −N or γ + 1 = −N, with N a nonnegative integer.
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Orthogonality.

N∑
x=0

(α + 1)x(β + δ + 1)x(γ + 1)x(γ + δ + 1)x((γ + δ + 3)/2)x

(−α + γ + δ + 1)x(−β + γ + 1)x((γ + δ + 1)/2)x(δ + 1)xx!
Rm(λ(x))Rn(λ(x))

= M
(n + α + β + 1)n(α + β − γ + 1)n(α− δ + 1)n(β + 1)nn!

(α + β + 2)2n(α + 1)n(β + δ + 1)n(γ + 1)n
δmn, (1.2.2)

where
Rn(λ(x)) := Rn(λ(x);α, β, γ, δ)

and

M =



(−β)N (γ + δ + 2)N

(−β + γ + 1)N (δ + 1)N
if α + 1 = −N

(−α + δ)N (γ + δ + 2)N

(−α + γ + δ + 1)N (δ + 1)N
if β + δ + 1 = −N

(α + β + 2)N (−δ)N

(α− δ + 1)N (β + 1)N
if γ + 1 = −N.

Recurrence relation.

λ(x)Rn(λ(x)) = AnRn+1(λ(x))− (An + Cn) Rn(λ(x)) + CnRn−1(λ(x)), (1.2.3)

where
Rn(λ(x)) := Rn(λ(x);α, β, γ, δ)

and 
An =

(n + α + 1)(n + α + β + 1)(n + β + δ + 1)(n + γ + 1)
(2n + α + β + 1)(2n + α + β + 2)

Cn =
n(n + α + β − γ)(n + α− δ)(n + β)

(2n + α + β)(2n + α + β + 1)
,

hence

An =



(n + β −N)(n + β + δ + 1)(n + γ + 1)(n−N)
(2n + β −N)(2n + β −N + 1)

if α + 1 = −N

(n + α + 1)(n + α + β + 1)(n + γ + 1)(n−N)
(2n + α + β + 1)(2n + α + β + 2)

if β + δ + 1 = −N

(n + α + 1)(n + α + β + 1)(n + β + δ + 1)(n−N)
(2n + α + β + 1)(2n + α + β + 2)

if γ + 1 = −N

and

Cn =



n(n + β)(n + β − γ −N − 1)(n− δ −N − 1)
(2n + β −N − 1)(2n + β −N)

if α + 1 = −N

n(n + α + β + N + 1)(n + α + β − γ)(n + β)
(2n + α + β)(2n + α + β + 1)

if β + δ + 1 = −N

n(n + α + β + N + 1)(n + α− δ)(n + β)
(2n + α + β)(2n + α + β + 1)

if γ + 1 = −N.

Normalized recurrence relation.

xpn(x) = pn+1(x)− (An + Cn)pn(x) + An−1Cnpn−1(x), (1.2.4)
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where

Rn(λ(x);α, β, γ, δ) =
(n + α + β + 1)n

(α + 1)n(β + δ + 1)n(γ + 1)n
pn(λ(x)).

Difference equation.

n(n + α + β + 1)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (1.2.5)

where
y(x) = Rn(λ(x);α, β, γ, δ)

and 
B(x) =

(x + α + 1)(x + β + δ + 1)(x + γ + 1)(x + γ + δ + 1)
(2x + γ + δ + 1)(2x + γ + δ + 2)

D(x) =
x(x− α + γ + δ)(x− β + γ)(x + δ)

(2x + γ + δ)(2x + γ + δ + 1)
.

Forward shift operator.

Rn(λ(x + 1);α, β, γ, δ)−Rn(λ(x);α, β, γ, δ)

=
n(n + α + β + 1)

(α + 1)(β + δ + 1)(γ + 1)
(2x + γ + δ + 2)Rn−1(λ(x);α + 1, β + 1, γ + 1, δ) (1.2.6)

or equivalently

∆Rn(λ(x);α, β, γ, δ)
∆λ(x)

=
n(n + α + β + 1)

(α + 1)(β + δ + 1)(γ + 1)
Rn−1(λ(x);α + 1, β + 1, γ + 1, δ). (1.2.7)

Backward shift operator.

(x + α)(x + β + δ)(x + γ)(x + γ + δ)Rn(λ(x);α, β, γ, δ)
− x(x− β + γ)(x− α + γ + δ)(x + δ)Rn(λ(x− 1);α, β, γ, δ)

= αγ(β + δ)(2x + γ + δ)Rn+1(λ(x);α− 1, β − 1, γ − 1, δ) (1.2.8)

or equivalently

∇ [ω(x;α, β, γ, δ)Rn(λ(x);α, β, γ, δ)]
∇λ(x)

=
1

γ + δ
ω(x;α− 1, β − 1, γ − 1, δ)Rn+1(λ(x);α− 1, β − 1, γ − 1, δ), (1.2.9)

where

ω(x;α, β, γ, δ) =
(α + 1)x(β + δ + 1)x(γ + 1)x(γ + δ + 1)x

(−α + γ + δ + 1)x(−β + γ + 1)x(δ + 1)xx!
.

Rodrigues-type formula.

ω(x;α, β, γ, δ)Rn(λ(x);α, β, γ, δ) = (γ + δ + 1)n (∇λ)n [ω(x;α + n, β + n, γ + n, δ)] , (1.2.10)

where
∇λ :=

∇
∇λ(x)

.

Generating functions. For x = 0, 1, 2, . . . , N we have

2F1

(
−x,−x + α− γ − δ

α + 1

∣∣∣∣ t) 2F1

(
x + β + δ + 1, x + γ + 1

β + 1

∣∣∣∣ t)
=

N∑
n=0

(β + δ + 1)n(γ + 1)n

(β + 1)nn!
Rn(λ(x);α, β, γ, δ)tn,

if β + δ + 1 = −N or γ + 1 = −N. (1.2.11)
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2F1

(
−x,−x + β − γ

β + δ + 1

∣∣∣∣ t) 2F1

(
x + α + 1, x + γ + 1

α− δ + 1

∣∣∣∣ t)
=

N∑
n=0

(α + 1)n(γ + 1)n

(α− δ + 1)nn!
Rn(λ(x);α, β, γ, δ)tn,

if α + 1 = −N or γ + 1 = −N. (1.2.12)

2F1

(
−x,−x− δ

γ + 1

∣∣∣∣ t) 2F1

(
x + α + 1, x + β + δ + 1

α + β − γ + 1

∣∣∣∣ t)
=

N∑
n=0

(α + 1)n(β + δ + 1)n

(α + β − γ + 1)nn!
Rn(λ(x);α, β, γ, δ)tn,

if α + 1 = −N or β + δ + 1 = −N. (1.2.13)

[
(1− t)−α−β−1

4F3

( 1
2 (α + β + 1), 1

2 (α + β + 2),−x, x + γ + δ + 1
α + 1, β + δ + 1, γ + 1

∣∣∣∣− 4t

(1− t)2

)]
N

=
N∑

n=0

(α + β + 1)n

n!
Rn(λ(x);α, β, γ, δ)tn. (1.2.14)

Remark. If we set α = a + b− 1, β = c + d− 1, γ = a + d− 1, δ = a− d and x → −a + ix in the
definition (1.2.1) of the Racah polynomials we obtain the Wilson polynomials defined by (1.1.1) :

Rn(λ(−a + ix); a + b− 1, c + d− 1, a + d− 1, a− d)

= W̃n(x2; a, b, c, d) =
Wn(x2; a, b, c, d)

(a + b)n(a + c)n(a + d)n
.

References. [43], [62], [64], [67], [69], [145], [274], [297], [301], [323], [331], [341], [343], [399].

1.3 Continuous dual Hahn

Definition.
Sn(x2; a, b, c)

(a + b)n(a + c)n
= 3F2

(
−n, a + ix, a− ix

a + b, a + c

∣∣∣∣ 1) . (1.3.1)

Orthogonality. If a,b and c are positive except possibly for a pair of complex conjugates with
positive real parts, then

1
2π

∞∫
0

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)
Γ(2ix)

∣∣∣∣2 Sm(x2; a, b, c)Sn(x2; a, b, c)dx

= Γ(n + a + b)Γ(n + a + c)Γ(n + b + c)n! δmn. (1.3.2)

If a < 0 and a + b, a + c are positive or a pair of complex conjugates with positive real parts, then

1
2π

∞∫
0

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)
Γ(2ix)

∣∣∣∣2 Sm(x2; a, b, c)Sn(x2; a, b, c)dx

+
Γ(a + b)Γ(a + c)Γ(b− a)Γ(c− a)

Γ(−2a)
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×
∑

k=0,1,2...

a+k<0

(2a)k(a + 1)k(a + b)k(a + c)k

(a)k(a− b + 1)k(a− c + 1)kk!
(−1)k

× Sm(−(a + k)2; a, b, c)Sn(−(a + k)2; a, b, c)
= Γ(n + a + b)Γ(n + a + c)Γ(n + b + c)n! δmn. (1.3.3)

Recurrence relation.

−
(
a2 + x2

)
S̃n(x2) = AnS̃n+1(x2)− (An + Cn) S̃n(x2) + CnS̃n−1(x2), (1.3.4)

where

S̃n(x2) := S̃n(x2; a, b, c) =
Sn(x2; a, b, c)

(a + b)n(a + c)n

and  An = (n + a + b)(n + a + c)

Cn = n(n + b + c− 1).

Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn − a2)pn(x) + An−1Cnpn−1(x), (1.3.5)

where
Sn(x2; a, b, c) = (−1)npn(x2).

Difference equation.

ny(x) = B(x)y(x + i)− [B(x) + D(x)] y(x) + D(x)y(x− i), y(x) = Sn(x2; a, b, c), (1.3.6)

where 
B(x) =

(a− ix)(b− ix)(c− ix)
2ix(2ix− 1)

D(x) =
(a + ix)(b + ix)(c + ix)

2ix(2ix + 1)
.

Forward shift operator.

Sn((x + 1
2 i)2; a, b, c)− Sn((x− 1

2 i)2; a, b, c) = −2inxSn−1(x2; a + 1
2 , b + 1

2 , c + 1
2 ) (1.3.7)

or equivalently
δSn(x2; a, b, c)

δx2
= −nSn−1(x2; a + 1

2 , b + 1
2 , c + 1

2 ). (1.3.8)

Backward shift operator.

(a− 1
2 − ix)(b− 1

2 − ix)(c− 1
2 − ix)Sn((x + 1

2 i)2; a, b, c)
− (a− 1

2 + ix)(b− 1
2 + ix)(c− 1

2 + ix)Sn((x− 1
2 i)2; a, b, c)

= −2ixSn+1(x2; a− 1
2 , b− 1

2 , c− 1
2 ) (1.3.9)

or equivalently

δ
[
ω(x; a, b, c)Sn(x2; a, b, c)

]
δx2

= ω(x; a− 1
2 , b− 1

2 , c− 1
2 )Sn+1(x2; a− 1

2 , b− 1
2 , c− 1

2 ), (1.3.10)

where

ω(x; a, b, c) =
1

2ix

∣∣∣∣Γ(a + ix)Γ(b + ix)Γ(c + ix)
Γ(2ix)

∣∣∣∣2 .
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Rodrigues-type formula.

ω(x; a, b, c)Sn(x2; a, b, c) =
(

δ

δx2

)n [
ω(x; a + 1

2n, b + 1
2n, c + 1

2n)
]
. (1.3.11)

Generating functions.

(1− t)−c+ix
2F1

(
a + ix, b + ix

a + b

∣∣∣∣ t) =
∞∑

n=0

Sn(x2; a, b, c)
(a + b)nn!

tn. (1.3.12)

(1− t)−b+ix
2F1

(
a + ix, c + ix

a + c

∣∣∣∣ t) =
∞∑

n=0

Sn(x2; a, b, c)
(a + c)nn!

tn. (1.3.13)

(1− t)−a+ix
2F1

(
b + ix, c + ix

b + c

∣∣∣∣ t) =
∞∑

n=0

Sn(x2; a, b, c)
(b + c)nn!

tn. (1.3.14)

et
2F2

(
a + ix, a− ix

a + b, a + c

∣∣∣∣− t

)
=

∞∑
n=0

Sn(x2; a, b, c)
(a + b)n(a + c)nn!

tn. (1.3.15)

(1− t)−γ
3F2

(
γ, a + ix, a− ix

a + b, a + c

∣∣∣∣ t

t− 1

)
=

∞∑
n=0

(γ)nSn(x2; a, b, c)
(a + b)n(a + c)nn!

tn, γ arbitrary. (1.3.16)

References. [64], [223], [273], [274], [299], [300], [301], [304], [305], [391].

1.4 Continuous Hahn

Definition.

pn(x; a, b, c, d) = in
(a + c)n(a + d)n

n! 3F2

(
−n, n + a + b + c + d− 1, a + ix

a + c, a + d

∣∣∣∣ 1) . (1.4.1)

Orthogonality. If Re(a, b, c, d) > 0, c = ā and d = b̄, then

1
2π

∞∫
−∞

Γ(a + ix)Γ(b + ix)Γ(c− ix)Γ(d− ix)pm(x; a, b, c, d)pn(x; a, b, c, d)dx

=
Γ(n + a + c)Γ(n + a + d)Γ(n + b + c)Γ(n + b + d)
(2n + a + b + c + d− 1)Γ(n + a + b + c + d− 1)n!

δmn. (1.4.2)

Recurrence relation.

(a + ix)p̃n(x) = Anp̃n+1(x)− (An + Cn) p̃n(x) + Cnp̃n−1(x), (1.4.3)

where
p̃n(x) := p̃n(x; a, b, c, d) =

n!
in(a + c)n(a + d)n

pn(x; a, b, c, d)

and 
An = − (n + a + b + c + d− 1)(n + a + c)(n + a + d)

(2n + a + b + c + d− 1)(2n + a + b + c + d)

Cn =
n(n + b + c− 1)(n + b + d− 1)

(2n + a + b + c + d− 2)(2n + a + b + c + d− 1)
.
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Normalized recurrence relation.

xpn(x) = pn+1(x) + i(An + Cn + a)pn(x)−An−1Cnpn−1(x), (1.4.4)

where

pn(x; a, b, c, d) =
(n + a + b + c + d− 1)n

n!
pn(x).

Difference equation.

n(n + a + b + c + d− 1)y(x) = B(x)y(x + i)− [B(x) + D(x)] y(x) + D(x)y(x− i), (1.4.5)

where
y(x) = pn(x; a, b, c, d)

and  B(x) = (c− ix)(d− ix)

D(x) = (a + ix)(b + ix).
Forward shift operator.

pn(x + 1
2 i; a, b, c, d)− pn(x− 1

2 i; a, b, c, d)
= i(n + a + b + c + d− 1)pn−1(x; a + 1

2 , b + 1
2 , c + 1

2 , d + 1
2 ) (1.4.6)

or equivalently

δpn(x; a, b, c, d)
δx

= (n + a + b + c + d− 1)pn−1(x; a + 1
2 , b + 1

2 , c + 1
2 , d + 1

2 ). (1.4.7)

Backward shift operator.

(c− 1
2 − ix)(d− 1

2 − ix)pn(x + 1
2 i; a, b, c, d)

− (a− 1
2 + ix)(b− 1

2 + ix)pn(x− 1
2 i; a, b, c, d)

=
n + 1

i
pn+1(x; a− 1

2 , b− 1
2 , c− 1

2 , d− 1
2 ) (1.4.8)

or equivalently

δ [ω(x; a, b, c, d)pn(x; a, b, c, d)]
δx

= −(n + 1)ω(x; a− 1
2 , b− 1

2 , c− 1
2 , d− 1

2 )pn+1(x; a− 1
2 , b− 1

2 , c− 1
2 , d− 1

2 ), (1.4.9)

where
ω(x; a, b, c, d) = Γ(a + ix)Γ(b + ix)Γ(c− ix)Γ(d− ix).

Rodrigues-type formula.

ω(x; a, b, c, d)pn(x; a, b, c, d) =
(−1)n

n!

(
δ

δx

)n [
ω(x; a + 1

2n, b + 1
2n, c + 1

2n, d + 1
2n)
]
. (1.4.10)

Generating functions.

1F1

(
a + ix

a + c

∣∣∣∣− it

)
1F1

(
d− ix

b + d

∣∣∣∣ it) =
∞∑

n=0

pn(x; a, b, c, d)
(a + c)n(b + d)n

tn. (1.4.11)

1F1

(
a + ix

a + d

∣∣∣∣− it

)
1F1

(
c− ix

b + c

∣∣∣∣ it) =
∞∑

n=0

pn(x; a, b, c, d)
(a + d)n(b + c)n

tn. (1.4.12)

(1− t)1−a−b−c−d
3F2

( 1
2 (a + b + c + d− 1), 1

2 (a + b + c + d), a + ix

a + c, a + d

∣∣∣∣− 4t

(1− t)2

)
=

∞∑
n=0

(a + b + c + d− 1)n

(a + c)n(a + d)nin
pn(x; a, b, c, d)tn. (1.4.13)

References. [41], [43], [67], [68], [76], [205], [260], [274], [299], [301], [303].

32



1.5 Hahn

Definition.

Qn(x;α, β, N) = 3F2

(
−n, n + α + β + 1,−x

α + 1,−N

∣∣∣∣ 1) , n = 0, 1, 2, . . . , N. (1.5.1)

Orthogonality. For α > −1 and β > −1 or for α < −N and β < −N we have

N∑
x=0

(
α + x

x

)(
β + N − x

N − x

)
Qm(x;α, β, N)Qn(x;α, β, N)

=
(−1)n(n + α + β + 1)N+1(β + 1)nn!
(2n + α + β + 1)(α + 1)n(−N)nN !

δmn. (1.5.2)

Recurrence relation.

−xQn(x) = AnQn+1(x)− (An + Cn) Qn(x) + CnQn−1(x), (1.5.3)

where
Qn(x) := Qn(x;α, β, N)

and 
An =

(n + α + β + 1)(n + α + 1)(N − n)
(2n + α + β + 1)(2n + α + β + 2)

Cn =
n(n + α + β + N + 1)(n + β)
(2n + α + β)(2n + α + β + 1)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn) pn(x) + An−1Cnpn−1(x), (1.5.4)

where

Qn(x;α, β, N) =
(n + α + β + 1)n

(α + 1)n(−N)n
pn(x).

Difference equation.

n(n + α + β + 1)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (1.5.5)

where
y(x) = Qn(x;α, β, N)

and  B(x) = (x + α + 1)(x−N)

D(x) = x(x− β −N − 1).

Forward shift operator.

Qn(x + 1;α, β, N)−Qn(x;α, β, N) = −n(n + α + β + 1)
(α + 1)N

Qn−1(x;α + 1, β + 1, N − 1) (1.5.6)

or equivalently

∆Qn(x;α, β, N) = −n(n + α + β + 1)
(α + 1)N

Qn−1(x;α + 1, β + 1, N − 1). (1.5.7)

Backward shift operator.

(x + α)(N + 1− x)Qn(x;α, β, N)− x(β + N + 1− x)Qn(x− 1;α, β, N)
= α(N + 1)Qn+1(x;α− 1, β − 1, N + 1) (1.5.8)
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or equivalently

∇ [ω(x;α, β, N)Qn(x;α, β, N)] =
N + 1

β
ω(x;α−1, β−1, N+1)Qn+1(x;α−1, β−1, N+1), (1.5.9)

where

ω(x;α, β, N) =
(

α + x

x

)(
β + N − x

N − x

)
.

Rodrigues-type formula.

ω(x;α, β, N)Qn(x;α, β, N) =
(−1)n(β + 1)n

(−N)n
∇n [ω(x;α + n, β + n, N − n)] . (1.5.10)

Generating functions. For x = 0, 1, 2, . . . , N we have

1F1

(
−x

α + 1

∣∣∣∣− t

)
1F1

(
x−N

β + 1

∣∣∣∣ t) =
N∑

n=0

(−N)n

(β + 1)nn!
Qn(x;α, β, N)tn. (1.5.11)

2F0

(
−x,−x + β + N + 1

−

∣∣∣∣− t

)
2F0

(
x−N,x + α + 1

−

∣∣∣∣ t)
=

N∑
n=0

(−N)n(α + 1)n

n!
Qn(x;α, β, N)tn. (1.5.12)

[
(1− t)−α−β−1

3F2

( 1
2 (α + β + 1), 1

2 (α + β + 2),−x

α + 1,−N

∣∣∣∣− 4t

(1− t)2

)]
N

=
N∑

n=0

(α + β + 1)n

n!
Qn(x;α, β, N)tn. (1.5.13)

Remark. If we interchange the role of x and n in (1.5.1) we obtain the dual Hahn polynomials
defined by (1.6.1).

Since
Qn(x;α, β, N) = Rx(λ(n);α, β, N)

we obtain the dual orthogonality relation for the Hahn polynomials from the orthogonality relation
(1.6.2) of the dual Hahn polynomials :

N∑
n=0

(2n + α + β + 1)(α + 1)n(−N)nN !
(−1)n(n + α + β + 1)N+1(β + 1)nn!

Qn(x;α, β, N)Qn(y;α, β, N)

=
δxy(

α + x

x

)(
β + N − x

N − x

) , x, y ∈ {0, 1, 2, . . . , N}.

References. [13], [31], [32], [39], [43], [50], [64], [67], [69], [123], [127], [130], [136], [142], [143],
[181], [183], [212], [215], [251], [271], [274], [286], [287], [290], [294], [295], [296], [298], [301], [307],
[323], [336], [338], [339], [344], [366], [385], [386], [399], [402], [407].

1.6 Dual Hahn

Definition.

Rn(λ(x); γ, δ, N) = 3F2

(
−n,−x, x + γ + δ + 1

γ + 1,−N

∣∣∣∣ 1) , n = 0, 1, 2, . . . , N, (1.6.1)
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where
λ(x) = x(x + γ + δ + 1).

Orthogonality. For γ > −1 and δ > −1 or for γ < −N and δ < −N we have

N∑
x=0

(2x + γ + δ + 1)(γ + 1)x(−N)xN !
(−1)x(x + γ + δ + 1)N+1(δ + 1)xx!

Rm(λ(x); γ, δ, N)Rn(λ(x); γ, δ, N)

=
δmn(

γ + n

n

)(
δ + N − n

N − n

) . (1.6.2)

Recurrence relation.

λ(x)Rn(λ(x)) = AnRn+1(λ(x))− (An + Cn) Rn(λ(x)) + CnRn−1(λ(x)), (1.6.3)

where
Rn(λ(x)) := Rn(λ(x); γ, δ, N)

and  An = (n + γ + 1)(n−N)

Cn = n(n− δ −N − 1).

Normalized recurrence relation.

xpn(x) = pn+1(x)− (An + Cn)pn(x) + An−1Cnpn−1(x), (1.6.4)

where
Rn(λ(x); γ, δ, N) =

1
(γ + 1)n(−N)n

pn(λ(x)).

Difference equation.

−ny(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), y(x) = Rn(λ(x); γ, δ, N), (1.6.5)

where 
B(x) =

(x + γ + 1)(x + γ + δ + 1)(N − x)
(2x + γ + δ + 1)(2x + γ + δ + 2)

D(x) =
x(x + γ + δ + N + 1)(x + δ)
(2x + γ + δ)(2x + γ + δ + 1)

.

Forward shift operator.

Rn(λ(x+1); γ, δ, N)−Rn(λ(x); γ, δ, N) = −n(2x + γ + δ + 2)
(γ + 1)N

Rn−1(λ(x); γ +1, δ, N −1) (1.6.6)

or equivalently

∆Rn(λ(x); γ, δ, N)
∆λ(x)

= − n

(γ + 1)N
Rn−1(λ(x); γ + 1, δ, N − 1). (1.6.7)

Backward shift operator.

(x + γ)(x + γ + δ)(N + 1− x)Rn(λ(x); γ, δ, N)
− x(x + γ + δ + N + 1)(x + δ)Rn(λ(x− 1); γ, δ, N)

= γ(N + 1)(2x + γ + δ)Rn+1(λ(x); γ − 1, δ, N + 1) (1.6.8)
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or equivalently

∇ [ω(x; γ, δ, N)Rn(λ(x); γ, δ, N)]
∇λ(x)

=
1

γ + δ
ω(x; γ − 1, δ, N + 1)Rn+1(λ(x); γ − 1, δ, N + 1), (1.6.9)

where

ω(x; γ, δ, N) =
(−1)x(γ + 1)x(γ + δ + 1)x(−N)x

(γ + δ + N + 2)x(δ + 1)xx!
.

Rodrigues-type formula.

ω(x; γ, δ, N)Rn(λ(x); γ, δ, N) = (γ + δ + 1)n (∇λ)n [ω(x; γ + n, δ, N − n)] , (1.6.10)

where
∇λ :=

∇
∇λ(x)

.

Generating functions. For x = 0, 1, 2, . . . , N we have

(1− t)N−x
2F1

(
−x,−x− δ

γ + 1

∣∣∣∣ t) =
N∑

n=0

(−N)n

n!
Rn(λ(x); γ, δ, N)tn. (1.6.11)

(1− t)x
2F1

(
x−N,x + γ + 1

−δ −N

∣∣∣∣ t) =
N∑

n=0

(γ + 1)n(−N)n

(−δ −N)nn!
Rn(λ(x); γ, δ, N)tn. (1.6.12)

[
et

2F2

(
−x, x + γ + δ + 1

γ + 1,−N

∣∣∣∣− t

)]
N

=
N∑

n=0

Rn(λ(x); γ, δ, N)
n!

tn. (1.6.13)

[
(1− t)−ε

3F2

(
ε,−x, x + γ + δ + 1

γ + 1,−N

∣∣∣∣ t

t− 1

)]
N

=
N∑

n=0

(ε)n

n!
Rn(λ(x); γ, δ, N)tn, ε arbitrary. (1.6.14)

Remark. If we interchange the role of x and n in the definition (1.6.1) of the dual Hahn polyno-
mials we obtain the Hahn polynomials defined by (1.5.1).

Since
Rn(λ(x); γ, δ, N) = Qx(n; γ, δ, N)

we obtain the dual orthogonality relation for the dual Hahn polynomials from the orthogonality
relation (1.5.2) for the Hahn polynomials :

N∑
n=0

(
γ + n

n

)(
δ + N − n

N − n

)
Rn(λ(x); γ, δ, N)Rn(λ(y); γ, δ, N)

=
(−1)x(x + γ + δ + 1)N+1(δ + 1)xx!
(2x + γ + δ + 1)(γ + 1)x(−N)xN !

δxy, x, y ∈ {0, 1, 2, . . . , N}.

References. [64], [67], [69], [251], [271], [274], [297], [298], [300], [301], [323], [343], [385], [399].
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1.7 Meixner-Pollaczek

Definition.

P (λ)
n (x;φ) =

(2λ)n

n!
einφ

2F1

(
−n, λ + ix

2λ

∣∣∣∣ 1− e−2iφ

)
. (1.7.1)

Orthogonality.

1
2π

∞∫
−∞

e(2φ−π)x |Γ(λ + ix)|2 P (λ)
m (x;φ)P (λ)

n (x;φ)dx

=
Γ(n + 2λ)

(2 sinφ)2λn!
δmn, λ > 0 and 0 < φ < π. (1.7.2)

Recurrence relation.

(n + 1)P (λ)
n+1(x;φ)− 2 [x sinφ + (n + λ) cos φ]P (λ)

n (x;φ) + (n + 2λ− 1)P (λ)
n−1(x;φ) = 0. (1.7.3)

Normalized recurrence relation.

xpn(x) = pn+1(x)−
(

n + λ

tanφ

)
pn(x) +

n(n + 2λ− 1)
4 sin2 φ

pn−1(x), (1.7.4)

where

P (λ)
n (x;φ) =

(2 sinφ)n

n!
pn(x).

Difference equation.

eiφ(λ− ix)y(x + i) + 2i [x cos φ− (n + λ) sinφ] y(x)− e−iφ(λ + ix)y(x− i) = 0, (1.7.5)

where
y(x) = P (λ)

n (x;φ).

Forward shift operator.

P (λ)
n (x + 1

2 i;φ)− P
(λ)
n (x− 1

2 i;φ) = (eiφ − e−iφ)P (λ+ 1
2 )

n−1 (x;φ) (1.7.6)

or equivalently
δP

(λ)
n (x;φ)

δx
= 2 sin φP

(λ+ 1
2 )

n−1 (x;φ). (1.7.7)

Backward shift operator.

eiφ(λ− 1
2 − ix)P (λ)

n (x + 1
2 i;φ) + e−iφ(λ− 1

2 + ix)P (λ)
n (x− 1

2 i;φ)

= (n + 1)P (λ− 1
2 )

n+1 (x;φ) (1.7.8)

or equivalently

δ
[
ω(x;λ, φ)P (λ)

n (x;φ)
]

δx
= −(n + 1)ω(x;λ− 1

2 , φ)P (λ− 1
2 )

n+1 (x;φ), (1.7.9)

where
ω(x;λ, φ) = Γ(λ + ix)Γ(λ− ix)e(2φ−π)x.

Rodrigues-type formula.

ω(x;λ, φ)P (λ)
n (x;φ) =

(−1)n

n!

(
δ

δx

)n [
ω(x;λ + 1

2n, φ)
]
. (1.7.10)
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Generating functions.

(1− eiφt)−λ+ix(1− e−iφt)−λ−ix =
∞∑

n=0

P (λ)
n (x;φ)tn. (1.7.11)

et
1F1

(
λ + ix

2λ

∣∣∣∣ (e−2iφ − 1)t
)

=
∞∑

n=0

P
(λ)
n (x;φ)

(2λ)neinφ
tn. (1.7.12)

(1− t)−γ
2F1

(
γ, λ + ix

2λ

∣∣∣∣ (1− e−2iφ)t
t− 1

)
=

∞∑
n=0

(γ)n

(2λ)n

P
(λ)
n (x;φ)
einφ

tn, γ arbitrary. (1.7.13)

References. [13], [19], [31], [43], [64], [67], [69], [113], [115], [123], [217], [220], [227], [239], [274],
[276], [286], [287], [301], [316], [323], [338], [399], [404].

1.8 Jacobi

Definition.

P (α,β)
n (x) =

(α + 1)n

n! 2F1

(
−n, n + α + β + 1

α + 1

∣∣∣∣ 1− x

2

)
. (1.8.1)

Orthogonality.

1∫
−1

(1− x)α(1 + x)βP (α,β)
m (x)P (α,β)

n (x)dx

=
2α+β+1

2n + α + β + 1
Γ(n + α + 1)Γ(n + β + 1)

Γ(n + α + β + 1)n!
δmn, α > −1 and β > −1. (1.8.2)

Recurrence relation.

xP (α,β)
n (x) =

2(n + 1)(n + α + β + 1)
(2n + α + β + 1)(2n + α + β + 2)

P
(α,β)
n+1 (x)

+
β2 − α2

(2n + α + β)(2n + α + β + 2)
P (α,β)

n (x)

+
2(n + α)(n + β)

(2n + α + β)(2n + α + β + 1)
P

(α,β)
n−1 (x). (1.8.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
β2 − α2

(2n + α + β)(2n + α + β + 2)
pn(x)

+
4n(n + α)(n + β)(n + α + β)

(2n + α + β − 1)(2n + α + β)2(2n + α + β + 1)
pn−1(x), (1.8.4)

where

P (α,β)
n (x) =

(n + α + β + 1)n

2nn!
pn(x).

Differential equation.

(1−x2)y′′(x)+[β − α− (α + β + 2)x] y′(x)+n(n+α+β +1)y(x) = 0, y(x) = P (α,β)
n (x). (1.8.5)

Forward shift operator.

d

dx
P (α,β)

n (x) =
n + α + β + 1

2
P

(α+1,β+1)
n−1 (x). (1.8.6)
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Backward shift operator.

(1− x2)
d

dx
P (α,β)

n (x) + [(β − α)− (α + β)x]P (α,β)
n (x) = −2(n + 1)P (α−1,β−1)

n+1 (x) (1.8.7)

or equivalently

d

dx

[
(1− x)α(1 + x)βP (α,β)

n (x)
]

= −2(n + 1)(1− x)α−1(1 + x)β−1P
(α−1,β−1)
n+1 (x). (1.8.8)

Rodrigues-type formula.

(1− x)α(1 + x)βP (α,β)
n (x) =

(−1)n

2nn!

(
d

dx

)n [
(1− x)n+α(1 + x)n+β

]
. (1.8.9)

Generating functions.

2α+β

R(1 + R− t)α(1 + R + t)β
=

∞∑
n=0

P (α,β)
n (x)tn, R =

√
1− 2xt + t2. (1.8.10)

0F1

(
−

α + 1

∣∣∣∣ (x− 1)t
2

)
0F1

(
−

β + 1

∣∣∣∣ (x + 1)t
2

)
=

∞∑
n=0

P
(α,β)
n (x)

(α + 1)n(β + 1)n
tn. (1.8.11)

(1− t)−α−β−1
2F1

( 1
2 (α + β + 1), 1

2 (α + β + 2)
α + 1

∣∣∣∣ 2(x− 1)t
(1− t)2

)
=

∞∑
n=0

(α + β + 1)n

(α + 1)n
P (α,β)

n (x)tn. (1.8.12)

(1 + t)−α−β−1
2F1

( 1
2 (α + β + 1), 1

2 (α + β + 2)
β + 1

∣∣∣∣ 2(x + 1)t
(1 + t)2

)
=

∞∑
n=0

(α + β + 1)n

(β + 1)n
P (α,β)

n (x)tn. (1.8.13)

2F1

(
γ, α + β + 1− γ

α + 1

∣∣∣∣ 1−R− t

2

)
2F1

(
γ, α + β + 1− γ

β + 1

∣∣∣∣ 1−R + t

2

)
=

∞∑
n=0

(γ)n(α + β + 1− γ)n

(α + 1)n(β + 1)n
P (α,β)

n (x)tn, R =
√

1− 2xt + t2, γ arbitrary. (1.8.14)

Remarks. The Jacobi polynomials defined by (1.8.1) and the Meixner polynomials given by
(1.9.1) are related in the following way :

(β)n

n!
Mn(x;β, c) = P (β−1,−n−β−x)

n

(
2− c

c

)
.

The Jacobi polynomials are also related to the Gegenbauer (or ultraspherical) polynomials
defined by (1.8.15) by the quadratic transformations :

C
(λ)
2n (x) =

(λ)n

( 1
2 )n

P
(λ− 1

2 ,− 1
2 )

n (2x2 − 1)

and

C
(λ)
2n+1(x) =

(λ)n+1

( 1
2 )n+1

xP
(λ− 1

2 , 1
2 )

n (2x2 − 1).
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References. [2], [3], [10], [12], [18], [31], [34], [35], [36], [37], [38], [39], [40], [43], [46], [47], [48],
[49], [61], [64], [75], [89], [95], [108], [110], [114], [123], [126], [127], [130], [137], [138], [139], [145],
[150], [153], [154], [158], [171], [174], [175], [176], [177], [178], [179], [180], [181], [182], [183], [184],
[194], [197], [201], [202], [209], [211], [213], [214], [215], [221], [227], [231], [254], [260], [264], [265],
[266], [267], [269], [270], [273], [274], [286], [287], [290], [301], [302], [308], [309], [311], [314], [315],
[318], [320], [323], [329], [333], [334], [335], [337], [342], [354], [360], [369], [374], [376], [377], [380],
[382], [386], [388], [390], [393], [403], [405], [407], [408].

Special cases

1.8.1 Gegenbauer / Ultraspherical

Definition. The Gegenbauer (or ultraspherical) polynomials are Jacobi polynomials with α =
β = λ− 1

2 and another normalization :

C(λ)
n (x) =

(2λ)n

(λ + 1
2 )n

P
(λ− 1

2 ,λ− 1
2 )

n (x) =
(2λ)n

n! 2F1

(
−n, n + 2λ

λ + 1
2

∣∣∣∣ 1− x

2

)
, λ 6= 0. (1.8.15)

Orthogonality.

1∫
−1

(1− x2)λ− 1
2 C(λ)

m (x)C(λ)
n (x)dx =

πΓ(n + 2λ)21−2λ

{Γ(λ)}2 (n + λ)n!
δmn, λ > −1

2
and λ 6= 0. (1.8.16)

Recurrence relation.

2(n + λ)xC(λ)
n (x) = (n + 1)C(λ)

n+1(x) + (n + 2λ− 1)C(λ)
n−1(x). (1.8.17)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
n(n + 2λ− 1)

4(n + λ− 1)(n + λ)
pn−1(x), (1.8.18)

where

C(λ)
n (x) =

2n(λ)n

n!
pn(x).

Differential equation.

(1− x2)y′′(x)− (2λ + 1)xy′(x) + n(n + 2λ)y(x) = 0, y(x) = C(λ)
n (x). (1.8.19)

Forward shift operator.
d

dx
C(λ)

n (x) = 2λC
(λ+1)
n−1 (x). (1.8.20)

Backward shift operator.

(1− x2)
d

dx
C(λ)

n (x) + (1− 2λ)xC(λ)
n (x) = − (n + 1)(2λ + n− 1)

2(λ− 1)
C

(λ−1)
n+1 (x) (1.8.21)

or equivalently

d

dx

[
(1− x2)λ− 1

2 C(λ)
n (x)

]
= − (n + 1)(2λ + n− 1)

2(λ− 1)
(1− x2)λ− 3

2 C
(λ−1)
n+1 (x). (1.8.22)

Rodrigues-type formula.

(1− x2)λ− 1
2 C(λ)

n (x) =
(2λ)n(−1)n

(λ + 1
2 )n2nn!

(
d

dx

)n [
(1− x2)λ+n− 1

2

]
. (1.8.23)
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Generating functions.

(1− 2xt + t2)−λ =
∞∑

n=0

C(λ)
n (x)tn. (1.8.24)

R−1

(
1 + R− xt

2

) 1
2−λ

=
∞∑

n=0

(λ + 1
2 )n

(2λ)n
C(λ)

n (x)tn, R =
√

1− 2xt + t2. (1.8.25)

0F1

(
−

λ + 1
2

∣∣∣∣ (x− 1)t
2

)
0F1

(
−

λ + 1
2

∣∣∣∣ (x + 1)t
2

)
=

∞∑
n=0

C
(λ)
n (x)

(2λ)n(λ + 1
2 )n

tn. (1.8.26)

ext
0F1

(
−

λ + 1
2

∣∣∣∣ (x2 − 1)t2

4

)
=

∞∑
n=0

C
(λ)
n (x)
(2λ)n

tn. (1.8.27)

2F1

(
γ, 2λ− γ

λ + 1
2

∣∣∣∣ 1−R− t

2

)
2F1

(
γ, 2λ− γ

λ + 1
2

∣∣∣∣ 1−R + t

2

)
=

∞∑
n=0

(γ)n(2λ− γ)n

(2λ)n(λ + 1
2 )n

C(λ)
n (x)tn, R =

√
1− 2xt + t2, γ arbitrary. (1.8.28)

(1− xt)−γ
2F1

(
1
2γ, 1

2γ + 1
2

λ + 1
2

∣∣∣∣∣ (x2 − 1)t2

(1− xt)2

)
=

∞∑
n=0

(γ)n

(2λ)n
C(λ)

n (x)tn, γ arbitrary. (1.8.29)

Remarks. The case λ = 0 needs another normalization. In that case we have the Chebyshev
polynomials of the first kind described in the next subsection.

The Gegenbauer (or ultraspherical) polynomials defined by (1.8.15) and the Jacobi polynomials
given by (1.8.1) are related by the quadratic transformations :

C
(λ)
2n (x) =

(λ)n

( 1
2 )n

P
(λ− 1

2 ,− 1
2 )

n (2x2 − 1)

and

C
(λ)
2n+1(x) =

(λ)n+1

( 1
2 )n+1

xP
(λ− 1

2 , 1
2 )

n (2x2 − 1).

References. [2], [4], [33], [38], [39], [43], [46], [57], [82], [86], [88], [89], [90], [95], [98], [99], [100],
[102], [103], [108], [123], [129], [131], [135], [139], [140], [141], [147], [148], [151], [154], [157], [174],
[180], [186], [202], [214], [274], [289], [306], [310], [314], [321], [323], [354], [360], [361], [368], [376],
[388], [390], [395], [408].

1.8.2 Chebyshev

Definitions. The Chebyshev polynomials of the first kind can be obtained from the Jacobi
polynomials by taking α = β = − 1

2 :

Tn(x) =
P

(− 1
2 ,− 1

2 )
n (x)

P
(− 1

2 ,− 1
2 )

n (1)
= 2F1

(
−n, n

1
2

∣∣∣∣ 1− x

2

)
(1.8.30)

and the Chebyshev polynomials of the second kind can be obtained from the Jacobi polynomials
by taking α = β = 1

2 :

Un(x) = (n + 1)
P

( 1
2 , 1

2 )
n (x)

P
( 1
2 , 1

2 )
n (1)

= (n + 1)2F1

(
−n, n + 2

3
2

∣∣∣∣ 1− x

2

)
. (1.8.31)
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Orthogonality.
1∫

−1

(1− x2)−
1
2 Tm(x)Tn(x)dx =


π

2
δmn, n 6= 0

πδmn, n = 0.

(1.8.32)

1∫
−1

(1− x2)
1
2 Um(x)Un(x)dx =

π

2
δmn. (1.8.33)

Recurrence relations.

2xTn(x) = Tn+1(x) + Tn−1(x), T0(x) = 1 and T1(x) = x. (1.8.34)

2xUn(x) = Un+1(x) + Un−1(x). (1.8.35)

Normalized recurrence relations.

xpn(x) = pn+1(x) +
1
4
pn−1(x), p0(x) = 1 and p1(x) = x, (1.8.36)

where
Tn(x) = 2npn(x).

xpn(x) = pn+1(x) +
1
4
pn−1(x), (1.8.37)

where
Un(x) = 2npn(x).

Differential equations.

(1− x2)y′′(x)− xy′(x) + n2y(x) = 0, y(x) = Tn(x). (1.8.38)

(1− x2)y′′(x)− 3xy′(x) + n(n + 2)y(x) = 0, y(x) = Un(x). (1.8.39)

Forward shift operator.
d

dx
Tn(x) = nUn−1(x). (1.8.40)

Backward shift operator.

(1− x2)
d

dx
Un(x)− xUn(x) = −(n + 1)Tn+1(x) (1.8.41)

or equivalently
d

dx

[(
1− x2

) 1
2 Un(x)

]
= −(n + 1)

(
1− x2

)− 1
2 Tn+1(x). (1.8.42)

Rodrigues-type formulas.

(1− x2)−
1
2 Tn(x) =

(−1)n

( 1
2 )n2n

(
d

dx

)n [
(1− x2)n− 1

2

]
. (1.8.43)

(1− x2)
1
2 Un(x) =

(n + 1)(−1)n

( 3
2 )n2n

(
d

dx

)n [
(1− x2)n+ 1

2

]
. (1.8.44)

Generating functions.
1− xt

1− 2xt + t2
=

∞∑
n=0

Tn(x)tn. (1.8.45)
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R−1

√
1
2
(1 + R− xt) =

∞∑
n=0

(
1
2

)
n

n!
Tn(x)tn, R =

√
1− 2xt + t2. (1.8.46)

0F1

(
−
1
2

∣∣∣∣ (x− 1)t
2

)
0F1

(
−
1
2

∣∣∣∣ (x + 1)t
2

)
=

∞∑
n=0

Tn(x)(
1
2

)
n

n!
tn. (1.8.47)

ext
0F1

(
−
1
2

∣∣∣∣ (x2 − 1)t2

4

)
=

∞∑
n=0

Tn(x)
n!

tn. (1.8.48)

2F1

(
γ,−γ

1
2

∣∣∣∣ 1−R− t

2

)
2F1

(
γ,−γ

1
2

∣∣∣∣ 1−R + t

2

)
=

∞∑
n=0

(γ)n(−γ)n(
1
2

)
n

n!
Tn(x)tn, R =

√
1− 2xt + t2, γ arbitrary. (1.8.49)

(1− xt)−γ
2F1

(
1
2γ, 1

2γ + 1
2

1
2

∣∣∣∣∣ (x2 − 1)t2

(1− xt)2

)
=

∞∑
n=0

(γ)n

n!
Tn(x)tn, γ arbitrary. (1.8.50)

1
1− 2xt + t2

=
∞∑

n=0

Un(x)tn. (1.8.51)

1

R
√

1
2 (1 + R− xt)

=
∞∑

n=0

(
3
2

)
n

(n + 1)!
Un(x)tn, R =

√
1− 2xt + t2. (1.8.52)

0F1

(
−
3
2

∣∣∣∣ (x− 1)t
2

)
0F1

(
−
3
2

∣∣∣∣ (x + 1)t
2

)
=

∞∑
n=0

Un(x)(
3
2

)
n

(n + 1)!
tn. (1.8.53)

ext
0F1

(
−
3
2

∣∣∣∣ (x2 − 1)t2

4

)
=

∞∑
n=0

Un(x)
(n + 1)!

tn. (1.8.54)

2F1

(
γ, 2− γ

3
2

∣∣∣∣ 1−R− t

2

)
2F1

(
γ, 2− γ

3
2

∣∣∣∣ 1−R + t

2

)
=

∞∑
n=0

(γ)n(2− γ)n(
3
2

)
n

(n + 1)!
Un(x)tn, R =

√
1− 2xt + t2, γ arbitrary. (1.8.55)

(1− xt)−γ
2F1

(
1
2γ, 1

2γ + 1
2

3
2

∣∣∣∣∣ (x2 − 1)t2

(1− xt)2

)
=

∞∑
n=0

(γ)n

(n + 1)!
Un(x)tn, γ arbitrary. (1.8.56)

Remarks. The Chebyshev polynomials can also be written as :

Tn(x) = cos(n arccos x)

and

Un(x) =
sin(n + 1)θ

sin θ
, x = cos θ.

Further we have
Un(x) = C(1)

n (x)

where C
(λ)
n (x) denotes the Gegenbauer (or ultraspherical) polynomial defined by (1.8.15) in the

preceding subsection.
References. [2], [46], [51], [52], [78], [123], [131], [140], [154], [202], [211], [311], [314], [323], [360],
[362], [367], [388], [390], [401], [408].
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1.8.3 Legendre / Spherical

Definition. The Legendre (or spherical) polynomials are Jacobi polynomials with α = β = 0 :

Pn(x) = P (0,0)
n (x) = 2F1

(
−n, n + 1

1

∣∣∣∣ 1− x

2

)
. (1.8.57)

Orthogonality.
1∫

−1

Pm(x)Pn(x)dx =
2

2n + 1
δmn. (1.8.58)

Recurrence relation.

(2n + 1)xPn(x) = (n + 1)Pn+1(x) + nPn−1(x). (1.8.59)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
n2

(2n− 1)(2n + 1)
pn−1(x), (1.8.60)

where

Pn(x) =
(

2n

n

)
1
2n

pn(x).

Differential equation.

(1− x2)y′′(x)− 2xy′(x) + n(n + 1)y(x) = 0, y(x) = Pn(x). (1.8.61)

Rodrigues-type formula.

Pn(x) =
(−1)n

2nn!

(
d

dx

)n [
(1− x2)n

]
. (1.8.62)

Generating functions.
1√

1− 2xt + t2
=

∞∑
n=0

Pn(x)tn. (1.8.63)

0F1

(
−
1

∣∣∣∣ (x− 1)t
2

)
0F1

(
−
1

∣∣∣∣ (x + 1)t
2

)
=

∞∑
n=0

Pn(x)
(n!)2

tn. (1.8.64)

ext
0F1

(
−
1

∣∣∣∣ (x2 − 1)t2

4

)
=

∞∑
n=0

Pn(x)
n!

tn. (1.8.65)

2F1

(
γ, 1− γ

1

∣∣∣∣ 1−R− t

2

)
2F1

(
γ, 1− γ

1

∣∣∣∣ 1−R + t

2

)
=

∞∑
n=0

(γ)n(1− γ)n

(n!)2
Pn(x)tn, R =

√
1− 2xt + t2, γ arbitrary. (1.8.66)

(1− xt)−γ
2F1

( 1
2γ, 1

2γ + 1
2

1

∣∣∣∣ (x2 − 1)t2

(1− xt)2

)
=

∞∑
n=0

(γ)n

n!
Pn(x)tn, γ arbitrary. (1.8.67)

References. [2], [5], [13], [85], [89], [105], [123], [131], [140], [152], [154], [202], [314], [323], [329],
[360], [388], [390], [408].
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1.9 Meixner

Definition.

Mn(x;β, c) = 2F1

(
−n,−x

β

∣∣∣∣ 1− 1
c

)
. (1.9.1)

Orthogonality.

∞∑
x=0

(β)x

x!
cxMm(x;β, c)Mn(x;β, c) =

c−nn!
(β)n(1− c)β

δmn, β > 0 and 0 < c < 1. (1.9.2)

Recurrence relation.

(c− 1)xMn(x;β, c) = c(n + β)Mn+1(x;β, c)
− [n + (n + β)c]Mn(x;β, c) + nMn−1(x;β, c). (1.9.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
n + (n + β)c

1− c
pn(x) +

n(n + β − 1)c
(1− c)2

pn−1(x), (1.9.4)

where

Mn(x;β, c) =
1

(β)n

(
c− 1

c

)n

pn(x).

Difference equation.

n(c− 1)y(x) = c(x + β)y(x + 1)− [x + (x + β)c] y(x) + xy(x− 1), y(x) = Mn(x;β, c). (1.9.5)

Forward shift operator.

Mn(x + 1;β, c)−Mn(x;β, c) =
n

β

(
c− 1

c

)
Mn−1(x;β + 1, c) (1.9.6)

or equivalently

∆Mn(x;β, c) =
n

β

(
c− 1

c

)
Mn−1(x;β + 1, c). (1.9.7)

Backward shift operator.

c(β + x− 1)Mn(x;β, c)− xMn(x− 1;β, c) = c(β − 1)Mn+1(x;β − 1, c) (1.9.8)

or equivalently

∇
[
(β)xcx

x!
Mn(x;β, c)

]
=

(β − 1)xcx

x!
Mn+1(x;β − 1, c). (1.9.9)

Rodrigues-type formula.

(β)xcx

x!
Mn(x;β, c) = ∇n

[
(β + n)xcx

x!

]
. (1.9.10)

Generating functions.(
1− t

c

)x

(1− t)−x−β =
∞∑

n=0

(β)n

n!
Mn(x;β, c)tn. (1.9.11)

et
1F1

(
−x

β

∣∣∣∣ (1− c

c

)
t

)
=

∞∑
n=0

Mn(x;β, c)
n!

tn. (1.9.12)
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(1− t)−γ
2F1

(
γ,−x

β

∣∣∣∣ (1− c)t
c(1− t)

)
=

∞∑
n=0

(γ)n

n!
Mn(x;β, c)tn, γ arbitrary. (1.9.13)

Remarks. The Meixner polynomials defined by (1.9.1) and the Jacobi polynomials given by
(1.8.1) are related in the following way :

(β)n

n!
Mn(x;β, c) = P (β−1,−n−β−x)

n

(
2− c

c

)
.

The Meixner polynomials are also related to the Krawtchouk polynomials defined by (1.10.1)
in the following way :

Kn(x; p, N) = Mn

(
x;−N,

p

p− 1

)
.

References. [6], [10], [13], [19], [21], [31], [32], [39], [43], [50], [52], [64], [67], [69], [80], [104], [123],
[130], [154], [170], [172], [173], [181], [183], [212], [222], [227], [233], [239], [247], [250], [274], [286],
[287], [296], [298], [301], [307], [316], [323], [338], [391], [394], [407], [409].

1.10 Krawtchouk

Definition.

Kn(x; p, N) = 2F1

(
−n,−x

−N

∣∣∣∣ 1
p

)
, n = 0, 1, 2, . . . , N. (1.10.1)

Orthogonality.

N∑
x=0

(
N

x

)
px(1− p)N−xKm(x; p, N)Kn(x; p, N) =

(−1)nn!
(−N)n

(
1− p

p

)n

δmn, 0 < p < 1. (1.10.2)

Recurrence relation.

−xKn(x; p, N) = p(N − n)Kn+1(x; p, N)
− [p(N − n) + n(1− p)]Kn(x; p, N) + n(1− p)Kn−1(x; p, N). (1.10.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + [p(N − n) + n(1− p)] pn(x) + np(1− p)(N + 1− n)pn−1(x), (1.10.4)

where
Kn(x; p, N) =

1
(−N)npn

pn(x).

Difference equation.

−ny(x) = p(N − x)y(x + 1)− [p(N − x) + x(1− p)] y(x) + x(1− p)y(x− 1), (1.10.5)

where
y(x) = Kn(x; p, N).

Forward shift operator.

Kn(x + 1; p, N)−Kn(x; p, N) = − n

Np
Kn−1(x; p, N − 1) (1.10.6)

or equivalently
∆Kn(x; p, N) = − n

Np
Kn−1(x; p, N − 1). (1.10.7)
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Backward shift operator.

(N + 1− x)Kn(x; p, N)− x

(
1− p

p

)
Kn(x− 1; p, N) = (N + 1)Kn+1(x; p, N + 1) (1.10.8)

or equivalently

∇
[(

N

x

)(
p

1− p

)x

Kn(x; p, N)
]

=
(

N + 1
x

)(
p

1− p

)x

Kn+1(x; p, N + 1). (1.10.9)

Rodrigues-type formula.(
N

x

)(
p

1− p

)x

Kn(x; p, N) = ∇n

[(
N − n

x

)(
p

1− p

)x]
. (1.10.10)

Generating functions. For x = 0, 1, 2, . . . , N we have(
1− (1− p)

p
t

)x

(1 + t)N−x =
N∑

n=0

(
N

n

)
Kn(x; p, N)tn. (1.10.11)

[
et

1F1

(
−x

−N

∣∣∣∣− t

p

)]
N

=
N∑

n=0

Kn(x; p, N)
n!

tn. (1.10.12)

[
(1− t)−γ

2F1

(
γ,−x

−N

∣∣∣∣ t

p(t− 1)

)]
N

=
N∑

n=0

(γ)n

n!
Kn(x; p, N)tn, γ arbitrary. (1.10.13)

Remarks. The Krawtchouk polynomials are self-dual, which means that

Kn(x; p, N) = Kx(n; p, N), n, x ∈ {0, 1, 2, . . . , N}.

By using this relation we easily obtain the so-called dual orthogonality relation from the orthog-
onality relation (1.10.2) :

N∑
n=0

(
N

n

)
pn(1− p)N−nKn(x; p,N)Kn(y; p,N) =

(
1− p

p

)x

(
N

x

) δxy,

where 0 < p < 1 and x, y ∈ {0, 1, 2, . . . , N}.
The Krawtchouk polynomials are related to the Meixner polynomials defined by (1.9.1) in the

following way :

Kn(x; p, N) = Mn

(
x;−N,

p

p− 1

)
.

References. [13], [31], [32], [39], [43], [50], [64], [67], [104], [119], [123], [136], [142], [145], [146],
[154], [159], [181], [183], [212], [250], [272], [274], [286], [287], [294], [296], [298], [301], [307], [323],
[338], [340], [385], [386], [388], [407], [409].

1.11 Laguerre

Definition.

L(α)
n (x) =

(α + 1)n

n! 1F1

(
−n

α + 1

∣∣∣∣x) . (1.11.1)
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Orthogonality.

∞∫
0

e−xxαL(α)
m (x)L(α)

n (x)dx =
Γ(n + α + 1)

n!
δmn, α > −1. (1.11.2)

Recurrence relation.

(n + 1)L(α)
n+1(x)− (2n + α + 1− x)L(α)

n (x) + (n + α)L(α)
n−1(x) = 0. (1.11.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + (2n + α + 1)pn(x) + n(n + α)pn−1(x), (1.11.4)

where

L(α)
n (x) =

(−1)n

n!
pn(x).

Differential equation.

xy′′(x) + (α + 1− x)y′(x) + ny(x) = 0, y(x) = L(α)
n (x). (1.11.5)

Forward shift operator.
d

dx
L(α)

n (x) = −L
(α+1)
n−1 (x). (1.11.6)

Backward shift operator.

x
d

dx
L(α)

n (x) + (α− x)L(α)
n (x) = (n + 1)L(α−1)

n+1 (x) (1.11.7)

or equivalently
d

dx

[
e−xxαL(α)

n (x)
]

= (n + 1)e−xxα−1L
(α−1)
n+1 (x). (1.11.8)

Rodrigues-type formula.

e−xxαL(α)
n (x) =

1
n!

(
d

dx

)n [
e−xxn+α

]
. (1.11.9)

Generating functions.

(1− t)−α−1 exp
(

xt

t− 1

)
=

∞∑
n=0

L(α)
n (x)tn. (1.11.10)

et
0F1

(
−

α + 1

∣∣∣∣− xt

)
=

∞∑
n=0

L
(α)
n (x)

(α + 1)n
tn. (1.11.11)

(1− t)−γ
1F1

(
γ

α + 1

∣∣∣∣ xt

t− 1

)
=

∞∑
n=0

(γ)n

(α + 1)n
L(α)

n (x)tn, γ arbitrary. (1.11.12)

Remarks. The definition (1.11.1) of the Laguerre polynomials can also be written as :

L(α)
n (x) =

1
n!

n∑
k=0

(−n)k

k!
(α + k + 1)n−kxk.

In this way the Laguerre polynomials can be defined for all α. Then we have the following
connection with the Charlier polynomials defined by (1.12.1) :

(−a)n

n!
Cn(x; a) = L(x−n)

n (a).
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The Laguerre polynomials defined by (1.11.1) and the Hermite polynomials defined by (1.13.1)
are connected by the following quadratic transformations :

H2n(x) = (−1)nn! 22nL
(− 1

2 )
n (x2)

and
H2n+1(x) = (−1)nn! 22n+1xL

( 1
2 )

n (x2).

In combinatorics the Laguerre polynomials with α = 0 are often called Rook polynomials.
References. [1], [2], [3], [6], [9], [10], [12], [13], [18], [19], [31], [34], [39], [43], [49], [50], [52], [56],
[64], [77], [79], [89], [91], [92], [95], [102], [103], [106], [107], [108], [109], [111], [114], [121], [123],
[128], [130], [137], [138], [149], [154], [155], [158], [182], [184], [195], [196], [198], [199], [201], [202],
[210], [214], [215], [222], [227], [231], [233], [239], [241], [244], [250], [253], [255], [268], [270], [273],
[274], [284], [286], [287], [288], [291], [292], [301], [302], [306], [314], [316], [323], [329], [330], [332],
[360], [367], [372], [373], [374], [375], [376], [388], [390], [394].

1.12 Charlier

Definition.

Cn(x; a) = 2F0

(
−n,−x

−

∣∣∣∣− 1
a

)
. (1.12.1)

Orthogonality.
∞∑

x=0

ax

x!
Cm(x; a)Cn(x; a) = a−nean! δmn, a > 0. (1.12.2)

Recurrence relation.

−xCn(x; a) = aCn+1(x; a)− (n + a)Cn(x; a) + nCn−1(x; a). (1.12.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + (n + a)pn(x) + napn−1(x), (1.12.4)

where

Cn(x; a) =
(
−1

a

)n

pn(x).

Difference equation.

−ny(x) = ay(x + 1)− (x + a)y(x) + xy(x− 1), y(x) = Cn(x; a). (1.12.5)

Forward shift operator.

Cn(x + 1; a)− Cn(x; a) = −n

a
Cn−1(x; a) (1.12.6)

or equivalently
∆Cn(x; a) = −n

a
Cn−1(x; a). (1.12.7)

Backward shift operator.

Cn(x; a)− x

a
Cn(x− 1; a) = Cn+1(x; a) (1.12.8)

or equivalently

∇
[
ax

x!
Cn(x; a)

]
=

ax

x!
Cn+1(x; a). (1.12.9)
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Rodrigues-type formula.
ax

x!
Cn(x; a) = ∇n

[
ax

x!

]
. (1.12.10)

Generating function.

et

(
1− t

a

)x

=
∞∑

n=0

Cn(x; a)
n!

tn. (1.12.11)

Remark. The definition (1.11.1) of the Laguerre polynomials can also be written as :

L(α)
n (x) =

1
n!

n∑
k=0

(−n)k

k!
(α + k + 1)n−kxk.

In this way the Laguerre polynomials can be defined for all α. Then we have the following
connection with the Charlier polynomials defined by (1.12.1) :

(−a)n

n!
Cn(x; a) = L(x−n)

n (a).

References. [6], [10], [13], [19], [21], [31], [32], [39], [50], [64], [67], [81], [123], [124], [142], [154],
[181], [183], [212], [222], [274], [286], [287], [288], [294], [296], [298], [301], [307], [316], [323], [388],
[394], [407], [409].

1.13 Hermite

Definition.

Hn(x) = (2x)n
2F0

(
−n/2,−(n− 1)/2

−

∣∣∣∣− 1
x2

)
. (1.13.1)

Orthogonality.

1√
π

∞∫
−∞

e−x2
Hm(x)Hn(x)dx = 2nn! δmn. (1.13.2)

Recurrence relation.
Hn+1(x)− 2xHn(x) + 2nHn−1(x) = 0. (1.13.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
n

2
pn−1(x), (1.13.4)

where
Hn(x) = 2npn(x).

Differential equation.

y′′(x)− 2xy′(x) + 2ny(x) = 0, y(x) = Hn(x). (1.13.5)

Forward shift operator.
d

dx
Hn(x) = 2nHn−1(x). (1.13.6)

Backward shift operator.

d

dx
Hn(x)− 2xHn(x) = −Hn+1(x) (1.13.7)

or equivalently
d

dx

[
e−x2

Hn(x)
]

= −e−x2
Hn+1(x). (1.13.8)
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Rodrigues-type formula.

e−x2
Hn(x) = (−1)n

(
d

dx

)n [
e−x2

]
. (1.13.9)

Generating functions.

exp
(
2xt− t2

)
=

∞∑
n=0

Hn(x)
n!

tn. (1.13.10)


et cos(2x

√
t) =

∞∑
n=0

(−1)n

(2n)!
H2n(x)tn

et

√
t
sin(2x

√
t) =

∞∑
n=0

(−1)n

(2n + 1)!
H2n+1(x)tn.

(1.13.11)


e−t2 cosh(2xt) =

∞∑
n=0

H2n(x)
(2n)!

t2n

e−t2 sinh(2xt) =
∞∑

n=0

H2n+1(x)
(2n + 1)!

t2n+1.

(1.13.12)


(1 + t2)−γ

1F1

(
γ
1
2

∣∣∣∣ x2t2

1 + t2

)
=

∞∑
n=0

(γ)n

(2n)!
H2n(x)t2n, γ arbitrary

xt√
1 + t2

1F1

(
γ + 1

2
3
2

∣∣∣∣∣ x2t2

1 + t2

)
=

∞∑
n=0

(γ + 1
2 )n

(2n + 1)!
H2n+1(x)t2n+1, γ arbitrary.

(1.13.13)

1 + 2xt + 4t2

(1 + 4t2)
3
2

exp
(

4x2t2

1 + 4t2

)
=

∞∑
n=0

Hn(x)
[n/2]!

tn, (1.13.14)

where [α] denotes the largest integer smaller than or equal to α.
Remarks. The Hermite polynomials can also be written as :

Hn(x)
n!

=
[n/2]∑
k=0

(−1)k(2x)n−2k

k! (n− 2k)!
,

where [α] denotes the largest integer smaller than or equal to α.
The Laguerre polynomials defined by (1.11.1) and the Hermite polynomials defined by (1.13.1)

are connected by the following quadratic transformations :

H2n(x) = (−1)nn! 22nL
(− 1

2 )
n (x2)

and
H2n+1(x) = (−1)nn! 22n+1xL

( 1
2 )

n (x2).

References. [2], [10], [13], [18], [19], [31], [34], [39], [43], [49], [64], [74], [82], [87], [89], [91], [92],
[112], [123], [128], [131], [137], [138], [154], [158], [195], [196], [200], [201], [202], [214], [239], [274],
[285], [288], [301], [302], [306], [314], [316], [323], [329], [332], [360], [367], [376], [381], [388], [390],
[394], [397], [406].
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Chapter 2

Limit relations between
hypergeometric orthogonal
polynomials

2.1 Wilson

Wilson → Continuous dual Hahn.

The continuous dual Hahn polynomials can be found from the Wilson polynomials defined by
(1.1.1) by dividing by (a + d)n and letting d →∞ :

lim
d→∞

Wn(x2; a, b, c, d)
(a + d)n

= Sn(x2; a, b, c), (2.1.1)

where Sn(x2; a, b, c) is defined by (1.3.1).

Wilson → Continuous Hahn.

The continuous Hahn polynomials defined by (1.4.1) are obtained from the Wilson polynomials
by the substitution a → a− it, b → b− it, c → c + it, d → d + it and x → x + t in the definition
(1.1.1) of the Wilson polynomials and the limit t →∞ in the following way :

lim
t→∞

Wn

(
(x + t)2; a− it, b− it, c + it, d + it

)
(−2t)nn!

= pn(x; a, b, c, d). (2.1.2)

Wilson → Jacobi.

The Jacobi polynomials given by (1.8.1) can be found from the Wilson polynomials by substituting

a = b = 1
2 (α+1), c = 1

2 (β +1)+ it, d = 1
2 (β +1)− it and x → t

√
1
2 (1− x) in the definition (1.1.1)

of the Wilson polynomials and taking the limit t →∞. In fact we have

lim
t→∞

Wn

(
1
2 (1− x)t2; 1

2 (α + 1), 1
2 (α + 1), 1

2 (β + 1) + it, 1
2 (β + 1)− it

)
t2nn!

= P (α,β)
n (x). (2.1.3)

2.2 Racah

Racah → Hahn.

If we take γ+1 = −N and let δ →∞ in the definition (1.2.1) of the Racah polynomials, we obtain
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the Hahn polynomials defined by (1.5.1). Hence

lim
δ→∞

Rn(λ(x);α, β,−N − 1, δ) = Qn(x;α, β, N). (2.2.1)

The Hahn polynomials can also be obtained from the Racah polynomials by taking δ = −β−N−1
in the definition (1.2.1) and letting γ →∞ :

lim
γ→∞

Rn(λ(x);α, β, γ,−β −N − 1) = Qn(x;α, β, N). (2.2.2)

Another way to do this is to take α+1 = −N and β → β+γ+N +1 in the definition (1.2.1) of the
Racah polynomials and then take the limit δ →∞. In that case we obtain the Hahn polynomials
given by (1.5.1) in the following way :

lim
δ→∞

Rn(λ(x);−N − 1, β + γ + N + 1, γ, δ) = Qn(x; γ, β, N). (2.2.3)

Racah → Dual Hahn.

If we take α + 1 = −N and let β →∞ in (1.2.1), then we obtain the dual Hahn polynomials from
the Racah polynomials. So we have

lim
β→∞

Rn(λ(x);−N − 1, β, γ, δ) = Rn(λ(x); γ, δ, N). (2.2.4)

And if we take β = −δ − N − 1 and let α → ∞ in (1.2.1), then we also obtain the dual Hahn
polynomials :

lim
α→∞

Rn(λ(x);α,−δ −N − 1, γ, δ) = Rn(λ(x); γ, δ, N). (2.2.5)

Finally, if we take γ + 1 = −N and δ → α + δ + N + 1 in the definition (1.2.1) of the Racah
polynomials and take the limit β →∞ we find the dual Hahn polynomials given by (1.6.1) in the
following way :

lim
β→∞

Rn(λ(x);α, β,−N − 1, α + δ + N + 1) = Rn(λ(x);α, δ,N). (2.2.6)

2.3 Continuous dual Hahn

Wilson → Continuous dual Hahn.

The continuous dual Hahn polynomials can be found from the Wilson polynomials defined by
(1.1.1) by dividing by (a + d)n and letting d →∞ :

lim
d→∞

Wn(x2; a, b, c, d)
(a + d)n

= Sn(x2; a, b, c),

where Sn(x2; a, b, c) is defined by (1.3.1).

Continuous dual Hahn → Meixner-Pollaczek.

The Meixner-Pollaczek polynomials given by (1.7.1) can be obtained from the continuous dual
Hahn polynomials by the substitutions x → x − t, a = λ + it, b = λ − it and c = t cot φ in the
definition (1.3.1) and the limit t →∞ :

lim
t→∞

Sn

(
(x− t)2;λ + it, λ− it, t cot φ

)(
t

sin φ

)
n

n!
= P (λ)

n (x;φ). (2.3.1)
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2.4 Continuous Hahn

Wilson → Continuous Hahn.

The continuous Hahn polynomials defined by (1.4.1) are obtained from the Wilson polynomials
by the substitution a → a− it, b → b− it, c → c + it, d → d + it and x → x + t in the definition
(1.1.1) of the Wilson polynomials and the limit t →∞ in the following way :

lim
t→∞

Wn

(
(x + t)2; a− it, b− it, c + it, d + it

)
(−2t)nn!

= pn(x; a, b, c, d).

Continuous Hahn → Meixner-Pollaczek.

By taking x → x − t, a = λ + it, c = λ − it and b = d = −t tanφ in the definition (1.4.1) of
the continuous Hahn polynomials and taking the limit t → ∞ we obtain the Meixner-Pollaczek
polynomials defined by (1.7.1) :

lim
t→∞

pn (x− t;λ + it,−t tanφ, λ− it,−t tanφ)(
it

cos φ

)
n

in
= P (λ)

n (x;φ). (2.4.1)

Continuous Hahn → Jacobi.

The Jacobi polynomials defined by (1.8.1) follow from the continuous Hahn polynomials by the
substitution x → − 1

2xt, a = 1
2 (α+1+ it), b = 1

2 (β +1− it), c = 1
2 (α+1− it) and d = 1

2 (β +1+ it)
in (1.4.1), division by (−1)ntn and the limit t →∞ :

lim
t→∞

pn

(
− 1

2xt; 1
2 (α + 1 + it), 1

2 (β + 1− it), 1
2 (α + 1− it), 1

2 (β + 1 + it)
)

(−1)ntn
= P (α,β)

n (x). (2.4.2)

2.5 Hahn

Racah → Hahn.

If we take γ+1 = −N and let δ →∞ in the definition (1.2.1) of the Racah polynomials, we obtain
the Hahn polynomials defined by (1.5.1). Hence

lim
δ→∞

Rn(λ(x);α, β,−N − 1, δ) = Qn(x;α, β, N).

The Hahn polynomials can also be obtained from the Racah polynomials by taking δ = −β−N−1
in the definition (1.2.1) and letting γ →∞ :

lim
γ→∞

Rn(λ(x);α, β, γ,−β −N − 1) = Qn(x;α, β, N).

Another way to do this is to take α+1 = −N and β → β+γ+N +1 in the definition (1.2.1) of the
Racah polynomials and then take the limit δ →∞. In that case we obtain the Hahn polynomials
given by (1.5.1) in the following way :

lim
δ→∞

Rn(λ(x);−N − 1, β + γ + N + 1, γ, δ) = Qn(x; γ, β, N).

Hahn → Jacobi.

To find the Jacobi polynomials from the Hahn polynomials we take x → Nx in (1.5.1) and let
N →∞. We have

lim
N→∞

Qn(Nx;α, β, N) =
P

(α,β)
n (1− 2x)

P
(α,β)
n (1)

. (2.5.1)
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Hahn → Meixner.

If we take α = b − 1, β = N(1 − c)c−1 in the definition (1.5.1) of the Hahn polynomials and let
N →∞ we find the Meixner polynomials given by (1.9.1) :

lim
N→∞

Qn

(
x; b− 1, N

1− c

c
,N

)
= Mn(x; b, c). (2.5.2)

Hahn → Krawtchouk.

If we take α = pt and β = (1−p)t in the definition (1.5.1) of the Hahn polynomials and let t →∞
we obtain the Krawtchouk polynomials defined by (1.10.1) :

lim
t→∞

Qn (x; pt, (1− p)t, N) = Kn(x; p, N). (2.5.3)

2.6 Dual Hahn

Racah → Dual Hahn.

If we take α + 1 = −N and let β →∞ in (1.2.1), then we obtain the dual Hahn polynomials from
the Racah polynomials. So we have

lim
β→∞

Rn(λ(x);−N − 1, β, γ, δ) = Rn(λ(x); γ, δ, N).

And if we take β = −δ − N − 1 and let α → ∞ in (1.2.1), then we also obtain the dual Hahn
polynomials :

lim
α→∞

Rn(λ(x);α,−δ −N − 1, γ, δ) = Rn(λ(x); γ, δ, N).

Finally, if we take γ + 1 = −N and δ → α + δ + N + 1 in the definition (1.2.1) of the Racah
polynomials and take the limit β →∞ we find the dual Hahn polynomials given by (1.6.1) in the
following way :

lim
β→∞

Rn(λ(x);α, β,−N − 1, α + δ + N + 1) = Rn(λ(x);α, δ,N).

Dual Hahn → Meixner.

To obtain the Meixner polynomials from the dual Hahn polynomials we have to take γ = β − 1
and δ = N(1− c)c−1 in the definition (1.6.1) of the dual Hahn polynomials and let N →∞ :

lim
N→∞

Rn

(
λ(x);β − 1, N

1− c

c
,N

)
= Mn(x;β, c). (2.6.1)

Dual Hahn → Krawtchouk.

In the same way we find the Krawtchouk polynomials from the dual Hahn polynomials by setting
γ = pt, δ = (1− p)t in (1.6.1) and let t →∞ :

lim
t→∞

Rn (λ(x); pt, (1− p)t, N) = Kn(x; p, N). (2.6.2)

2.7 Meixner-Pollaczek

Continuous dual Hahn → Meixner-Pollaczek.

The Meixner-Pollaczek polynomials given by (1.7.1) can be obtained from the continuous dual
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Hahn polynomials by the substitutions x → x − t, a = λ + it, b = λ − it and c = t cot φ in the
definition (1.3.1) and the limit t →∞ :

lim
t→∞

Sn

(
(x− t)2;λ + it, λ− it, t cot φ

)(
t

sin φ

)
n

n!
= P (λ)

n (x;φ).

Continuous Hahn → Meixner-Pollaczek.

By taking x → x − t, a = λ + it, c = λ − it and b = d = −t tanφ in the definition (1.4.1) of
the continuous Hahn polynomials and taking the limit t → ∞ we obtain the Meixner-Pollaczek
polynomials defined by (1.7.1) :

lim
t→∞

pn (x− t;λ + it,−t tanφ, λ− it,−t tanφ)(
it

cos φ

)
n

in
= P (λ)

n (x;φ).

Meixner-Pollaczek → Laguerre.

The Laguerre polynomials can be obtained from the Meixner-Pollaczek polynomials defined by
(1.7.1) by the substitution λ = 1

2 (α + 1), x → −1
2φ−1x and letting φ → 0 :

lim
φ→0

P
( 1
2 α+ 1

2 )
n

(
− x

2φ
;φ
)

= L(α)
n (x). (2.7.1)

Meixner-Pollaczek → Hermite.

If we substitute x → (sinφ)−1(x
√

λ − λ cos φ) in the definition (1.7.1) of the Meixner-Pollaczek
polynomials and then let λ →∞ we obtain the Hermite polynomials :

lim
λ→∞

λ−
1
2 nP (λ)

n

(
x
√

λ− λ cos φ

sinφ
;φ

)
=

Hn(x)
n!

. (2.7.2)

2.8 Jacobi

Wilson → Jacobi.

The Jacobi polynomials given by (1.8.1) can be found from the Wilson polynomials by substituting

a = b = 1
2 (α+1), c = 1

2 (β +1)+ it, d = 1
2 (β +1)− it and x → t

√
1
2 (1− x) in the definition (1.1.1)

of the Wilson polynomials and taking the limit t →∞. In fact we have

lim
t→∞

Wn

(
1
2 (1− x)t2; 1

2 (α + 1), 1
2 (α + 1), 1

2 (β + 1) + it, 1
2 (β + 1)− it

)
t2nn!

= P (α,β)
n (x).

Continuous Hahn → Jacobi.

The Jacobi polynomials defined by (1.8.1) follow from the continuous Hahn polynomials by the
substitution x → −1

2xt, a = 1
2 (α+1+ it), b = 1

2 (β +1− it), c = 1
2 (α+1− it) and d = 1

2 (β +1+ it)
in (1.4.1), division by (−1)ntn and the limit t →∞ :

lim
t→∞

pn

(
− 1

2xt; 1
2 (α + 1 + it), 1

2 (β + 1− it), 1
2 (α + 1− it), 1

2 (β + 1 + it)
)

(−1)ntn
= P (α,β)

n (x).

Hahn → Jacobi.

To find the Jacobi polynomials from the Hahn polynomials we take x → Nx in (1.5.1) and let
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N →∞. We have

lim
N→∞

Qn(Nx;α, β, N) =
P

(α,β)
n (1− 2x)

P
(α,β)
n (1)

.

Jacobi → Laguerre.

The Laguerre polynomials can be obtained from the Jacobi polynomials defined by (1.8.1) by
letting x → 1− 2β−1x and then β →∞ :

lim
β→∞

P (α,β)
n

(
1− 2x

β

)
= L(α)

n (x). (2.8.1)

Jacobi → Hermite.

The Hermite polynomials given by (1.13.1) follow from the Jacobi polynomials defined by (1.8.1)
by taking β = α and letting α →∞ in the following way :

lim
α→∞

α−
1
2 nP (α,α)

n

(
x√
α

)
=

Hn(x)
2nn!

. (2.8.2)

2.8.1 Gegenbauer / Ultraspherical

Gegenbauer / Ultraspherical → Hermite.

The Hermite polynomials given by (1.13.1) follow from the Gegenbauer (or ultraspherical) poly-
nomials defined by (1.8.15) by taking λ = α + 1

2 and letting α →∞ in the following way :

lim
α→∞

α−
1
2 nC

(α+ 1
2 )

n

(
x√
α

)
=

Hn(x)
n!

. (2.8.3)

2.9 Meixner

Hahn → Meixner.

If we take α = b − 1, β = N(1 − c)c−1 in the definition (1.5.1) of the Hahn polynomials and let
N →∞ we find the Meixner polynomials given by (1.9.1) :

lim
N→∞

Qn

(
x; b− 1, N

1− c

c
,N

)
= Mn(x; b, c).

Dual Hahn → Meixner.

To obtain the Meixner polynomials from the dual Hahn polynomials we have to take γ = β − 1
and δ = N(1− c)c−1 in the definition (1.6.1) of the dual Hahn polynomials and let N →∞ :

lim
N→∞

Rn

(
λ(x);β − 1, N

1− c

c
,N

)
= Mn(x;β, c).

Meixner → Laguerre.

If we take β = α + 1 and x → (1− c)−1x in the definition (1.9.1) of the Meixner polynomials and
let c → 1 we obtain the Laguerre polynomials :

lim
c→1

Mn

(
x

1− c
;α + 1, c

)
=

L
(α)
n (x)

L
(α)
n (0)

. (2.9.1)
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Meixner → Charlier.

If we take c = (a + β)−1a in the definition (1.9.1) of the Meixner polynomials and let β →∞ we
find the Charlier polynomials :

lim
β→∞

Mn

(
x;β,

a

a + β

)
= Cn(x; a). (2.9.2)

2.10 Krawtchouk

Hahn → Krawtchouk.

If we take α = pt and β = (1−p)t in the definition (1.5.1) of the Hahn polynomials and let t →∞
we obtain the Krawtchouk polynomials defined by (1.10.1) :

lim
t→∞

Qn (x; pt, (1− p)t, N) = Kn(x; p, N).

Dual Hahn → Krawtchouk.

In the same way we find the Krawtchouk polynomials from the dual Hahn polynomials by setting
γ = pt, δ = (1− p)t in (1.6.1) and let t →∞ :

lim
t→∞

Rn (λ(x); pt, (1− p)t, N) = Kn(x; p, N).

Krawtchouk → Charlier.

The Charlier polynomials given by (1.12.1) can be found from the Krawtchouk polynomials defined
by (1.10.1) by taking p = N−1a and let N →∞ :

lim
N→∞

Kn

(
x;

a

N
,N
)

= Cn(x; a). (2.10.1)

Krawtchouk → Hermite.

The Hermite polynomials follow from the Krawtchouk polynomials defined by (1.10.1) by setting
x → pN + x

√
2p(1− p)N and then letting N →∞ :

lim
N→∞

√(
N

n

)
Kn

(
pN + x

√
2p(1− p)N ; p, N

)
=

(−1)nHn(x)√
2nn!

(
p

1− p

)n
. (2.10.2)

2.11 Laguerre

Meixner-Pollaczek → Laguerre.

The Laguerre polynomials can be obtained from the Meixner-Pollaczek polynomials defined by
(1.7.1) by the substitution λ = 1

2 (α + 1), x → −1
2φ−1x and letting φ → 0 :

lim
φ→0

P
( 1
2 α+ 1

2 )
n

(
− x

2φ
;φ
)

= L(α)
n (x).

Jacobi → Laguerre.

The Laguerre polynomials can be obtained from the Jacobi polynomials defined by (1.8.1) by
letting x → 1− 2β−1x and then β →∞ :

lim
β→∞

P (α,β)
n

(
1− 2x

β

)
= L(α)

n (x).
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Meixner → Laguerre.

If we take β = α + 1 and x → (1− c)−1x in the definition (1.9.1) of the Meixner polynomials and
let c → 1 we obtain the Laguerre polynomials :

lim
c→1

Mn

(
x

1− c
;α + 1, c

)
=

L
(α)
n (x)

L
(α)
n (0)

.

Laguerre → Hermite.

The Hermite polynomials defined by (1.13.1) can be obtained from the Laguerre polynomials given
by (1.11.1) by taking the limit α →∞ in the following way :

lim
α→∞

(
2
α

) 1
2 n

L(α)
n

(
(2α)

1
2 x + α

)
=

(−1)n

n!
Hn(x). (2.11.1)

2.12 Charlier

Meixner → Charlier.

If we take c = (a + β)−1a in the definition (1.9.1) of the Meixner polynomials and let β →∞ we
find the Charlier polynomials :

lim
β→∞

Mn

(
x;β,

a

a + β

)
= Cn(x; a).

Krawtchouk → Charlier.

The Charlier polynomials given by (1.12.1) can be found from the Krawtchouk polynomials defined
by (1.10.1) by taking p = N−1a and let N →∞ :

lim
N→∞

Kn

(
x;

a

N
,N
)

= Cn(x; a).

Charlier → Hermite.

If we set x → (2a)1/2x + a in the definition (1.12.1) of the Charlier polynomials and let a → ∞
we find the Hermite polynomials defined by (1.13.1). In fact we have

lim
a→∞

(2a)
1
2 nCn

(
(2a)

1
2 x + a; a

)
= (−1)nHn(x). (2.12.1)

2.13 Hermite

Meixner-Pollaczek → Hermite.

If we substitute x → (sinφ)−1(x
√

λ − λ cos φ) in the definition (1.7.1) of the Meixner-Pollaczek
polynomials and then let λ →∞ we obtain the Hermite polynomials :

lim
λ→∞

λ−
1
2 nP (λ)

n

(
x
√

λ− λ cos φ

sinφ
;φ

)
=

Hn(x)
n!

.

Jacobi → Hermite.

The Hermite polynomials given by (1.13.1) follow from the Jacobi polynomials defined by (1.8.1)
by taking β = α and letting α →∞ in the following way :

lim
α→∞

α−
1
2 nP (α,α)

n

(
x√
α

)
=

Hn(x)
2nn!

.
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Gegenbauer / Ultraspherical → Hermite.

The Hermite polynomials given by (1.13.1) follow from the Gegenbauer (or ultraspherical) poly-
nomials defined by (1.8.15) by taking λ = α + 1

2 and letting α →∞ in the following way :

lim
α→∞

α−
1
2 nC

(α+ 1
2 )

n

(
x√
α

)
=

Hn(x)
n!

.

Krawtchouk → Hermite.

The Hermite polynomials follow from the Krawtchouk polynomials defined by (1.10.1) by setting
x → pN + x

√
2p(1− p)N and then letting N →∞ :

lim
N→∞

√(
N

n

)
Kn

(
pN + x

√
2p(1− p)N ; p, N

)
=

(−1)nHn(x)√
2nn!

(
p

1− p

)n
.

Laguerre → Hermite.

The Hermite polynomials defined by (1.13.1) can be obtained from the Laguerre polynomials given
by (1.11.1) by taking the limit α →∞ in the following way :

lim
α→∞

(
2
α

) 1
2 n

L(α)
n

(
(2α)

1
2 x + α

)
=

(−1)n

n!
Hn(x).

Charlier → Hermite.

If we set x → (2a)1/2x + a in the definition (1.12.1) of the Charlier polynomials and let a → ∞
we find the Hermite polynomials defined by (1.13.1). In fact we have

lim
a→∞

(2a)
1
2 nCn

(
(2a)

1
2 x + a; a

)
= (−1)nHn(x).
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Chapter 3

Basic hypergeometric orthogonal
polynomials

3.1 Askey-Wilson

Definition.

anpn(x; a, b, c, d|q)
(ab, ac, ad; q)n

= 4φ3

(
q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad

∣∣∣∣ q; q) , x = cos θ. (3.1.1)

The Askey-Wilson polynomials are q-analogues of the Wilson polynomials given by (1.1.1).
Orthogonality. If a, b, c, d are real, or occur in complex conjugate pairs if complex, and
max(|a|, |b|, |c|, |d|) < 1, then we have the following orthogonality relation

1
2π

1∫
−1

w(x)√
1− x2

pm(x; a, b, c, d|q)pn(x; a, b, c, d|q)dx = hnδmn, (3.1.2)

where

w(x) := w(x; a, b, c, d|q) =
∣∣∣∣ (e2iθ; q)∞
(aeiθ, beiθ, ceiθ, deiθ; q)∞

∣∣∣∣2 =
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, a)h(x, b)h(x, c)h(x, d)
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ

and

hn =
(abcdqn−1; q)n(abcdq2n; q)∞

(qn+1, abqn, acqn, adqn, bcqn, bdqn, cdqn; q)∞
.

If a > 1 and b, c, d are real or one is real and the other two are complex conjugates,
max(|b|, |c|, |d|) < 1 and the pairwise products of a, b, c and d have absolute value less than one,
then we have another orthogonality relation given by :

1
2π

1∫
−1

w(x)√
1− x2

pm(x; a, b, c, d|q)pn(x; a, b, c, d|q)dx

+
∑

k

1<aqk≤a

wkpm(xk; a, b, c, d|q)pn(xk; a, b, c, d|q) = hnδmn, (3.1.3)
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where w(x) and hn are as before,

xk =
aqk +

(
aqk
)−1

2
and

wk =
(a−2; q)∞

(q, ab, ac, ad, a−1b, a−1c, a−1d; q)∞
(1− a2q2k)(a2, ab, ac, ad; q)k

(1− a2)(q, ab−1q, ac−1q, ad−1q; q)k

( q

abcd

)k

.

Recurrence relation.

2xp̃n(x) = Anp̃n+1(x) +
[
a + a−1 − (An + Cn)

]
p̃n(x) + Cnp̃n−1(x), (3.1.4)

where

p̃n(x) := p̃n(x; a, b, c, d|q) =
anpn(x; a, b, c, d|q)

(ab, ac, ad; q)n

and 
An =

(1− abqn)(1− acqn)(1− adqn)(1− abcdqn−1)
a(1− abcdq2n−1)(1− abcdq2n)

Cn =
a(1− qn)(1− bcqn−1)(1− bdqn−1)(1− cdqn−1)

(1− abcdq2n−2)(1− abcdq2n−1)
.

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
2
[
a + a−1 − (An + Cn)

]
pn(x) +

1
4
An−1Cnpn−1(x), (3.1.5)

where
pn(x; a, b, c, d|q) = 2n(abcdqn−1; q)npn(x).

q-Difference equation.

(1− q)2Dq

[
w̃(x; aq

1
2 , bq

1
2 , cq

1
2 , dq

1
2 |q)Dqy(x)

]
+ λnw̃(x; a, b, c, d|q)y(x) = 0, y(x) = pn(x; a, b, c, d|q), (3.1.6)

where

w̃(x; a, b, c, d|q) :=
w(x; a, b, c, d|q)√

1− x2

and
λn = 4q−n+1(1− qn)(1− abcdqn−1).

If we define

Pn(z) :=
(ab, ac, ad; q)n

an 4φ3

(
q−n, abcdqn−1, az, az−1

ab, ac, ad

∣∣∣∣ q; q)
then the q-difference equation can also be written in the form

q−n(1− qn)(1− abcdqn−1)Pn(z)
= A(z)Pn(qz)−

[
A(z) + A(z−1)

]
Pn(z) + A(z−1)Pn(q−1z), (3.1.7)

where

A(z) =
(1− az)(1− bz)(1− cz)(1− dz)

(1− z2)(1− qz2)
.

Forward shift operator.

δqpn(x; a, b, c, d|q) = −q−
1
2 n(1− qn)(1− abcdqn−1)(eiθ − e−iθ)

× pn−1(x; aq
1
2 , bq

1
2 , cq

1
2 , dq

1
2 |q), x = cos θ (3.1.8)

64



or equivalently

Dqpn(x; a, b, c, d|q) = 2q−
1
2 (n−1) (1− qn)(1− abcdqn−1)

1− q
pn−1(x; aq

1
2 , bq

1
2 , cq

1
2 , dq

1
2 |q). (3.1.9)

Backward shift operator.

δq [w̃(x; a, b, c, d|q)pn(x; a, b, c, d|q)]
= q−

1
2 (n+1)(eiθ − e−iθ)w̃(x; aq−

1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 |q)

× pn+1(x; aq−
1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 |q), x = cos θ (3.1.10)

or equivalently

Dq [w̃(x; a, b, c, d|q)pn(x; a, b, c, d|q)]

= −2q−
1
2 n

1− q
w̃(x; aq−

1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 |q)pn+1(x; aq−

1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 |q). (3.1.11)

Rodrigues-type formula.

w̃(x; a, b, c, d|q)pn(x; a, b, c, d|q)

=
(

q − 1
2

)n

q
1
4 n(n−1) (Dq)

n
[
w̃(x; aq

1
2 n, bq

1
2 n, cq

1
2 n, dq

1
2 n|q)

]
. (3.1.12)

Generating functions.

2φ1

(
aeiθ, beiθ

ab

∣∣∣∣ q; e−iθt

)
2φ1

(
ce−iθ, de−iθ

cd

∣∣∣∣ q; eiθt

)
=

∞∑
n=0

pn(x; a, b, c, d|q)
(ab, cd, q; q)n

tn, x = cos θ. (3.1.13)

2φ1

(
aeiθ, ceiθ

ac

∣∣∣∣ q; e−iθt

)
2φ1

(
be−iθ, de−iθ

bd

∣∣∣∣ q; eiθt

)
=

∞∑
n=0

pn(x; a, b, c, d|q)
(ac, bd, q; q)n

tn, x = cos θ. (3.1.14)

2φ1

(
aeiθ, deiθ

ad

∣∣∣∣ q; e−iθt

)
2φ1

(
be−iθ, ce−iθ

bc

∣∣∣∣ q; eiθt

)
=

∞∑
n=0

pn(x; a, b, c, d|q)
(ad, bc, q; q)n

tn, x = cos θ. (3.1.15)

Remarks. The q-Racah polynomials defined by (3.2.1) and the Askey-Wilson polynomials given
by (3.1.1) are related in the following way. If we substitute a2 = γδq, b2 = α2γ−1δ−1q, c2 =
β2γ−1δq, d2 = γδ−1q and e2iθ = γδq2x+1 in the definition (3.1.1) of the Askey-Wilson polynomials
we find :

Rn (µ(x);α, β, γ, δ|q) =
(γδq)

1
2 npn(ν(x); γ

1
2 δ

1
2 q

1
2 , αγ−

1
2 δ−

1
2 q

1
2 , βγ−

1
2 δ

1
2 q

1
2 , γ

1
2 δ−

1
2 q

1
2 |q)

(αq, βδq, γq; q)n
,

where
ν(x) = 1

2γ
1
2 δ

1
2 qx+ 1

2 + 1
2γ−

1
2 δ−

1
2 q−x− 1

2 .

If we change q by q−1 we find

p̃n(x; a, b, c, d|q−1) = p̃n(x; a−1, b−1, c−1, d−1|q).

References. [13], [31], [43], [58], [64], [67], [69], [70], [96], [97], [191], [193], [203], [204], [218],
[224], [226], [230], [231], [234], [238], [242], [249], [256], [259], [281], [282], [293], [318], [322], [323],
[324], [328], [346], [347], [349], [350], [352], [353], [355], [359], [371], [389], [400].
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3.2 q-Racah

Definition.

Rn(µ(x);α, β, γ, δ|q) = 4φ3

(
q−n, αβqn+1, q−x, γδqx+1

αq, βδq, γq

∣∣∣∣ q; q) , n = 0, 1, 2, . . . , N, (3.2.1)

where
µ(x) := q−x + γδqx+1

and
αq = q−N or βδq = q−N or γq = q−N , with N a nonnegative integer.

Since

(q−x, γδqx+1; q)k =
k−1∏
j=0

(
1− µ(x)qj + γδq2j+1

)
,

it is clear that Rn(µ(x);α, β, γ, δ|q) is a polynomial of degree n in µ(x).
Orthogonality.

N∑
x=0

(αq, βδq, γq, γδq; q)x

(q, α−1γδq, β−1γq, δq; q)x

(1− γδq2x+1)
(αβq)x(1− γδq)

Rm(µ(x))Rn(µ(x)) = hnδmn, (3.2.2)

where
Rn(µ(x)) := Rn(µ(x);α, β, γ, δ|q)

and

hn =
(α−1β−1γ, α−1δ, β−1, γδq2; q)∞

(α−1β−1q−1, α−1γδq, β−1γq, δq; q)∞
(1− αβq)(γδq)n

(1− αβq2n+1)
(q, αβγ−1q, αδ−1q, βq; q)n

(αq, αβq, βδq, γq; q)n
.

This implies

hn =



(β−1, γδq2; q)N

(β−1γq, δq; q)N

(1− βq−N )(γδq)n

(1− βq2n−N )
(q, βq, βγ−1q−N , δ−1q−N ; q)n

(βq−N , βδq, γq, q−N ; q)n
if αq = q−N

(αβq2, βγ−1; q)N

(αβγ−1q, βq; q)N

(1− αβq)(β−1γq−N )n

(1− αβq2n+1)
(q, αβqN+2, αβγ−1q, βq; q)n

(αq, αβq, γq, q−N ; q)n
if βδq = q−N

(αβq2, δ−1; q)N

(αδ−1q, βq; q)N

(1− αβq)(δq−N )n

(1− αβq2n+1)
(q, αβqN+2, αδ−1q, βq; q)n

(αq, αβq, βδq, q−N ; q)n
if γq = q−N .

Recurrence relation.

−
(
1− q−x

) (
1− γδqx+1

)
Rn(µ(x))

= AnRn+1(µ(x))− (An + Cn) Rn(µ(x)) + CnRn−1(µ(x)), (3.2.3)

where 
An =

(1− αqn+1)(1− αβqn+1)(1− βδqn+1)(1− γqn+1)
(1− αβq2n+1)(1− αβq2n+2)

Cn =
q(1− qn)(1− βqn)(γ − αβqn)(δ − αqn)

(1− αβq2n)(1− αβq2n+1)
.

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1 + γδq − (An + Cn)] pn(x) + An−1Cnpn−1(x), (3.2.4)
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where

Rn(µ(x);α, β, γ, δ|q) =
(αβqn+1; q)n

(αq, βδq, γq; q)n
pn(µ(x)).

q-Difference equation.

∆ [w(x− 1)B(x− 1)∆y(x− 1)]
− q−n(1− qn)(1− αβqn+1)w(x)y(x) = 0, y(x) = Rn(µ(x);α, β, γ, δ|q), (3.2.5)

where

w(x) := w(x;α, β, γ, δ|q) =
(αq, βδq, γq, γδq; q)x

(q, α−1γδq, β−1γq, δq; q)x

(1− γδq2x+1)
(αβq)x(1− γδq)

and B(x) as below. This q-difference equation can also be written in the form

q−n(1− qn)(1− αβqn+1)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.2.6)

where
y(x) = Rn(µ(x);α, β, γ, δ|q)

and 
B(x) =

(1− αqx+1)(1− βδqx+1)(1− γqx+1)(1− γδqx+1)
(1− γδq2x+1)(1− γδq2x+2)

D(x) =
q(1− qx)(1− δqx)(β − γqx)(α− γδqx)

(1− γδq2x)(1− γδq2x+1)
.

Forward shift operator.

Rn(µ(x + 1);α, β, γ, δ|q)−Rn(µ(x);α, β, γ, δ|q)

=
q−n−x(1− qn)(1− αβqn+1)(1− γδq2x+2)

(1− αq)(1− βδq)(1− γq)
Rn−1(µ(x);αq, βq, γq, δ|q) (3.2.7)

or equivalently

∆Rn(µ(x);α, β, γ, δ|q)
∆µ(x)

=
q−n+1(1− qn)(1− αβqn+1)

(1− q)(1− αq)(1− βδq)(1− γq)
Rn−1(µ(x);αq, βq, γq, δ|q). (3.2.8)

Backward shift operator.

(1− αqx)(1− βδqx)(1− γqx)(1− γδqx)Rn(µ(x);α, β, γ, δ|q)
− (1− qx)(1− δqx)(α− γδqx)(β − γqx)Rn(µ(x− 1);α, β, γ, δ|q)

= qx(1− α)(1− βδ)(1− γ)(1− γδq2x)Rn+1(µ(x);αq−1, βq−1, γq−1, δ|q) (3.2.9)

or equivalently

∇ [w̃(x;α, β, γ, δ|q)Rn(µ(x);α, β, γ, δ|q)]
∇µ(x)

=
1

(1− q)(1− γδ)
w̃(x;αq−1, βq−1, γq−1, δ|q)Rn+1(µ(x);αq−1, βq−1, γq−1, δ|q), (3.2.10)

where

w̃(x;α, β, γ, δ|q) =
(αq, βδq, γq, γδq; q)x

(q, α−1γδq, β−1γq, δq; q)x(αβ)x
.

Rodrigues-type formula.

w̃(x;α, β, γ, δ|q)Rn(µ(x);α, β, γ, δ|q) = (1−q)n(γδq; q)n (∇µ)n [w̃(x;αqn, βqn, γqn, δ|q)] , (3.2.11)
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where
∇µ :=

∇
∇µ(x)

.

Generating functions. For x = 0, 1, 2, . . . , N we have

2φ1

(
q−x, αγ−1δ−1q−x

αq

∣∣∣∣ q; γδqx+1t

)
2φ1

(
βδqx+1, γqx+1

βq

∣∣∣∣ q; q−xt

)
=

N∑
n=0

(βδq, γq; q)n

(βq, q; q)n
Rn(µ(x);α, β, γ, δ|q)tn,

if βδq = q−N or γq = q−N . (3.2.12)

2φ1

(
q−x, βγ−1q−x

βδq

∣∣∣∣ q; γδqx+1t

)
2φ1

(
αqx+1, γqx+1

αδ−1q

∣∣∣∣ q; q−xt

)
=

N∑
n=0

(αq, γq; q)n

(αδ−1q, q; q)n
Rn(µ(x);α, β, γ, δ|q)tn,

if αq = q−N or γq = q−N . (3.2.13)

2φ1

(
q−x, δ−1q−x

γq

∣∣∣∣ q; γδqx+1t

)
2φ1

(
αqx+1, βδqx+1

αβγ−1q

∣∣∣∣ q; q−xt

)
=

N∑
n=0

(αq, βδq; q)n

(αβγ−1q, q; q)n
Rn(µ(x);α, β, γ, δ|q)tn,

if αq = q−N or βδq = q−N . (3.2.14)

Remarks. The Askey-Wilson polynomials defined by (3.1.1) and the q-Racah polynomials given
by (3.2.1) are related in the following way. If we substitute α = abq−1, β = cdq−1, γ = adq−1,
δ = ad−1 and qx = a−1e−iθ in the definition (3.2.1) of the q-Racah polynomials we find :

µ(x) = 2a cos θ

and

Rn

(
2a cos θ; abq−1, cdq−1, adq−1, ad−1|q

)
=

anpn(x; a, b, c, d|q)
(ab, ac, ad; q)n

.

If we change q by q−1 we find

Rn(µ(x);α, β, γ, δ|q−1) = Rn(µ̃(x);α−1, β−1, γ−1, δ−1|q),

where
µ̃(x) := q−x + γ−1δ−1qx+1.

References. [13], [26], [31], [62], [64], [67], [117], [118], [160], [188], [190], [193], [218], [245], [279],
[323], [331], [346].

3.3 Continuous dual q-Hahn

Definition.
anpn(x; a, b, c|q)

(ab, ac; q)n
= 3φ2

(
q−n, aeiθ, ae−iθ

ab, ac

∣∣∣∣ q; q) , x = cos θ. (3.3.1)
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Orthogonality. If a, b, c are real, or one is real and the other two are complex conjugates, and
max(|a|, |b|, |c|) < 1, then we have the following orthogonality relation

1
2π

1∫
−1

w(x)√
1− x2

pm(x; a, b, c|q)pn(x; a, b, c|q)dx = hnδmn, (3.3.2)

where

w(x) := w(x; a, b, c|q) =
∣∣∣∣ (e2iθ; q)∞
(aeiθ, beiθ, ceiθ; q)∞

∣∣∣∣2 =
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, a)h(x, b)h(x, c)
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ

and
hn =

1
(qn+1, abqn, acqn, bcqn; q)∞

.

If a > 1 and b and c are real or complex conjugates, max(|b|, |c|) < 1 and the pairwise products
of a, b and c have absolute value less than one, then we have another orthogonality relation given
by :

1
2π

1∫
−1

w(x)√
1− x2

pm(x; a, b, c|q)pn(x; a, b, c|q)dx

+
∑

k

1<aqk≤a

wkpm(xk; a, b, c|q)pn(xk; a, b, c|q) = hnδmn, (3.3.3)

where w(x) and hn are as before,

xk =
aqk +

(
aqk
)−1

2
and

wk =
(a−2; q)∞

(q, ab, ac, a−1b, a−1c; q)∞
(1− a2q2k)(a2, ab, ac; q)k

(1− a2)(q, ab−1q, ac−1q; q)k
(−1)kq−(k

2)
(

1
a2bc

)k

.

Recurrence relation.

2xp̃n(x) = Anp̃n+1(x) +
[
a + a−1 − (An + Cn)

]
p̃n(x) + Cnp̃n−1(x), (3.3.4)

where

p̃n(x) :=
anpn(x; a, b, c|q)

(ab, ac; q)n

and  An = a−1(1− abqn)(1− acqn)

Cn = a(1− qn)(1− bcqn−1).

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
2
[
a + a−1 − (An + Cn)

]
pn(x)

+
1
4
(1− qn)(1− abqn−1)(1− acqn−1)(1− bcqn−1)pn−1(x), (3.3.5)
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where
pn(x; a, b, c|q) = 2npn(x).

q-Difference equation.

(1− q)2Dq

[
w̃(x; aq

1
2 , bq

1
2 , cq

1
2 |q)Dqy(x)

]
+ 4q−n+1(1− qn)w̃(x; a, b, c|q)y(x) = 0, y(x) = pn(x; a, b, c|q), (3.3.6)

where

w̃(x; a, b, c|q) :=
w(x; a, b, c|q)√

1− x2
.

If we define

Pn(z) :=
(ab, ac; q)n

an 3φ2

(
q−n, az, az−1

ab, ac

∣∣∣∣ q; q)
then the q-difference equation can also be written in the form

q−n(1− qn)Pn(z) = A(z)Pn(qz)−
[
A(z) + A(z−1)

]
Pn(z) + A(z−1)Pn(q−1z), (3.3.7)

where

A(z) =
(1− az)(1− bz)(1− cz)

(1− z2)(1− qz2)
.

Forward shift operator.

δqpn(x; a, b, c|q) = −q−
1
2 n(1− qn)(eiθ − e−iθ)pn−1(x; aq

1
2 , bq

1
2 , cq

1
2 |q), x = cos θ (3.3.8)

or equivalently

Dqpn(x; a, b, c|q) = 2q−
1
2 (n−1) 1− qn

1− q
pn−1(x; aq

1
2 , bq

1
2 , cq

1
2 |q). (3.3.9)

Backward shift operator.

δq [w̃(x; a, b, c|q)pn(x; a, b, c|q)]
= q−

1
2 (n+1)(eiθ − e−iθ)w̃(x; aq−

1
2 , bq−

1
2 , cq−

1
2 |q)

× pn+1(x; aq−
1
2 , bq−

1
2 , cq−

1
2 |q), x = cos θ (3.3.10)

or equivalently

Dq [w̃(x; a, b, c|q)pn(x; a, b, c|q)]

= −2q−
1
2 n

1− q
w̃(x; aq−

1
2 , bq−

1
2 , cq−

1
2 |q)pn+1(x; aq−

1
2 , bq−

1
2 , cq−

1
2 |q). (3.3.11)

Rodrigues-type formula.

w̃(x; a, b, c|q)pn(x; a, b, c|q) =
(

q − 1
2

)n

q
1
4 n(n−1) (Dq)

n
[
w̃(x; aq

1
2 n, bq

1
2 n, cq

1
2 n|q)

]
. (3.3.12)

Generating functions.

(ct; q)∞
(eiθt; q)∞

2φ1

(
aeiθ, beiθ

ab

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

pn(x; a, b, c|q)
(ab, q; q)n

tn, x = cos θ. (3.3.13)

(bt; q)∞
(eiθt; q)∞

2φ1

(
aeiθ, ceiθ

ac

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

pn(x; a, b, c|q)
(ac, q; q)n

tn, x = cos θ. (3.3.14)
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(at; q)∞
(eiθt; q)∞

2φ1

(
beiθ, ceiθ

bc

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

pn(x; a, b, c|q)
(bc, q; q)n

tn, x = cos θ. (3.3.15)

(t; q)∞ · 3φ2

(
aeiθ, ae−iθ, 0

ab, ac

∣∣∣∣ q; t) =
∞∑

n=0

(−1)nanq(
n
2)

(ab, ac, q; q)n
pn(x; a, b, c|q)tn, x = cos θ. (3.3.16)

References. [58], [207].

3.4 Continuous q-Hahn

Definition.

(aeiφ)npn(x; a, b, c, d; q)
(abe2iφ, ac, ad; q)n

= 4φ3

(
q−n, abcdqn−1, aei(θ+2φ), ae−iθ

abe2iφ, ac, ad

∣∣∣∣ q; q) , x = cos(θ + φ). (3.4.1)

Orthogonality. If c = a and d = b then we have, if a and b are real and max(|a|, |b|) < 1 or if
b = a and |a| < 1 :

1
4π

π∫
−π

w(cos(θ + φ))pm(cos(θ + φ); a, b, c, d; q)pn(cos(θ + φ); a, b, c, d; q)dθ = hnδmn, (3.4.2)

where

w(x) := w(x; a, b, c, d; q) =
∣∣∣∣ (e2i(θ+φ); q)∞
(aei(θ+2φ), bei(θ+2φ), ceiθ, deiθ; q)∞

∣∣∣∣2
=

h(x, 1)h(x,−1)h(x, q
1
2 )h(x,−q

1
2 )

h(x, aeiφ)h(x, beiφ)h(x, ce−iφ)h(x, de−iφ)
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αei(θ+φ), αe−i(θ+φ); q

)
∞

, x = cos(θ + φ)

and

hn =
(abcdqn−1; q)n(abcdq2n; q)∞

(qn+1, abqne2iφ, acqn, adqn, bcqn, bdqn, cdqne−2iφ; q)∞
.

Recurrence relation.

2xp̃n(x) = Anp̃n+1(x) +
[
aeiφ + a−1e−iφ − (An + Cn)

]
p̃n(x) + Cnp̃n−1(x), (3.4.3)

where

p̃n(x) := p̃n(x; a, b, c, d; q) =
(aeiφ)npn(x; a, b, c, d; q)

(abe2iφ, ac, ad; q)n

and 
An =

(1− abe2iφqn)(1− acqn)(1− adqn)(1− abcdqn−1)
aeiφ(1− abcdq2n−1)(1− abcdq2n)

Cn =
aeiφ(1− qn)(1− bcqn−1)(1− bdqn−1)(1− cde−2iφqn−1)

(1− abcdq2n−2)(1− abcdq2n−1)
.

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
2
[
aeiφ + a−1e−iφ − (An + Cn)

]
pn(x) +

1
4
An−1Cnpn−1(x), (3.4.4)
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where
pn(x; a, b, c, d; q) = 2n(abcdqn−1; q)npn(x).

q-Difference equation.

(1− q)2Dq

[
w̃(x; aq

1
2 , bq

1
2 , cq

1
2 , dq

1
2 ; q)Dqy(x)

]
+ λnw̃(x; a, b, c, d; q)y(x) = 0, y(x) = pn(x; a, b, c, d; q), (3.4.5)

where

w̃(x; a, b, c, d; q) :=
w(x; a, b, c, d; q)√

1− x2

and
λn = 4q−n+1(1− qn)(1− abcdqn−1).

Forward shift operator.

δqpn(x; a, b, c, d; q)

= −q−
1
2 n(1− qn)(1− abcdqn−1)(ei(θ+φ) − e−i(θ+φ))

× pn−1(x; aq
1
2 , bq

1
2 , cq

1
2 , dq

1
2 ; q), x = cos(θ + φ) (3.4.6)

or equivalently

Dqpn(x; a, b, c, d; q) = 2q−
1
2 (n−1) (1− qn)(1− abcdqn−1)

1− q
pn−1(x; aq

1
2 , bq

1
2 , cq

1
2 , dq

1
2 ; q). (3.4.7)

Backward shift operator.

δq [w̃(x; a, b, c, d; q)pn(x; a, b, c, d; q)]

= q−
1
2 (n+1)(ei(θ+φ) − e−i(θ+φ))w̃(x; aq−

1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 ; q)

× pn+1(x; aq−
1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 ; q), x = cos(θ + φ) (3.4.8)

or equivalently

Dq [w̃(x; a, b, c, d; q)pn(x; a, b, c, d; q)]

= −2q−
1
2 n

1− q
w̃(x; aq−

1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 ; q)pn+1(x; aq−

1
2 , bq−

1
2 , cq−

1
2 , dq−

1
2 ; q). (3.4.9)

Rodrigues-type formula.

w̃(x; a, b, c, d; q)pn(x; a, b, c, d; q)

=
(

q − 1
2

)n

q
1
4 n(n−1) (Dq)

n
[
w̃(x; aq

1
2 n, bq

1
2 n, cq

1
2 n, dq

1
2 n; q)

]
. (3.4.10)

Generating functions.

2φ1

(
aei(θ+2φ), bei(θ+2φ)

abe2iφ

∣∣∣∣ q; e−i(θ+φ)t

)
2φ1

(
ce−i(θ+2φ), de−i(θ+2φ)

cde−2iφ

∣∣∣∣ q; ei(θ+φ)t

)
=

∞∑
n=0

pn(x; a, b, c, d; q)tn

(abe2iφ, cde−2iφ, q; q)n
, x = cos(θ + φ). (3.4.11)

2φ1

(
aei(θ+2φ), ceiθ

ac

∣∣∣∣ q; e−i(θ+φ)t

)
2φ1

(
be−iθ, de−i(θ+2φ)

bd

∣∣∣∣ q; ei(θ+φ)t

)
=

∞∑
n=0

pn(x; a, b, c, d; q)
(ac, bd, q; q)n

tn, x = cos(θ + φ). (3.4.12)
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2φ1

(
aei(θ+2φ), deiθ

ad

∣∣∣∣ q; e−i(θ+φ)t

)
2φ1

(
be−iθ, ce−i(θ+2φ)

bc

∣∣∣∣ q; ei(θ+φ)t

)
=

∞∑
n=0

pn(x; a, b, c, d; q)
(ad, bc, q; q)n

tn, x = cos(θ + φ). (3.4.13)

Remark. If we change q by q−1 we find

p̃n(x; a, b, c, d; q−1) = p̃n(x; a−1, b−1, c−1, d−1; q).

References. [31], [64], [193].

3.5 Big q-Jacobi

Definition.

Pn(x; a, b, c; q) = 3φ2

(
q−n, abqn+1, x

aq, cq

∣∣∣∣ q; q) . (3.5.1)

Orthogonality. For 0 < a < q−1, 0 < b < q−1 and c < 0 we have

aq∫
cq

(a−1x, c−1x; q)∞
(x, bc−1x; q)∞

Pm(x; a, b, c; q)Pn(x; a, b, c; q)dqx

= aq(1− q)
(q, abq2, a−1c, ac−1q; q)∞
(aq, bq, cq, abc−1q; q)∞

× (1− abq)
(1− abq2n+1)

(q, bq, abc−1q; q)n

(aq, abq, cq; q)n
(−acq2)nq(

n
2)δmn. (3.5.2)

Recurrence relation.

(x− 1)Pn(x; a, b, c; q)
= AnPn+1(x; a, b, c; q)− (An + Cn) Pn(x; a, b, c; q) + CnPn−1(x; a, b, c; q), (3.5.3)

where 
An =

(1− aqn+1)(1− abqn+1)(1− cqn+1)
(1− abq2n+1)(1− abq2n+2)

Cn = −acqn+1 (1− qn)(1− abc−1qn)(1− bqn)
(1− abq2n)(1− abq2n+1)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1− (An + Cn)] pn(x) + An−1Cnpn−1(x), (3.5.4)

where

Pn(x; a, b, c; q) =
(abqn+1; q)n

(aq, cq; q)n
pn(x).

q-Difference equation.

q−n(1− qn)(1− abqn+1)x2y(x) = B(x)y(qx)− [B(x) + D(x)] y(x) + D(x)y(q−1x), (3.5.5)

where
y(x) = Pn(x; a, b, c; q)
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and  B(x) = aq(x− 1)(bx− c)

D(x) = (x− aq)(x− cq).

Forward shift operator.

Pn(x; a, b, c; q)− Pn(qx; a, b, c; q) =
q−n+1(1− qn)(1− abqn+1)

(1− aq)(1− cq)
xPn−1(qx; aq, bq, cq; q) (3.5.6)

or equivalently

DqPn(x; a, b, c; q) =
q−n+1(1− qn)(1− abqn+1)

(1− q)(1− aq)(1− cq)
Pn−1(qx; aq, bq, cq; q). (3.5.7)

Backward shift operator.

(x− a)(x− c)Pn(x; a, b, c; q)− a(x− 1)(bx− c)Pn(qx; a, b, c; q)
= (1− a)(1− c)xPn+1(x; aq−1, bq−1, cq−1; q) (3.5.8)

or equivalently

Dq [w(x; a, b, c; q)Pn(x; a, b, c; q)]

=
(1− a)(1− c)

ac(1− q)
w(x; aq−1, bq−1, cq−1; q)Pn+1(x; aq−1, bq−1, cq−1; q), (3.5.9)

where

w(x; a, b, c; q) =
(a−1x, c−1x; q)∞
(x, bc−1x; q)∞

.

Rodrigues-type formula.

w(x; a, b, c; q)Pn(x; a, b, c; q) =
ancnqn(n+1)(1− q)n

(aq, cq; q)n
(Dq)

n [w(x; aqn, bqn, cqn; q)] . (3.5.10)

Generating functions.

2φ1

(
aqx−1, 0

aq

∣∣∣∣ q;xt

)
1φ1

(
bc−1x

bq

∣∣∣∣ q; cqt) =
∞∑

n=0

(cq; q)n

(bq, q; q)n
Pn(x; a, b, c; q)tn. (3.5.11)

2φ1

(
cqx−1, 0

cq

∣∣∣∣ q;xt

)
1φ1

(
bc−1x

abc−1q

∣∣∣∣ q; aqt

)
=

∞∑
n=0

(aq; q)n

(abc−1q, q; q)n
Pn(x; a, b, c; q)tn. (3.5.12)

Remarks. The big q-Jacobi polynomials with c = 0 and the little q-Jacobi polynomials defined
by (3.12.1) are related in the following way :

Pn(x; a, b, 0; q) =
(bq; q)n

(aq; q)n
(−1)nanqn+(n

2)pn

(
x

aq
; b, a

∣∣∣∣ q) .

Sometimes the big q-Jacobi polynomials are defined in terms of four parameters instead of
three. In fact the polynomials given by the definition

Pn(x; a, b, c, d; q) = 3φ2

(
q−n, abqn+1, ac−1qx

aq,−ac−1dq

∣∣∣∣ q; q)
are orthogonal on the interval [−d, c] with respect to the weight function

(c−1qx,−d−1qx; q)∞
(ac−1qx,−bd−1qx; q)∞

dqx.
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These polynomials are not really different from those defined by (3.5.1) since we have

Pn(x; a, b, c, d; q) = Pn(ac−1qx; a, b,−ac−1d; q)

and
Pn(x; a, b, c; q) = Pn(x; a, b, aq,−cq; q).

References. [11], [13], [31], [67], [166], [193], [203], [206], [208], [218], [239], [242], [248], [262],
[279], [282], [318], [323], [325], [326], [327], [371], [379].

Special case

3.5.1 Big q-Legendre

Definition. The big q-Legendre polynomials are big q-Jacobi polynomials with a = b = 1 :

Pn(x; c; q) = 3φ2

(
q−n, qn+1, x

q, cq

∣∣∣∣ q; q) . (3.5.13)

Orthogonality. For c < 0 we have
q∫

cq

Pm(x; c; q)Pn(x; c; q)dqx = q(1− c)
(1− q)

(1− q2n+1)
(c−1q; q)n

(cq; q)n
(−cq2)nq(

n
2)δmn. (3.5.14)

Recurrence relation.

(x− 1)Pn(x; c; q) = AnPn+1(x; c; q)− (An + Cn) Pn(x; c; q) + CnPn−1(x; c; q), (3.5.15)

where 
An =

(1− qn+1)(1− cqn+1)
(1 + qn+1)(1− q2n+1)

Cn = −cqn+1 (1− qn)(1− c−1qn)
(1 + qn)(1− q2n+1)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1− (An + Cn)] pn(x) + An−1Cnpn−1(x), (3.5.16)

where

Pn(x; c; q) =
(qn+1; q)n

(q, cq; q)n
pn(x).

q-Difference equation.

q−n(1− qn)(1− qn+1)x2y(x) = B(x)y(qx)− [B(x) + D(x)] y(x) + D(x)y(q−1x), (3.5.17)

where
y(x) = Pn(x; c; q)

and  B(x) = q(x− 1)(x− c)

D(x) = (x− q)(x− cq).

Rodrigues-type formula.

Pn(x; c; q) =
cnqn(n+1)(1− q)n

(q, cq; q)n
(Dq)

n [(q−nx, c−1q−nx; q)n

]
(3.5.18)

=
(1− q)n

(q, cq; q)n
(Dq)

n [(qx−1, cqx−1; q)nx2n
]
.
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Generating functions.

2φ1

(
qx−1, 0

q

∣∣∣∣ q;xt

)
1φ1

(
c−1x

q

∣∣∣∣ q; cqt) =
∞∑

n=0

(cq; q)n

(q, q; q)n
Pn(x; c; q)tn. (3.5.19)

2φ1

(
cqx−1, 0

cq

∣∣∣∣ q;xt

)
1φ1

(
c−1x

c−1q

∣∣∣∣ q; qt) =
∞∑

n=0

Pn(x; c; q)
(c−1q; q)n

tn. (3.5.20)

References. [257], [279].

3.6 q-Hahn

Definition.

Qn(q−x;α, β, N |q) = 3φ2

(
q−n, αβqn+1, q−x

αq, q−N

∣∣∣∣ q; q) , n = 0, 1, 2, . . . , N. (3.6.1)

Orthogonality. For 0 < α < q−1 and 0 < β < q−1 or for α > q−N and β > q−N we have

N∑
x=0

(αq, q−N ; q)x

(q, β−1q−N ; q)x
(αβq)−xQm(q−x;α, β, N |q)Qn(q−x;α, β, N |q)

=
(αβq2; q)N

(βq; q)N (αq)N

(q, αβqN+2, βq; q)n

(αq, αβq, q−N ; q)n

(1− αβq)(−αq)n

(1− αβq2n+1)
q(

n
2)−Nnδmn. (3.6.2)

Recurrence relation.

−
(
1− q−x

)
Qn(q−x) = AnQn+1(q−x)− (An + Cn) Qn(q−x) + CnQn−1(q−x), (3.6.3)

where
Qn(q−x) := Qn(q−x;α, β, N |q)

and 
An =

(1− qn−N )(1− αqn+1)(1− αβqn+1)
(1− αβq2n+1)(1− αβq2n+2)

Cn = −αqn−N (1− qn)(1− αβqn+N+1)(1− βqn)
(1− αβq2n)(1− αβq2n+1)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1− (An + Cn)] pn(x) + An−1Cnpn−1(x), (3.6.4)

where

Qn(q−x;α, β, N |q) =
(αβqn+1; q)n

(αq, q−N ; q)n
pn(q−x).

q-Difference equation.

q−n(1− qn)(1− αβqn+1)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.6.5)

where
y(x) = Qn(q−x;α, β, N |q)

and  B(x) = (1− qx−N )(1− αqx+1)

D(x) = αq(1− qx)(β − qx−N−1).
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Forward shift operator.

Qn(q−x−1;α, β, N |q)−Qn(q−x;α, β, N |q)

=
q−n−x(1− qn)(1− αβqn+1)

(1− αq)(1− q−N )
Qn−1(q−x;αq, βq,N − 1|q) (3.6.6)

or equivalently

∆Qn(q−x;α, β, N |q)
∆q−x

=
q−n+1(1− qn)(1− αβqn+1)
(1− q)(1− αq)(1− q−N )

Qn−1(q−x;αq, βq,N − 1|q). (3.6.7)

Backward shift operator.

(1− αqx)(1− qx−N−1)Qn(q−x;α, β, N |q)− α(1− qx)(β − qx−N−1)Qn(q−x+1;α, β, N |q)
= qx(1− α)(1− q−N−1)Qn+1(q−x;αq−1, βq−1, N + 1|q) (3.6.8)

or equivalently

∇ [w(x;α, β, N |q)Qn(q−x;α, β, N |q)]
∇q−x

=
1

1− q
w(x;αq−1, βq−1, N + 1|q)Qn+1(q−x;αq−1, βq−1, N + 1|q), (3.6.9)

where

w(x;α, β, N |q) =
(αq, q−N ; q)x

(q, β−1q−N ; q)x
(αβ)−x.

Rodrigues-type formula.

w(x;α, β, N |q)Qn(q−x;α, β, N |q) = (1− q)n (∇q)
n [w(x;αqn, βqn, N − n|q)] , (3.6.10)

where
∇q :=

∇
∇q−x

.

Generating functions. For x = 0, 1, 2, . . . , N we have

1φ1

(
q−x

αq

∣∣∣∣ q;αqt

)
2φ1

(
qx−N , 0

βq

∣∣∣∣ q; q−xt

)
=

N∑
n=0

(q−N ; q)n

(βq, q; q)n
Qn(q−x;α, β, N |q)tn. (3.6.11)

2φ1

(
q−x, βqN+1−x

0

∣∣∣∣ q;−αqx−N+1t

)
2φ0

(
qx−N , αqx+1

−

∣∣∣∣ q;−q−xt

)
=

N∑
n=0

(αq, q−N ; q)n

(q; q)n
q−(n

2)Qn(q−x;α, β, N |q)tn. (3.6.12)

Remark. The q-Hahn polynomials defined by (3.6.1) and the dual q-Hahn polynomials given by
(3.7.1) are related in the following way :

Qn(q−x;α, β, N |q) = Rx(µ(n);α, β, N |q),

with
µ(n) = q−n + αβqn+1

or
Rn(µ(x); γ, δ, N |q) = Qx(q−n; γ, δ, N |q),

where
µ(x) = q−x + γδqx+1.

References. [13], [28], [31], [62], [64], [67], [144], [161], [190], [193], [208], [248], [259], [263], [277],
[279], [323], [325], [346], [383], [385], [386].
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3.7 Dual q-Hahn

Definition.

Rn(µ(x); γ, δ, N |q) = 3φ2

(
q−n, q−x, γδqx+1

γq, q−N

∣∣∣∣ q; q) , n = 0, 1, 2, . . . , N, (3.7.1)

where
µ(x) := q−x + γδqx+1.

Orthogonality. For 0 < γ < q−1 and 0 < δ < q−1 or for γ > q−N and δ > q−N we have

N∑
x=0

(γq, γδq, q−N ; q)x

(q, γδqN+2, δq; q)x

(1− γδq2x+1)
(1− γδq)(−γq)x

qNx−(x
2)Rm(µ(x); γ, δ, N |q)Rn(µ(x); γ, δ, N |q)

=
(γδq2; q)N

(δq; q)N
(γq)−N (q, δ−1q−N ; q)n

(γq, q−N ; q)n
(γδq)nδmn. (3.7.2)

Recurrence relation.

−
(
1− q−x

) (
1− γδqx+1

)
Rn(µ(x))

= AnRn+1(µ(x))− (An + Cn)Rn(µ(x)) + CnRn−1(µ(x)), (3.7.3)

where
Rn(µ(x)) := Rn(µ(x); γ, δ, N |q)

and  An =
(
1− qn−N

) (
1− γqn+1

)
Cn = γq (1− qn)

(
δ − qn−N−1

)
.

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1 + γδq − (An + Cn)] pn(x)
+ γq(1− qn)(1− γqn)(1− qn−N−1)(δ − qn−N−1)pn−1(x), (3.7.4)

where
Rn(µ(x); γ, δ, N |q) =

1
(γq, q−N ; q)n

pn(µ(x)).

q-Difference equation.

q−n(1− qn)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.7.5)

where
y(x) = Rn(µ(x); γ, δ, N |q)

and 
B(x) =

(1− qx−N )(1− γqx+1)(1− γδqx+1)
(1− γδq2x+1)(1− γδq2x+2)

D(x) = −γqx−N (1− qx)(1− γδqx+N+1)(1− δqx)
(1− γδq2x)(1− γδq2x+1)

.

Forward shift operator.

Rn(µ(x + 1); γ, δ, N |q)−Rn(µ(x); γ, δ, N |q)

=
q−n−x(1− qn)(1− γδq2x+2)

(1− γq)(1− q−N )
Rn−1(µ(x); γq, δ,N − 1|q) (3.7.6)
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or equivalently

∆Rn(µ(x); γ, δ, N |q)
∆µ(x)

=
q−n+1(1− qn)

(1− q)(1− γq)(1− q−N )
Rn−1(µ(x); γq, δ,N − 1|q). (3.7.7)

Backward shift operator.

(1− γqx)(1− γδqx)(1− qx−N−1)Rn(µ(x); γ, δ, N |q)
+ γqx−N−1(1− qx)(1− γδqx+N+1)(1− δqx)Rn(µ(x− 1); γ, δ, N |q)

= qx(1− γ)(1− q−N−1)(1− γδq2x)Rn+1(µ(x); γq−1, δ, N + 1|q) (3.7.8)

or equivalently

∇ [w(x; γ, δ, N |q)Rn(µ(x); γ, δ, N |q)]
∇µ(x)

=
1

(1− q)(1− γδ)
w(x; γq−1, δ, N + 1|q)Rn+1(µ(x); γq−1, δ, N + 1|q), (3.7.9)

where

w(x; γ, δ, N |q) =
(γq, γδq, q−N ; q)x

(q, γδqN+2, δq; q)x
(−γ−1)xqNx−(x

2).

Rodrigues-type formula.

w(x; γ, δ, N |q)Rn(µ(x); γ, δ, N |q) = (1− q)n(γδq; q)n (∇µ)n [w(x; γqn, δ, N − n|q)] , (3.7.10)

where
∇µ :=

∇
∇µ(x)

.

Generating functions. For x = 0, 1, 2, . . . , N we have

(q−N t; q)N−x · 2φ1

(
q−x, δ−1q−x

γq

∣∣∣∣ q; γδqx+1t

)
=

N∑
n=0

(q−N ; q)n

(q; q)n
Rn(µ(x); γ, δ, N |q)tn. (3.7.11)

(γδqt; q)x · 2φ1

(
qx−N , γqx+1

δ−1q−N

∣∣∣∣ q; q−xt

)
=

N∑
n=0

(q−N , γq; q)n

(δ−1q−N , q; q)n
Rn(µ(x); γ, δ, N |q)tn. (3.7.12)

Remark. The dual q-Hahn polynomials defined by (3.7.1) and the q-Hahn polynomials given by
(3.6.1) are related in the following way :

Qn(q−x;α, β, N |q) = Rx(µ(n);α, β, N |q),

with
µ(n) = q−n + αβqn+1

or
Rn(µ(x); γ, δ, N |q) = Qx(q−n; γ, δ, N |q),

where
µ(x) = q−x + γδqx+1.

References. [29], [31], [62], [64], [67], [193], [263], [323], [385].
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3.8 Al-Salam-Chihara

Definition.

Qn(x; a, b|q) =
(ab; q)n

an 3φ2

(
q−n, aeiθ, ae−iθ

ab, 0

∣∣∣∣ q; q) (3.8.1)

= (aeiθ; q)ne−inθ
2φ1

(
q−n, be−iθ

a−1q−n+1e−iθ

∣∣∣∣ q; a−1qeiθ

)
= (be−iθ; q)neinθ

2φ1

(
q−n, aeiθ

b−1q−n+1eiθ

∣∣∣∣ q; b−1qe−iθ

)
, x = cos θ.

Orthogonality. If a and b are real or complex conjugates and max(|a|, |b|) < 1, then we have the
following orthogonality relation

1
2π

1∫
−1

w(x)√
1− x2

Qm(x; a, b|q)Qn(x; a, b|q)dx =
δmn

(qn+1, abqn; q)∞
, (3.8.2)

where

w(x) := w(x; a, b|q) =
∣∣∣∣ (e2iθ; q)∞
(aeiθ, beiθ; q)∞

∣∣∣∣2 =
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, a)h(x, b)
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.

If a > 1 and |ab| < 1, then we have another orthogonality relation given by :

1
2π

1∫
−1

w(x)√
1− x2

Qm(x; a, b|q)Qn(x; a, b|q)dx

+
∑

k

1<aqk≤a

wkQm(xk; a, b|q)Qn(xk; a, b|q) =
δmn

(qn+1, abqn; q)∞
, (3.8.3)

where w(x) is as before,

xk =
aqk +

(
aqk
)−1

2
and

wk =
(a−2; q)∞

(q, ab, a−1b; q)∞
(1− a2q2k)(a2, ab; q)k

(1− a2)(q, ab−1q; q)k
q−k2

(
1

a3b

)k

.

Recurrence relation.

2xQn(x) = Qn+1(x) + (a + b)qnQn(x) + (1− qn)(1− abqn−1)Qn−1(x). (3.8.4)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
2
(a + b)qnpn(x) +

1
4
(1− qn)(1− abqn−1)pn−1(x), (3.8.5)

where
Qn(x; a, b|q) = 2npn(x).
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q-Difference equation.

(1− q)2Dq

[
w̃(x; aq

1
2 , bq

1
2 |q)Dqy(x)

]
+ 4q−n+1(1− qn)w̃(x; a, b|q)y(x) = 0, y(x) = Qn(x; a, b|q), (3.8.6)

where

w̃(x; a, b|q) :=
w(x; a, b|q)√

1− x2
.

If we define

Pn(z) :=
(ab; q)n

an 3φ2

(
q−n, az, az−1

ab, 0

∣∣∣∣ q; q)
then the q-difference equation can also be written in the form

q−n(1− qn)Pn(z) = A(z)Pn(qz)−
[
A(z) + A(z−1)

]
Pn(z) + A(z−1)Pn(q−1z), (3.8.7)

where

A(z) =
(1− az)(1− bz)
(1− z2)(1− qz2)

.

Forward shift operator.

δqQn(x; a, b|q) = −q−
1
2 n(1− qn)(eiθ − e−iθ)Qn−1(x; aq

1
2 , bq

1
2 |q), x = cos θ (3.8.8)

or equivalently

DqQn(x; a, b|q) = 2q−
1
2 (n−1) 1− qn

1− q
Qn−1(x; aq

1
2 , bq

1
2 |q). (3.8.9)

Backward shift operator.

δq [w̃(x; a, b|q)Qn(x; a, b|q)]
= q−

1
2 (n+1)(eiθ − e−iθ)w̃(x; aq−

1
2 , bq−

1
2 |q)Qn+1(x; aq−

1
2 , bq−

1
2 |q), x = cos θ (3.8.10)

or equivalently

Dq [w̃(x; a, b|q)Qn(x; a, b|q)] = −2q−
1
2 n

1− q
w̃(x; aq−

1
2 , bq−

1
2 |q)Qn+1(x; aq−

1
2 , bq−

1
2 |q). (3.8.11)

Rodrigues-type formula.

w̃(x; a, b|q)Qn(x; a, b|q) =
(

q − 1
2

)n

q
1
4 n(n−1) (Dq)

n
[
w̃(x; aq

1
2 n, bq

1
2 n|q)

]
. (3.8.12)

Generating functions.

(at, bt; q)∞
(eiθt, e−iθt; q)∞

=
∞∑

n=0

Qn(x; a, b|q)
(q; q)n

tn, x = cos θ. (3.8.13)

1
(eiθt; q)∞

2φ1

(
aeiθ, beiθ

ab

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

Qn(x; a, b|q)
(ab, q; q)n

tn, x = cos θ. (3.8.14)

(t; q)∞ · 2φ1

(
aeiθ, ae−iθ

ab

∣∣∣∣ q; t) =
∞∑

n=0

(−1)nanq(
n
2)

(ab, q; q)n
Qn(x; a, b|q)tn, x = cos θ. (3.8.15)

(γeiθt; q)∞
(eiθt; q)∞

3φ2

(
γ, aeiθ, beiθ

ab, γeiθt

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(γ; q)n

(ab, q; q)n
Qn(x; a, b|q)tn, x = cos θ, γ arbitrary. (3.8.16)

References. [13], [19], [20], [55], [58], [73], [125], [132], [164], [236], [239], [261], [262].
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3.9 q-Meixner-Pollaczek

Definition.

Pn(x; a|q) = a−ne−inφ (a2; q)n

(q; q)n
3φ2

(
q−n, aei(θ+2φ), ae−iθ

a2, 0

∣∣∣∣ q; q) (3.9.1)

=
(ae−iθ; q)n

(q; q)n
ein(θ+φ)

2φ1

(
q−n, aeiθ

a−1q−n+1eiθ

∣∣∣∣ q; qa−1e−i(θ+2φ)

)
, x = cos(θ + φ).

Orthogonality. For 0 < a < 1 we have

1
2π

π∫
−π

w(cos(θ + φ); a|q)Pm(cos(θ + φ); a|q)Pn(cos(θ + φ); a|q)dθ =
δmn

(q; q)n(q, a2qn; q)∞
, (3.9.2)

where

w(x; a|q) =
∣∣∣∣ (e2i(θ+φ); q)∞
(aei(θ+2φ), aeiθ; q)∞

∣∣∣∣2 =
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, aeiφ)h(x, ae−iφ)
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αei(θ+φ), αe−i(θ+φ); q

)
∞

, x = cos(θ + φ).

Recurrence relation.

2xPn(x; a|q) = (1− qn+1)Pn+1(x; a|q)
+ 2aqn cos φPn(x; a|q) + (1− a2qn−1)Pn−1(x; a|q). (3.9.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + aqn cos φ pn(x) +
1
4
(1− qn)(1− a2qn−1)pn−1(x), (3.9.4)

where
Pn(x; a|q) =

2n

(q; q)n
pn(x).

q-Difference equation.

(1− q)2Dq

[
w̃(x; aq

1
2 |q)Dqy(x)

]
+ 4q−n+1(1− qn)w̃(x; a|q)y(x) = 0, y(x) = Pn(x; a|q), (3.9.5)

where

w̃(x; a|q) :=
w(x; a|q)√

1− x2
.

Forward shift operator.

δqPn(x; a|q) = −q−
1
2 n(ei(θ+φ) − e−i(θ+φ))Pn−1(x; aq

1
2 |q), x = cos θ (3.9.6)

or equivalently

DqPn(x; a|q) =
2q−

1
2 (n−1)

1− q
Pn−1(x; aq

1
2 |q). (3.9.7)

Backward shift operator.

δq [w̃(x; a|q)Pn(x; a|q)]
= q−

1
2 (n+1)(1− qn+1)(eiθ − e−iθ)w̃(x; aq−

1
2 |q)Pn+1(x; aq−

1
2 |q), x = cos θ (3.9.8)
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or equivalently

Dq [w̃(x; a|q)Pn(x; a|q)] = −2q−
1
2 n 1− qn+1

1− q
w̃(x; aq−

1
2 |q)Pn+1(x; aq−

1
2 |q). (3.9.9)

Rodrigues-type formula.

w̃(x; a|q)Pn(x; a|q) =
(

q − 1
2

)n

q
1
4 n(n−1) 1

(q; q)n
(Dq)

n
[
w̃(x; aq

1
2 n|q)

]
. (3.9.10)

Generating functions.∣∣∣∣ (aeiφt; q)∞
(ei(θ+φ)t; q)∞

∣∣∣∣2 =
(aeiφt, ae−iφt; q)∞

(ei(θ+φ)t, e−i(θ+φ)t; q)∞
=

∞∑
n=0

Pn(x; a|q)tn, x = cos(θ + φ). (3.9.11)

1
(ei(θ+φ)t; q)∞

2φ1

(
aei(θ+2φ), aeiθ

a2

∣∣∣∣ q; e−i(θ+φ)t

)
=

∞∑
n=0

Pn(x; a|q)
(a2; q)n

tn, x = cos(θ + φ). (3.9.12)

References. [13], [20], [55], [64], [113], [217].

3.10 Continuous q-Jacobi

Definition. If we take a = q
1
2 α+ 1

4 , b = q
1
2 α+ 3

4 , c = −q
1
2 β+ 1

4 and d = −q
1
2 β+ 3

4 in the definition
(3.1.1) of the Askey-Wilson polynomials we find after renormalizing

P (α,β)
n (x|q) =

(qα+1; q)n

(q; q)n
4φ3

(
q−n, qn+α+β+1, q

1
2 α+ 1

4 eiθ, q
1
2 α+ 1

4 e−iθ

qα+1,−q
1
2 (α+β+1),−q

1
2 (α+β+2)

∣∣∣∣∣ q; q
)

, x = cos θ. (3.10.1)

Orthogonality. For α ≥ −1
2 and β ≥ − 1

2 we have

1
2π

1∫
−1

w(x)√
1− x2

P (α,β)
m (x|q)P (α,β)

n (x|q)dx

=
(q

1
2 (α+β+2), q

1
2 (α+β+3); q)∞

(q, qα+1, qβ+1,−q
1
2 (α+β+1),−q

1
2 (α+β+2); q)∞

×

× (1− qα+β+1)(qα+1, qβ+1,−q
1
2 (α+β+3); q)n

(1− q2n+α+β+1)(q, qα+β+1,−q
1
2 (α+β+1); q)n

q(α+ 1
2 )nδmn, (3.10.2)

where

w(x) := w(x; qα, qβ |q) =
∣∣∣∣ (e2iθ; q)∞
(q

1
2 α+ 1

4 eiθ, q
1
2 α+ 3

4 eiθ,−q
1
2 β+ 1

4 eiθ,−q
1
2 β+ 3

4 eiθ; q)∞

∣∣∣∣2

=

∣∣∣∣∣ (eiθ,−eiθ; q
1
2 )∞

(q
1
2 α+ 1

4 eiθ,−q
1
2 β+ 1

4 eiθ; q
1
2 )∞

∣∣∣∣∣
2

=
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, q
1
2 α+ 1

4 )h(x, q
1
2 α+ 3

4 )h(x,−q
1
2 β+ 1

4 )h(x,−q
1
2 β+ 3

4 )
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.
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Recurrence relation.

2xP̃n(x|q) = AnP̃n+1(x|q) +
[
q

1
2 α+ 1

4 + q−
1
2 α− 1

4 − (An + Cn)
]
P̃n(x|q) + CnP̃n−1(x|q), (3.10.3)

where

P̃n(x|q) :=
(q; q)n

(qα+1; q)n
P (α,β)

n (x|q)

and 
An =

(1− qn+α+1)(1− qn+α+β+1)(1 + qn+ 1
2 (α+β+1))(1 + qn+ 1

2 (α+β+2))
q

1
2 α+ 1

4 (1− q2n+α+β+1)(1− q2n+α+β+2)

Cn =
q

1
2 α+ 1

4 (1− qn)(1− qn+β)(1 + qn+ 1
2 (α+β))(1 + qn+ 1

2 (α+β+1))
(1− q2n+α+β)(1− q2n+α+β+1)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
2

[
q

1
2 α+ 1

4 + q−
1
2 α− 1

4 − (An + Cn)
]
pn(x) +

1
4
An−1Cnpn−1(x), (3.10.4)

where

P (α,β)
n (x|q) =

2nq( 1
2 α+ 1

4 )n(qn+α+β+1; q)n

(q,−q
1
2 (α+β+1),−q

1
2 (α+β+2); q)n

pn(x).

q-Difference equation.

(1− q)2Dq

[
w̃(x; qα+1, qβ+1|q)Dqy(x)

]
+ λnw̃(x; qα, qβ |q)y(x) = 0, y(x) = P (α,β)

n (x|q), (3.10.5)

where

w̃(x; qα, qβ |q) :=
w(x; qα, qβ |q)√

1− x2
,

λn = 4q−n+1(1− qn)(1− qn+α+β+1).

Forward shift operator.

δqP
(α,β)
n (x|q) = −q−n+ 1

2 α+ 3
4 (1− qn+α+β+1)(eiθ − e−iθ)

(1 + q
1
2 (α+β+1))(1 + q

1
2 (α+β+2))

P
(α+1,β+1)
n−1 (x|q), x = cos θ (3.10.6)

or equivalently

DqP
(α,β)
n (x|q) =

2q−n+ 1
2 α+ 5

4 (1− qn+α+β+1)
(1− q)(1 + q

1
2 (α+β+1))(1 + q

1
2 (α+β+2))

P
(α+1,β+1)
n−1 (x|q). (3.10.7)

Backward shift operator.

δq

[
w̃(x; qα, qβ |q)P (α,β)

n (x|q)
]

= q−
1
2 α− 1

4 (1− qn+1)(1 + q
1
2 (α+β−1))(1 + q

1
2 (α+β))(eiθ − e−iθ)

× w̃(x; qα−1, qβ−1|q)P (α−1,β−1)
n+1 (x|q), x = cos θ (3.10.8)

or equivalently

Dq

[
w̃(x; qα, qβ |q)P (α,β)

n (x|q)
]

= −2q−
1
2 α+ 1

4
(1− qn+1)(1 + q

1
2 (α+β−1))(1 + q

1
2 (α+β))

1− q

× w̃(x; qα−1, qβ−1|q)P (α−1,β−1)
n+1 (x|q). (3.10.9)
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Rodrigues-type formula.

w̃(x; qα, qβ |q)P (α,β)
n (x|q)

=
(

q − 1
2

)n
q

1
4 n2+ 1

2 nα

(q,−q
1
2 (α+β+1),−q

1
2 (α+β+2); q)n

(Dq)
n [

w̃(x; qα+n, qβ+n|q)
]
. (3.10.10)

Generating functions.

2φ1

(
q

1
2 α+ 1

4 eiθ, q
1
2 α+ 3

4 eiθ

qα+1

∣∣∣∣∣ q; e−iθt

)
2φ1

(
−q

1
2 β+ 1

4 e−iθ,−q
1
2 β+ 3

4 e−iθ

qβ+1

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−q
1
2 (α+β+1),−q

1
2 (α+β+2); q)n

(qα+1, qβ+1; q)n

P
(α,β)
n (x|q)
q( 1

2 α+ 1
4 )n

tn, x = cos θ. (3.10.11)

2φ1

(
q

1
2 α+ 1

4 eiθ,−q
1
2 β+ 1

4 eiθ

−q
1
2 (α+β+1)

∣∣∣∣∣ q; e−iθt

)
2φ1

(
q

1
2 α+ 3

4 e−iθ,−q
1
2 β+ 3

4 e−iθ

−q
1
2 (α+β+3)

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−q
1
2 (α+β+2); q)n

(−q
1
2 (α+β+3); q)n

P
(α,β)
n (x|q)
q( 1

2 α+ 1
4 )n

tn, x = cos θ. (3.10.12)

2φ1

(
q

1
2 α+ 1

4 eiθ,−q
1
2 β+ 3

4 eiθ

−q
1
2 (α+β+2)

∣∣∣∣∣ q; e−iθt

)
2φ1

(
q

1
2 α+ 3

4 e−iθ,−q
1
2 β+ 1

4 e−iθ

−q
1
2 (α+β+2)

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−q
1
2 (α+β+1); q)n

(−q
1
2 (α+β+2); q)n

P
(α,β)
n (x|q)
q( 1

2 α+ 1
4 )n

tn, x = cos θ. (3.10.13)

Remarks. In [345] M. Rahman takes a = q
1
2 , b = qα+ 1

2 , c = −qβ+ 1
2 and d = −q

1
2 in the definition

(3.1.1) of the Askey-Wilson polynomials to obtain after renormalizing

P (α,β)
n (x; q) =

(qα+1,−qβ+1; q)n

(q,−q; q)n
4φ3

(
q−n, qn+α+β+1, q

1
2 eiθ, q

1
2 e−iθ

qα+1,−qβ+1,−q

∣∣∣∣∣ q; q
)

, x = cos θ. (3.10.14)

These two q-analogues of the Jacobi polynomials are not really different, since they are connected
by the quadratic transformation :

P (α,β)
n (x|q2) =

(−q; q)n

(−qα+β+1; q)n
qnαP (α,β)

n (x; q).

The continuous q-Jacobi polynomials given by (3.10.14) and the continuous q-ultraspherical (or
Rogers) polynomials given by (3.10.15) are connected by the quadratic transformations :

C2n(x; qλ|q) =
(qλ,−q; q)n

(q
1
2 ,−q

1
2 ; q)n

q−
1
2 nP

(λ− 1
2 ,− 1

2 )
n (2x2 − 1; q)

and

C2n+1(x; qλ|q) =
(qλ,−1; q)n+1

(q
1
2 ,−q

1
2 ; q)n+1

q−
1
2 nxP

(λ− 1
2 , 1

2 )
n (2x2 − 1; q).

If we change q by q−1 we find

P (α,β)
n (x|q−1) = q−nαP (α,β)

n (x|q) and P (α,β)
n (x; q−1) = q−n(α+β)P (α,β)

n (x; q).

References. [64], [163], [191], [193], [232], [234], [237], [322], [323], [345], [347], [348], [350], [371],
[389].
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Special cases

3.10.1 Continuous q-ultraspherical / Rogers

Definition. If we set a = β
1
2 , b = β

1
2 q

1
2 , c = −β

1
2 and d = −β

1
2 q

1
2 in the definition (3.1.1) of the

Askey-Wilson polynomials and change the normalization we obtain the continuous q-ultraspherical
(or Rogers) polynomials :

Cn(x;β|q) =
(β2; q)n

(q; q)n
β−

1
2 n

4φ3

(
q−n, β2qn, β

1
2 eiθ, β

1
2 e−iθ

βq
1
2 ,−β,−βq

1
2

∣∣∣∣∣ q; q
)

(3.10.15)

=
(β2; q)n

(q; q)n
β−ne−inθ

3φ2

(
q−n, β, βe2iθ

β2, 0

∣∣∣∣ q; q)
=

(β; q)n

(q; q)n
einθ

2φ1

(
q−n, β

β−1q−n+1

∣∣∣∣ q;β−1qe−2iθ

)
, x = cos θ.

Orthogonality.

1
2π

1∫
−1

w(x)√
1− x2

Cm(x;β|q)Cn(x;β|q)dx =
(β, βq; q)∞
(β2, q; q)∞

(β2; q)n

(q; q)n

(1− β)
(1− βqn)

δmn, |β| < 1, (3.10.16)

where

w(x) := w(x;β|q) =
∣∣∣∣ (e2iθ; q)∞
(β

1
2 eiθ, β

1
2 q

1
2 eiθ,−β

1
2 eiθ,−β

1
2 q

1
2 eiθ; q)∞

∣∣∣∣2 =
∣∣∣∣ (e2iθ; q)∞
(βe2iθ; q)∞

∣∣∣∣2
=

h(x, 1)h(x,−1)h(x, q
1
2 )h(x,−q

1
2 )

h(x, β
1
2 )h(x, β

1
2 q

1
2 )h(x,−β

1
2 )h(x,−β

1
2 q

1
2 )

,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.

Recurrence relation.

2(1− βqn)xCn(x;β|q) = (1− qn+1)Cn+1(x;β|q) + (1− β2qn−1)Cn−1(x;β|q). (3.10.17)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
(1− qn)(1− β2qn−1)

4(1− βqn−1)(1− βqn)
pn−1(x), (3.10.18)

where

Cn(x;β|q) =
2n(β; q)n

(q; q)n
pn(x).

q-Difference equation.

(1− q)2Dq [w̃(x;βq|q)Dqy(x)] + λnw̃(x;β|q)y(x) = 0, y(x) = Cn(x;β|q), (3.10.19)

where

w̃(x;β|q) :=
w(x;β|q)√

1− x2

and
λn = 4q−n+1(1− qn)(1− β2qn).

Forward shift operator.

δqCn(x;β|q) = −q−
1
2 n(1− β)(eiθ − e−iθ)Cn−1(x;βq|q), x = cos θ (3.10.20)
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or equivalently

DqCn(x;β|q) = 2q−
1
2 (n−1) 1− β

1− q
Cn−1(x;βq|q). (3.10.21)

Backward shift operator.

δq [w̃(x;β|q)Cn(x;β|q)]

= q−
1
2 (n+1) (1− qn+1)(1− β2qn−1)

(1− βq−1)
(eiθ − e−iθ)

× w̃(x;βq−1|q)Cn+1(x;βq−1|q), x = cos θ (3.10.22)

or equivalently

Dq [w̃(x;β|q)Cn(x;β|q)]

= −2q−
1
2 n(1− qn+1)(1− β2qn−1)

(1− q)(1− βq−1)
w̃(x;βq−1|q)Cn+1(x;βq−1|q). (3.10.23)

Rodrigues-type formula.

w̃(x;β|q)Cn(x;β|q) =
(

q − 1
2

)n

q
1
4 n(n−1) (β; q)n

(q, β2qn; q)n
(Dq)

n [w̃(x;βqn|q)] . (3.10.24)

Generating functions.∣∣∣∣ (βeiθt; q)∞
(eiθt; q)∞

∣∣∣∣2 =
(βeiθt, βe−iθt; q)∞
(eiθt, e−iθt; q)∞

=
∞∑

n=0

Cn(x;β|q)tn, x = cos θ. (3.10.25)

1
(eiθt; q)∞

2φ1

(
β, βe2iθ

β2

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

Cn(x;β|q)
(β2; q)n

tn, x = cos θ. (3.10.26)

(e−iθt; q)∞ · 2φ1

(
β, βe2iθ

β2

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(−1)nβnq(
n
2)

(β2; q)n
Cn(x;β|q)tn, x = cos θ. (3.10.27)

2φ1

(
β

1
2 eiθ, β

1
2 q

1
2 eiθ

βq
1
2

∣∣∣∣∣ q; e−iθt

)
2φ1

(
−β

1
2 e−iθ,−β

1
2 q

1
2 e−iθ

βq
1
2

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−β,−βq
1
2 ; q)n

(β2, βq
1
2 ; q)n

Cn(x;β|q)tn, x = cos θ. (3.10.28)

2φ1

(
β

1
2 eiθ,−β

1
2 eiθ

−β

∣∣∣∣∣ q; e−iθt

)
2φ1

(
β

1
2 q

1
2 e−iθ,−β

1
2 q

1
2 e−iθ

−βq

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(βq
1
2 ,−βq

1
2 ; q)n

(β2,−βq; q)n
Cn(x;β|q)tn, x = cos θ. (3.10.29)

2φ1

(
β

1
2 eiθ,−β

1
2 q

1
2 eiθ

−βq
1
2

∣∣∣∣∣ q; e−iθt

)
2φ1

(
β

1
2 q

1
2 e−iθ,−β

1
2 e−iθ

−βq
1
2

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−β, βq
1
2 ; q)n

(β2,−βq
1
2 ; q)n

Cn(x;β|q)tn, x = cos θ. (3.10.30)
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(γeiθt; q)∞
(eiθt; q)∞

3φ2

(
γ, β, βe2iθ

β2, γeiθt

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(γ; q)n

(β2; q)n
Cn(x;β|q)tn, x = cos θ, γ arbitrary. (3.10.31)

Remarks. The continuous q-ultraspherical (or Rogers) polynomials can also be written as :

Cn(x;β|q) =
n∑

k=0

(β; q)k(β; q)n−k

(q; q)k(q; q)n−k
ei(n−2k)θ, x = cos θ.

They can be obtained from the continuous q-Jacobi polynomials defined by (3.10.1) in the
following way. Set β = α in the definition (3.10.1) and change qα+ 1

2 by β and we find the
continuous q-ultraspherical (or Rogers) polynomials with a different normalization. We have

P (α,α)
n (x|q) qα+ 1

2→β−→ (βq
1
2 ; q)n

(β2; q)n
β

1
2 nCn(x;β|q).

If we set β = qα+ 1
2 in the definition (3.10.15) of the q-ultraspherical (or Rogers) polynomials

we find the continuous q-Jacobi polynomials given by (3.10.1) with β = α. In fact we have

Cn(x; qα+ 1
2 |q) =

(q2α+1; q)n

(qα+1; q)nq( 1
2 α+ 1

4 )n
P (α,α)

n (x|q).

If we change q by q−1 we find

Cn(x;β|q−1) = (βq)nCn(x;β−1|q).

The special case β = q of the continuous q-ultraspherical (or Rogers) polynomials equals the
Chebyshev polynomials of the second kind defined by (1.8.31). In fact we have

Cn(x; q|q) =
sin(n + 1)θ

sin θ
= Un(x), x = cos θ.

The limit case β → 1 leads to the Chebyshev polynomials of the first kind given by (1.8.30) in the
following way :

lim
β→1

1− qn

2(1− β)
Cn(x;β|q) = cos nθ = Tn(x), x = cos θ, n = 1, 2, 3, . . . .

The continuous q-Jacobi polynomials given by (3.10.14) and the continuous q-ultraspherical
(or Rogers) polynomials given by (3.10.15) are connected by the quadratic transformations :

C2n(x; qλ|q) =
(qλ,−q; q)n

(q
1
2 ,−q

1
2 ; q)n

q−
1
2 nP

(λ− 1
2 ,− 1

2 )
n (2x2 − 1; q)

and

C2n+1(x; qλ|q) =
(qλ,−1; q)n+1

(q
1
2 ,−q

1
2 ; q)n+1

q−
1
2 nxP

(λ− 1
2 , 1

2 )
n (2x2 − 1; q).

Finally we remark that the continuous q-ultraspherical (or Rogers) polynomials are related to
the continuous q-Legendre polynomials defined by (3.10.32) in the following way :

Cn(x; q
1
2 |q) = q−

1
4 nPn(x|q).

References. [13], [15], [16], [31], [43], [44], [45], [53], [54], [55], [57], [64], [67], [94], [98], [99], [165],
[185], [186], [187], [189], [191], [192], [193], [218], [232], [238], [239], [243], [258], [259], [278], [322],
[323], [327], [350], [352], [356], [357], [358], [363], [364], [365], [370].
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3.10.2 Continuous q-Legendre

Definition. The continuous q-Legendre polynomials are continuous q-Jacobi polynomials with
α = β = 0 :

Pn(x|q) = 4φ3

(
q−n, qn+1, q

1
4 eiθ, q

1
4 e−iθ

q,−q
1
2 ,−q

∣∣∣∣∣ q; q
)

, x = cos θ. (3.10.32)

Orthogonality.

1
2π

1∫
−1

w(x; 1|q)√
1− x2

Pm(x|q)Pn(x|q)dx =
(q

1
2 ; q)∞

(q, q,−q
1
2 ,−q; q)∞

q
1
2 n

1− qn+ 1
2
δmn, (3.10.33)

where

w(x; a|q) =
∣∣∣∣ (e2iθ; q)∞
(aq

1
4 eiθ, aq

3
4 eiθ,−aq

1
4 eiθ,−aq

3
4 eiθ; q)∞

∣∣∣∣2 =

∣∣∣∣∣ (eiθ,−eiθ; q
1
2 )∞

(aq
1
4 eiθ,−aq

1
4 eiθ; q

1
2 )∞

∣∣∣∣∣
2

=
∣∣∣∣ (e2iθ; q)∞
(a2q

1
2 e2iθ; q)∞

∣∣∣∣2 =
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, aq
1
4 )h(x, aq

3
4 )h(x,−aq

1
4 )h(x,−aq

3
4 )

,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.

Recurrence relation.

2(1− qn+ 1
2 )xPn(x|q) = q−

1
4 (1− qn+1)Pn+1(x|q) + q

1
4 (1− qn)Pn−1(x|q). (3.10.34)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
(1− qn)2

4(1− qn− 1
2 )(1− qn+ 1

2 )
pn−1(x), (3.10.35)

where

Pn(x|q) =
2nq

1
4 n(q

1
2 ; q)n

(q; q)n
pn(x).

q-Difference equation.

(1− q)2Dq

[
w̃(x; q

1
2 |q)Dqy(x)

]
+ λnw̃(x; 1|q)y(x) = 0, y(x) = Pn(x|q), (3.10.36)

where
λn = 4q−n+1(1− qn)(1− qn+1)

and

w̃(x; a|q) :=
w(x; a|q)√

1− x2
.

Rodrigues-type formula.

w̃(x; 1|q)Pn(x|q) =
(

q − 1
2

)n
q

1
4 n2

(q,−q
1
2 ,−q; q)n

(Dq)
n
[
w̃(x; q

1
2 n|q)

]
. (3.10.37)

Generating functions.∣∣∣∣∣ (q
1
2 eiθt; q)∞

(eiθt; q)∞

∣∣∣∣∣
2

=
(q

1
2 eiθt, q

1
2 e−iθt; q)∞

(eiθt, e−iθt; q)∞
=

∞∑
n=0

Pn(x|q)
q

1
4 n

tn, x = cos θ. (3.10.38)
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1
(eiθt; q)∞

2φ1

(
q

1
2 , q

1
2 e2iθ

q

∣∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

Pn(x|q)
(q; q)nq

1
4 n

tn, x = cos θ. (3.10.39)

(e−iθt; q)∞ · 2φ1

(
q

1
2 , q

1
2 e2iθ

q

∣∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(−1)nq
1
4 n+(n

2)

(q; q)n
Pn(x|q)tn, x = cos θ. (3.10.40)

2φ1

(
q

1
4 eiθ, q

3
4 eiθ

q

∣∣∣∣∣ q; e−iθt

)
2φ1

(
−q

1
4 e−iθ,−q

3
4 e−iθ

q

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−q
1
2 ,−q; q)n

(q, q; q)n

Pn(x|q)
q

1
4 n

tn, x = cos θ. (3.10.41)

2φ1

(
q

1
4 eiθ,−q

1
4 eiθ

−q
1
2

∣∣∣∣∣ q; e−iθt

)
2φ1

(
q

3
4 e−iθ,−q

3
4 e−iθ

−q
3
2

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−q; q)n

(−q
3
2 ; q)n

Pn(x|q)
q

1
4 n

tn, x = cos θ. (3.10.42)

2φ1

(
q

1
4 eiθ,−q

3
4 eiθ

−q

∣∣∣∣∣ q; e−iθt

)
2φ1

(
q

3
4 e−iθ,−q

1
4 e−iθ

−q

∣∣∣∣∣ q; eiθt

)

=
∞∑

n=0

(−q
1
2 ; q)n

(−q; q)n

Pn(x|q)
q

1
4 n

tn, x = cos θ. (3.10.43)

(γeiθt; q)∞
(eiθt; q)∞

3φ2

(
γ, q

1
2 , q

1
2 e2iθ

q, γeiθt

∣∣∣∣∣ q; e−iθt

)

=
∞∑

n=0

(γ; q)n

(q; q)n

Pn(x|q)
q

1
4 n

tn, x = cos θ, γ arbitrary. (3.10.44)

Remarks. The continuous q-Legendre polynomials can also be written as :

Pn(x; q) = q
1
4 n

n∑
k=0

(q
1
2 ; q)k(q

1
2 ; q)n−k

(q; q)k(q; q)n−k
ei(n−2k)θ, x = cos θ.

If we set α = β = 0 in (3.10.14) we find

Pn(x; q) = 4φ3

(
q−n, qn+1, q

1
2 eiθ, q

1
2 e−iθ

q,−q,−q

∣∣∣∣∣ q; q
)

, x = cos θ,

but these are not really different from those defined by (3.10.32) in view of the quadratic trans-
formation

Pn(x|q2) = Pn(x; q).

If we change q by q−1 we find
Pn(x|q−1) = Pn(x|q).

The continuous q-Legendre polynomials are related to the continuous q-ultraspherical (or
Rogers) polynomials given by (3.10.15) in the following way :

Pn(x|q) = q
1
4 nCn(x; q

1
2 |q).

References. [256], [262], [275], [279], [282].
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3.11 Big q-Laguerre

Definition.

Pn(x; a, b; q) = 3φ2

(
q−n, 0, x

aq, bq

∣∣∣∣ q; q) (3.11.1)

=
1

(b−1q−n; q)n
2φ1

(
q−n, aqx−1

aq

∣∣∣∣ q; x

b

)
.

Orthogonality. For 0 < a < q−1 and b < 0 we have

aq∫
bq

(a−1x, b−1x; q)∞
(x; q)∞

Pm(x; a, b; q)Pn(x; a, b; q)dqx

= aq(1− q)
(q, a−1b, ab−1q; q)∞

(aq, bq; q)∞
(q; q)n

(aq, bq; q)n
(−abq2)nq(

n
2)δmn. (3.11.2)

Recurrence relation.

(x− 1)Pn(x; a, b; q) = AnPn+1(x; a, b; q)− (An + Cn)Pn(x; a, b; q) + CnPn−1(x; a, b; q), (3.11.3)

where  An = (1− aqn+1)(1− bqn+1)

Cn = −abqn+1(1− qn).

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1− (An + Cn)] pn(x)− abqn+1(1− qn)(1− aqn)(1− bqn)pn−1(x), (3.11.4)

where
Pn(x; a, b; q) =

1
(aq, bq; q)n

pn(x).

q-Difference equation.

q−n(1− qn)x2y(x) = B(x)y(qx)− [B(x) + D(x)] y(x) + D(x)y(q−1x), (3.11.5)

where
y(x) = Pn(x; a, b; q)

and  B(x) = abq(1− x)

D(x) = (x− aq)(x− bq).

Forward shift operator.

Pn(x; a, b; q)− Pn(qx; a, b; q) =
q−n+1(1− qn)

(1− aq)(1− bq)
xPn−1(qx; aq, bq; q) (3.11.6)

or equivalently

DqPn(x; a, b; q) =
q−n+1(1− qn)

(1− q)(1− aq)(1− bq)
Pn−1(qx; aq, bq; q). (3.11.7)

Backward shift operator.

(x−a)(x−b)Pn(x; a, b; q)−ab(1−x)Pn(qx; a, b; q) = (1−a)(1−b)xPn+1(x; aq−1, bq−1; q) (3.11.8)
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or equivalently

Dq [w(x; a, b; q)Pn(x; a, b; q)] =
(1− a)(1− b)

ab(1− q)
w(x; aq−1, bq−1; q)Pn+1(x; aq−1, bq−1; q), (3.11.9)

where

w(x; a, b; q) =
(a−1x, b−1x; q)∞

(x; q)∞
.

Rodrigues-type formula.

w(x; a, b; q)Pn(x; a, b; q) =
anbnqn(n+1)(1− q)n

(aq, bq; q)n
(Dq)

n [w(x; aqn, bqn; q)] . (3.11.10)

Generating functions.

(bqt; q)∞ · 2φ1

(
aqx−1, 0

aq

∣∣∣∣ q;xt

)
=

∞∑
n=0

(bq; q)n

(q; q)n
Pn(x; a, b; q)tn. (3.11.11)

(aqt; q)∞ · 2φ1

(
bqx−1, 0

bq

∣∣∣∣ q;xt

)
=

∞∑
n=0

(aq; q)n

(q; q)n
Pn(x; a, b; q)tn. (3.11.12)

(t; q)∞ · 3φ2

(
0, 0, x

aq, bq

∣∣∣∣ q; t) =
∞∑

n=0

(−1)nq(
n
2)

(q; q)n
Pn(x; a, b; q)tn. (3.11.13)

Remark. The big q-Laguerre polynomials defined by (3.11.1) and the affine q-Krawtchouk poly-
nomials given by (3.16.1) are related in the following way :

KAff
n (q−x; p,N ; q) = Pn(q−x; p, q−N−1; q).

References. [13], [27], [228].

3.12 Little q-Jacobi

Definition.

pn(x; a, b|q) = 2φ1

(
q−n, abqn+1

aq

∣∣∣∣ q; qx) . (3.12.1)

Orthogonality.

∞∑
k=0

(bq; q)k

(q; q)k
(aq)kpm(qk; a, b|q)pn(qk; a, b|q)

=
(abq2; q)∞
(aq; q)∞

(1− abq)(aq)n

(1− abq2n+1)
(q, bq; q)n

(aq, abq; q)n
δmn, 0 < a < q−1 and b < q−1. (3.12.2)

Recurrence relation.

−xpn(x; a, b|q) = Anpn+1(x; a, b|q)− (An + Cn) pn(x; a, b|q) + Cnpn−1(x; a, b|q), (3.12.3)

where 
An = qn (1− aqn+1)(1− abqn+1)

(1− abq2n+1)(1− abq2n+2)

Cn = aqn (1− qn)(1− bqn)
(1− abq2n)(1− abq2n+1)

.
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Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn)pn(x) + An−1Cnpn−1(x), (3.12.4)

where

pn(x; a, b|q) =
(−1)nq−(n

2)(abqn+1; q)n

(aq; q)n
pn(x).

q-Difference equation.

q−n(1− qn)(1− abqn+1)xy(x)
= B(x)y(qx)− [B(x) + D(x)] y(x) + D(x)y(q−1x), y(x) = pn(x; a, b|q), (3.12.5)

where  B(x) = a(bqx− 1)

D(x) = x− 1.

Forward shift operator.

pn(x; a, b|q)− pn(qx; a, b|q) = −q−n+1(1− qn)(1− abqn+1)
(1− aq)

xpn−1(x; aq, bq|q) (3.12.6)

or equivalently

Dqpn(x; a, b|q) = −q−n+1(1− qn)(1− abqn+1)
(1− q)(1− aq)

pn−1(x; aq, bq|q). (3.12.7)

Backward shift operator.

a(bx− 1)pn(x; a, b|q)− (x− 1)pn(q−1x; a, b|q) = (1− a)pn+1(x; aq−1, bq−1|q) (3.12.8)

or equivalently

Dq−1

[
w(x;α, β|q)pn(x; qα, qβ |q)

]
=

1− qα

qα−1(1− q)
w(x;α−1, β−1|q)pn+1(x; qα−1, qβ−1|q), (3.12.9)

where

w(x;α, β|q) =
(qx; q)∞

(qβ+1x; q)∞
xα.

Rodrigues-type formula.

w(x;α, β|q)pn(x; qα, qβ |q) =
qnα+(n

2)(1− q)n

(qα+1; q)n

(
Dq−1

)n [w(x;α + n, β + n|q)] . (3.12.10)

Generating function.

0φ1

(
−
aq

∣∣∣∣ q; aqxt

)
2φ1

(
x−1, 0

bq

∣∣∣∣ q;xt

)
=

∞∑
n=0

(−1)nq(
n
2)

(bq, q; q)n
pn(x; a, b|q)tn. (3.12.11)

Remarks. The little q-Jacobi polynomials defined by (3.12.1) and the big q-Jacobi polynomials
given by (3.5.1) are related in the following way :

pn(x; a, b|q) =
(bq; q)n

(aq; q)n
(−1)nb−nq−n−(n

2)Pn(bqx; b, a, 0; q).

The little q-Jacobi polynomials and the q-Meixner polynomials defined by (3.13.1) are related
in the following way :

Mn(q−x; b, c; q) = pn(−c−1qn; b, b−1q−n−x−1|q).

References. [11], [13], [22], [23], [30], [31], [43], [67], [167], [168], [169], [190], [193], [203], [208],
[218], [231], [242], [259], [263], [277], [279], [280], [282], [313], [318], [323], [346], [377], [379], [382].
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Special case

3.12.1 Little q-Legendre

Definition. The little q-Legendre polynomials are little q-Jacobi polynomials with a = b = 1 :

pn(x|q) = 2φ1

(
q−n, qn+1

q

∣∣∣∣ q; qx) . (3.12.12)

Orthogonality.
∞∑

k=0

qkpm(qk|q)pn(qk|q) =
qn

(1− q2n+1)
δmn. (3.12.13)

Recurrence relation.

−xpn(x|q) = Anpn+1(x|q)− (An + Cn) pn(x|q) + Cnpn−1(x|q), (3.12.14)

where 
An = qn (1− qn+1)

(1 + qn+1)(1− q2n+1)

Cn = qn (1− qn)
(1 + qn)(1− q2n+1)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn)pn(x) + An−1Cnpn−1(x), (3.12.15)

where

pn(x|q) =
(−1)nq−(n

2)(qn+1; q)n

(q; q)n
pn(x).

q-Difference equation.

q−n(1− qn)(1− qn+1)xy(x) = B(x)y(qx)− [B(x) + D(x)] y(x) + D(x)y(q−1x), (3.12.16)

where
y(x) = pn(x|q)

and  B(x) = qx− 1

D(x) = x− 1.

Rodrigues-type formula.

pn(x|q) =
q(

n
2)(1− q)n

(q; q)n

(
Dq−1

)n [(qx; q)nxn] . (3.12.17)

Generating function.

0φ1

(
−
q

∣∣∣∣ q; qxt

)
2φ1

(
x−1, 0

q

∣∣∣∣ q;xt

)
=

∞∑
n=0

(−1)nq(
n
2)

(q, q; q)n
pn(x|q)tn. (3.12.18)

References. [279], [280], [351], [392].
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3.13 q-Meixner

Definition.

Mn(q−x; b, c; q) = 2φ1

(
q−n, q−x

bq

∣∣∣∣ q;−qn+1

c

)
. (3.13.1)

Orthogonality.

∞∑
x=0

(bq; q)x

(q,−bcq; q)x
cxq(

x
2)Mm(q−x; b, c; q)Mn(q−x; b, c; q)

=
(−c; q)∞

(−bcq; q)∞
(q,−c−1q; q)n

(bq; q)n
q−nδmn, 0 < b < q−1 and c > 0. (3.13.2)

Recurrence relation.

q2n+1(1− q−x)Mn(q−x) = c(1− bqn+1)Mn+1(q−x)
−
[
c(1− bqn+1) + q(1− qn)(c + qn)

]
Mn(q−x) + q(1− qn)(c + qn)Mn−1(q−x), (3.13.3)

where
Mn(q−x) := Mn(q−x; b, c; q).

Normalized recurrence relation.

xpn(x) = pn+1(x) +
[
1 + q−2n−1

{
c(1− bqn+1) + q(1− qn)(c + qn)

}]
pn(x)

+ cq−4n+1(1− qn)(1− bqn)(c + qn)pn−1(x), (3.13.4)

where

Mn(q−x; b, c; q) =
(−1)nqn2

(bq; q)ncn
pn(q−x).

q-Difference equation.

−(1− qn)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.13.5)

where
y(x) = Mn(q−x; b, c; q)

and  B(x) = cqx(1− bqx+1)

D(x) = (1− qx)(1 + bcqx).

Forward shift operator.

Mn(q−x−1; b, c; q)−Mn(q−x; b, c; q) = −q−x(1− qn)
c(1− bq)

Mn−1(q−x; bq, cq−1; q) (3.13.6)

or equivalently

∆Mn(q−x; b, c; q)
∆q−x

= − q(1− qn)
c(1− q)(1− bq)

Mn−1(q−x; bq, cq−1; q). (3.13.7)

Backward shift operator.

cqx(1− bqx)Mn(q−x; b, c; q)− (1− qx)(1 + bcqx)Mn(q−x+1; b, c; q)
= cqx(1− b)Mn+1(q−x; bq−1, cq; q) (3.13.8)

or equivalently

∇ [w(x; b, c; q)Mn(q−x; b, c; q)]
∇q−x

=
1

1− q
w(x; bq−1, cq; q)Mn+1(q−x; bq−1, cq; q), (3.13.9)
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where

w(x; b, c; q) =
(bq; q)x

(q,−bcq; q)x
cxq(

x+1
2 ).

Rodrigues-type formula.

w(x; b, c; q)Mn(q−x; b, c; q) = (1− q)n (∇q)
n [

w(x; bqn, cq−n; q)
]
, (3.13.10)

where
∇q :=

∇
∇q−x

.

Generating functions.

1
(t; q)∞

1φ1

(
q−x

bq

∣∣∣∣ q;−c−1qt

)
=

∞∑
n=0

Mn(q−x; b, c; q)
(q; q)n

tn. (3.13.11)

1
(t; q)∞

1φ1

(
−b−1c−1q−x

−c−1q

∣∣∣∣ q; bqt) =
∞∑

n=0

(bq; q)n

(−c−1q, q; q)n
Mn(q−x; b, c; q)tn. (3.13.12)

Remarks. The q-Meixner polynomials defined by (3.13.1) and the little q-Jacobi polynomials
given by (3.12.1) are related in the following way :

Mn(q−x; b, c; q) = pn(−c−1qn; b, b−1q−n−x−1|q).

The q-Meixner polynomials and the quantum q-Krawtchouk polynomials defined by (3.14.1)
are related in the following way :

Kqtm
n (q−x; p, N ; q) = Mn(q−x; q−N−1,−p−1; q).

References. [13], [26], [27], [28], [67], [104], [193], [208], [323].

3.14 Quantum q-Krawtchouk

Definition.

Kqtm
n (q−x; p, N ; q) = 2φ1

(
q−n, q−x

q−N

∣∣∣∣ q; pqn+1

)
, n = 0, 1, 2, . . . , N. (3.14.1)

Orthogonality.

N∑
x=0

(pq; q)N−x

(q; q)x(q; q)N−x
(−1)N−xq(

x
2)Kqtm

m (q−x; p, N ; q)Kqtm
n (q−x; p,N ; q)

=
(−1)npN (q; q)N−n(q, pq; q)n

(q, q; q)N
q(

N+1
2 )−(n+1

2 )+Nnδmn, p > q−N . (3.14.2)

Recurrence relation.

−pq2n+1(1− q−x)Kqtm
n (q−x) = (1− qn−N )Kqtm

n+1(q
−x)

−
[
(1− qn−N ) + q(1− qn)(1− pqn)

]
Kqtm

n (q−x) + q(1− qn)(1− pqn)Kqtm
n−1(q

−x), (3.14.3)

where
Kqtm

n (q−x) := Kqtm
n (q−x; p, N ; q).

96



Normalized recurrence relation.

xpn(x) = pn+1(x) +
[
1− p−1q−2n−1

{
(1− qn−N ) + q(1− qn)(1− pqn)

}]
pn(x)

+ p−2q−4n+1(1− qn)(1− pqn)(1− qn−N−1)pn−1(x), (3.14.4)

where

Kqtm
n (q−x; p, N ; q) =

pnqn2

(q−N ; q)n
pn(q−x).

q-Difference equation.

−p(1− qn)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.14.5)

where
y(x) = Kqtm

n (q−x; p, N ; q)

and  B(x) = −qx(1− qx−N )

D(x) = (1− qx)(p− qx−N−1).

Forward shift operator.

Kqtm
n (q−x−1; p, N ; q)−Kqtm

n (q−x; p,N ; q) =
pq−x(1− qn)

1− q−N
Kqtm

n−1(q
−x; pq, N − 1; q) (3.14.6)

or equivalently

∆Kqtm
n (q−x; p, N ; q)

∆q−x
=

pq(1− qn)
(1− q)(1− q−N )

Kqtm
n−1(q

−x; pq, N − 1; q). (3.14.7)

Backward shift operator.

(1− qx−N−1)Kqtm
n (q−x; p,N ; q) + q−x(1− qx)(p− qx−N−1)Kqtm

n (q−x+1; p, N ; q)
= (1− q−N−1)Kqtm

n+1(q
−x; pq−1, N + 1; q) (3.14.8)

or equivalently

∇ [w(x; p, N ; q)Kqtm
n (q−x; p, N ; q)]

∇q−x

=
1

1− q
w(x; pq−1, N + 1; q)Kqtm

n+1(q
−x; pq−1, N + 1; q), (3.14.9)

where

w(x; p, N ; q) =
(q−N ; q)x

(q, p−1q−N ; q)x
(−p)−xq(

x+1
2 ).

Rodrigues-type formula.

w(x; p,N ; q)Kqtm
n (q−x; p, N ; q) = (1− q)n (∇q)

n [w(x; pqn, N − n; q)] , (3.14.10)

where
∇q :=

∇
∇q−x

.

Generating functions. For x = 0, 1, 2, . . . , N we have

(qx−N t; q)N−x · 2φ1

(
q−x, pqN+1−x

0

∣∣∣∣ q; qx−N t

)
=

N∑
n=0

(q−N ; q)n

(q; q)n
Kqtm

n (q−x; p,N ; q)tn. (3.14.11)

97



(q−xt; q)x · 2φ1

(
qx−N , 0

pq

∣∣∣∣ q; q−xt

)
=

N∑
n=0

(q−N ; q)n

(pq, q; q)n
Kqtm

n (q−x; p, N ; q)tn. (3.14.12)

Remarks. The quantum q-Krawtchouk polynomials defined by (3.14.1) and the q-Meixner poly-
nomials given by (3.13.1) are related in the following way :

Kqtm
n (q−x; p, N ; q) = Mn(q−x; q−N−1,−p−1; q).

The quantum q-Krawtchouk polynomials are related to the affine q-Krawtchouk polynomials
defined by (3.16.1) by the transformation q ↔ q−1 in the following way :

Kqtm
n (qx; p,N ; q−1) = (p−1q; q)n

(
−p

q

)n

q−(n
2)KAff

n (qx−N ; p−1, N ; q).

References. [193], [277], [279].

3.15 q-Krawtchouk

Definition.

Kn(q−x; p, N ; q) = 3φ2

(
q−n, q−x,−pqn

q−N , 0

∣∣∣∣ q; q) (3.15.1)

=
(qx−N ; q)n

(q−N ; q)nqnx 2φ1

(
q−n, q−x

qN−x−n+1

∣∣∣∣ q;−pqn+N+1

)
, n = 0, 1, 2, . . . , N.

Orthogonality.

N∑
x=0

(q−N ; q)x

(q; q)x
(−p)−xKm(q−x; p,N ; q)Kn(q−x; p, N ; q)

=
(q,−pqN+1; q)n

(−p, q−N ; q)n

(1 + p)
(1 + pq2n)

× (−pq; q)Np−Nq−(N+1
2 ) (−pq−N

)n
qn2

δmn, p > 0. (3.15.2)

Recurrence relation.

−
(
1− q−x

)
Kn(q−x) = AnKn+1(q−x)− (An + Cn) Kn(q−x) + CnKn−1(q−x), (3.15.3)

where
Kn(q−x) := Kn(q−x; p, N ; q)

and 
An =

(1− qn−N )(1 + pqn)
(1 + pq2n)(1 + pq2n+1)

Cn = −pq2n−N−1 (1 + pqn+N )(1− qn)
(1 + pq2n−1)(1 + pq2n)

.

Normalized recurrence relation.

xpn(x) = pn+1(x) + [1− (An + Cn)] pn(x) + An−1Cnpn−1(x), (3.15.4)

where

Kn(q−x; p, N ; q) =
(−pqn; q)n

(q−N ; q)n
pn(q−x).
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q-Difference equation.

q−n(1− qn)(1 + pqn)y(x) = (1− qx−N )y(x + 1)
−
[
(1− qx−N )− p(1− qx)

]
y(x)− p(1− qx)y(x− 1), (3.15.5)

where
y(x) = Kn(q−x; p, N ; q).

Forward shift operator.

Kn(q−x−1; p,N ; q)−Kn(q−x; p, N ; q)

=
q−n−x(1− qn)(1 + pqn)

1− q−N
Kn−1(q−x; pq2, N − 1; q) (3.15.6)

or equivalently

∆Kn(q−x; p, N ; q)
∆q−x

=
q−n+1(1− qn)(1 + pqn)

(1− q)(1− q−N )
Kn−1(q−x; pq2, N − 1; q). (3.15.7)

Backward shift operator.

(1− qx−N−1)Kn(q−x; p, N ; q) + pq−1(1− qx)Kn(q−x+1; p, N ; q)
= qx(1− q−N−1)Kn+1(q−x; pq−2, N + 1; q) (3.15.8)

or equivalently

∇ [w(x; p, N ; q)Kn(q−x; p, N ; q)]
∇q−x

=
1

1− q
w(x; pq−2, N + 1; q)Kn+1(q−x; pq−2, N + 1; q), (3.15.9)

where

w(x; p, N ; q) =
(q−N ; q)x

(q; q)x

(
−q

p

)x

.

Rodrigues-type formula.

w(x; p,N ; q)Kn(q−x; p, N ; q) = (1− q)n (∇q)
n [

w(x; pq2n, N − n; q)
]
, (3.15.10)

where
∇q :=

∇
∇q−x

.

Generating function. For x = 0, 1, 2, . . . , N we have

1φ1

(
q−x

0

∣∣∣∣ q; pqt

)
2φ0

(
qx−N , 0
−

∣∣∣∣ q;−q−xt

)
=

N∑
n=0

(q−N ; q)n

(q; q)n
q−(n

2)Kn(q−x; p, N ; q)tn. (3.15.11)

Remark. The q-Krawtchouk polynomials defined by (3.15.1) and the dual q-Krawtchouk poly-
nomials given by (3.17.1) are related in the following way :

Kn(q−x; p, N ; q) = Kx(λ(n);−pqN , N |q)

with
λ(n) = q−n − pqn

or
Kn(λ(x); c,N |q) = Kx(q−n;−cq−N , N ; q)

with
λ(x) = q−x + cqx−N .

References. [28], [62], [67], [104], [193], [323], [327], [384], [385].
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3.16 Affine q-Krawtchouk

Definition.

KAff
n (q−x; p, N ; q) = 3φ2

(
q−n, 0, q−x

pq, q−N

∣∣∣∣ q; q) (3.16.1)

=
(−pq)nq(

n
2)

(pq; q)n
2φ1

(
q−n, qx−N

q−N

∣∣∣∣ q; q−x

p

)
, n = 0, 1, 2, . . . , N.

Orthogonality.

N∑
x=0

(pq; q)x(q; q)N

(q; q)x(q; q)N−x
(pq)−xKAff

m (q−x; p,N ; q)KAff
n (q−x; p, N ; q)

= (pq)n−N (q; q)n(q; q)N−n

(pq; q)n(q; q)N
δmn, 0 < p < q−1. (3.16.2)

Recurrence relation.

−(1− q−x)KAff
n (q−x) = (1− qn−N )(1− pqn+1)KAff

n+1 (q−x)

−
[
(1− qn−N )(1− pqn+1)− pqn−N (1− qn)

]
KAff

n (q−x)− pqn−N (1− qn)KAff
n−1 (q−x), (3.16.3)

where
KAff

n (q−x) := KAff
n (q−x; p, N ; q).

Normalized recurrence relation.

xpn(x) = pn+1(x) +
[
1−

{
(1− qn−N )(1− pqn+1)− pqn−N (1− qn)

}]
pn(x)

− pqn−N (1− qn)(1− pqn)(1− qn−N−1)pn−1(x), (3.16.4)

where
KAff

n (q−x; p,N ; q) =
1

(pq, q−N ; q)n
pn(q−x).

q-Difference equation.

q−n(1− qn)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.16.5)

where
y(x) = KAff

n (q−x; p, N ; q)

and  B(x) = (1− qx−N )(1− pqx+1)

D(x) = −p(1− qx)qx−N .

Forward shift operator.

KAff
n (q−x−1; p,N ; q)−KAff

n (q−x; p, N ; q) =
q−n−x(1− qn)

(1− pq)(1− q−N )
KAff

n−1 (q−x; pq, N − 1; q) (3.16.6)

or equivalently

∆KAff
n (q−x; p, N ; q)

∆q−x
=

q−n+1(1− qn)
(1− q)(1− pq)(1− q−N )

KAff
n−1 (q−x; pq, N − 1; q). (3.16.7)

Backward shift operator.

(1− pqx)(1− q−x+N+1)KAff
n (q−x; p, N ; q)− p(1− qx)KAff

n (q−x+1; p, N ; q)

= (1− p)(1− qN+1)KAff
n+1 (q−x; pq−1, N + 1; q) (3.16.8)
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or equivalently

∇
[
w(x; p, N ; q)KAff

n (q−x; p, N ; q)
]

∇q−x

=
1− qN+1

1− q
w(x; pq−1, N + 1; q)KAff

n+1 (q−x; pq−1, N + 1; q), (3.16.9)

where

w(x; p, N ; q) =
(pq; q)x

(q; q)x(q; q)N−x
p−x.

Rodrigues-type formula.

w(x; p, N ; q)KAff
n (q−x; p, N ; q) =

(−1)nq−Nn+(n
2)(1− q)n

(q−N ; q)n
(∇q)

n [w(x; pqn, N − n; q)] , (3.16.10)

where
∇q :=

∇
∇q−x

.

Generating functions. For x = 0, 1, 2, . . . , N we have

(q−N t; q)N−x · 1φ1

(
q−x

pq

∣∣∣∣ q; pqt

)
=

N∑
n=0

(q−N ; q)n

(q; q)n
KAff

n (q−x; p, N ; q)tn. (3.16.11)

(−pq−N+1t; q)x · 2φ0

(
qx−N , pqx+1

−

∣∣∣∣ q;−q−xt

)
=

N∑
n=0

(pq, q−N ; q)n

(q; q)n
q−(n

2)KAff
n (q−x; p, N ; q)tn. (3.16.12)

Remarks. The affine q-Krawtchouk polynomials defined by (3.16.1) and the big q-Laguerre
polynomials given by (3.11.1) are related in the following way :

KAff
n (q−x; p,N ; q) = Pn(q−x; p, q−N−1; q).

The affine q-Krawtchouk polynomials are related to the quantum q-Krawtchouk polynomials
defined by (3.14.1) by the transformation q ↔ q−1 in the following way :

KAff
n (qx; p, N ; q−1) =

1
(p−1q; q)n

Kqtm
n (qx−N ; p−1, N ; q).

References. [67], [119], [133], [134], [144], [169], [193], [385].

3.17 Dual q-Krawtchouk

Definition.

Kn(λ(x); c,N |q) = 3φ2

(
q−n, q−x, cqx−N

q−N , 0

∣∣∣∣ q; q) (3.17.1)

=
(qx−N ; q)n

(q−N ; q)nqnx 2φ1

(
q−n, q−x

qN−x−n+1

∣∣∣∣ q; cqx+1

)
, n = 0, 1, 2, . . . , N,

where
λ(x) := q−x + cqx−N .
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Orthogonality.

N∑
x=0

(cq−N , q−N ; q)x

(q, cq; q)x

(1− cq2x−N )
(1− cq−N )

c−xqx(2N−x)Km(λ(x))Kn(λ(x))

= (c−1; q)N
(q; q)n

(q−N ; q)n
(cq−N )nδmn, c < 0, (3.17.2)

where
Kn(λ(x)) := Kn(λ(x); c,N |q).

Recurrence relation.

−(1− q−x)(1− cqx−N )Kn(λ(x)) = (1− qn−N )Kn+1(λ(x))
−
[
(1− qn−N ) + cq−N (1− qn)

]
Kn(λ(x)) + cq−N (1− qn)Kn−1(λ(x)), (3.17.3)

where
Kn(λ(x)) := Kn(λ(x); c,N |q).

Normalized recurrence relation.

xpn(x) = pn+1(x) + (1 + c)qn−Npn(x) + cq−N (1− qn)(1− qn−N−1)pn−1(x), (3.17.4)

where
Kn(λ(x); c,N |q) =

1
(q−N ; q)n

pn(λ(x)).

q-Difference equation.

q−n(1− qn)y(x) = B(x)y(x + 1)− [B(x) + D(x)] y(x) + D(x)y(x− 1), (3.17.5)

where
y(x) = Kn(λ(x); c,N |q)

and 
B(x) =

(1− qx−N )(1− cqx−N )
(1− cq2x−N )(1− cq2x−N+1)

D(x) = cq2x−2N−1 (1− qx)(1− cqx)
(1− cq2x−N−1)(1− cq2x−N )

.

Forward shift operator.

Kn(λ(x + 1); c,N |q)−Kn(λ(x); c,N |q)

=
q−n−x(1− qn)(1− cq2x−N+1)

1− q−N
Kn−1(λ(x); c,N − 1|q) (3.17.6)

or equivalently

∆Kn(λ(x); c,N |q)
∆λ(x)

=
q−n+1(1− qn)

(1− q)(1− q−N )
Kn−1(λ(x); c,N − 1|q). (3.17.7)

Backward shift operator.

(1− qx−N−1)(1− cqx−N−1)Kn(λ(x); c,N |q)
− cq2(x−N−1)(1− qx)(1− cqx)Kn(λ(x− 1); c,N |q)

= qx(1− q−N−1)(1− cq2x−N−1)Kn+1(λ(x); c,N + 1|q) (3.17.8)
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or equivalently

∇ [w(x; c,N |q)Kn(λ(x); c,N |q)]
∇λ(x)

=
1

(1− q)(1− cq−N−1)
w(x; c,N + 1|q)Kn+1(λ(x); c,N + 1|q), (3.17.9)

where

w(x; c,N |q) =
(q−N , cq−N ; q)x

(q, cq; q)x
c−xq2Nx−x(x−1).

Rodrigues-type formula.

w(x; c,N |q)Kn(λ(x); c,N |q) = (1− q)n(cq−N ; q)n (∇λ)n [w(x; c,N − n|q)] , (3.17.10)

where
∇λ :=

∇
∇λ(x)

.

Generating function. For x = 0, 1, 2, . . . , N we have

(cq−N t; q)x · (q−N t; q)N−x =
N∑

n=0

(q−N ; q)n

(q; q)n
Kn(λ(x); c,N |q)tn. (3.17.11)

Remark. The dual q-Krawtchouk polynomials defined by (3.17.1) and the q-Krawtchouk poly-
nomials given by (3.15.1) are related in the following way :

Kn(q−x; p, N ; q) = Kx(λ(n);−pqN , N |q)

with
λ(n) = q−n − pqn

or
Kn(λ(x); c,N |q) = Kx(q−n;−cq−N , N ; q)

with
λ(x) = q−x + cqx−N .

References. [119], [259], [279], [282].

3.18 Continuous big q-Hermite

Definition.

Hn(x; a|q) = a−n
3φ2

(
q−n, aeiθ, ae−iθ

0, 0

∣∣∣∣ q; q) (3.18.1)

= einθ
2φ0

(
q−n, aeiθ

−

∣∣∣∣ q; qne−2iθ

)
, x = cos θ.

Orthogonality. If a is real and |a| < 1, then we have the following orthogonality relation

1
2π

1∫
−1

w(x)√
1− x2

Hm(x; a|q)Hn(x; a|q)dx =
δmn

(qn+1; q)∞
, (3.18.2)

where

w(x) := w(x; a|q) =
∣∣∣∣ (e2iθ; q)∞
(aeiθ; q)∞

∣∣∣∣2 =
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, a)
,
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with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.

If a > 1, then we have another orthogonality relation given by :

1
2π

1∫
−1

w(x)√
1− x2

Hm(x; a|q)Hn(x; a|q)dx

+
∑

k

1<aqk≤a

wkHm(xk; a|q)Hn(xk; a|q) =
δmn

(qn+1; q)∞
, (3.18.3)

where w(x) is as before,

xk =
aqk +

(
aqk
)−1

2
and

wk =
(a−2; q)∞
(q; q)∞

(1− a2q2k)(a2; q)k

(1− a2)(q; q)k
q−

3
2 k2− 1

2 k

(
− 1

a4

)k

.

Recurrence relation.

2xHn(x; a|q) = Hn+1(x; a|q) + aqnHn(x; a|q) + (1− qn)Hn−1(x; a|q). (3.18.4)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
2
aqnpn(x) +

1
4
(1− qn)pn−1(x), (3.18.5)

where
Hn(x; a|q) = 2npn(x).

q-Difference equations.

(1− q)2Dq

[
w̃(x; aq

1
2 |q)Dqy(x)

]
+ 4q−n+1(1− qn)w̃(x; a|q)y(x) = 0, y(x) = Hn(x; a|q), (3.18.6)

where

w̃(x; a|q) :=
w(x; a|q)√

1− x2
.

If we define

Pn(z) := a−n
3φ2

(
q−n, az, az−1

0, 0

∣∣∣∣ q; q)
then the q-difference equation can also be written in the form

q−n(1− qn)Pn(z) = A(z)Pn(qz)−
[
A(z) + A(z−1)

]
Pn(z) + A(z−1)Pn(q−1z), (3.18.7)

where

A(z) =
(1− az)

(1− z2)(1− qz2)
.

Forward shift operator.

δqHn(x; a|q) = −q−
1
2 n(1− qn)(eiθ − e−iθ)Hn−1(x; aq

1
2 |q), x = cos θ (3.18.8)

or equivalently

DqHn(x; a|q) =
2q−

1
2 (n−1)(1− qn)

1− q
Hn−1(x; aq

1
2 |q). (3.18.9)
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Backward shift operator.

δq [w̃(x; a|q)Hn(x; a|q)] = q−
1
2 (n+1)(eiθ − e−iθ)w̃(x; aq−

1
2 |q)Hn+1(x; aq−

1
2 |q), x = cos θ (3.18.10)

or equivalently

Dq [w̃(x; a|q)Hn(x; a|q)] = −2q−
1
2 n

1− q
w̃(x; aq−

1
2 |q)Hn+1(x; aq−

1
2 |q). (3.18.11)

Rodrigues-type formula.

w(x; a|q)Hn(x; a|q) =
(

q − 1
2

)n

q
1
4 n(n−1) (Dq)

n
[
w(x; aq

1
2 n|q)

]
. (3.18.12)

Generating functions.

(at; q)∞
(eiθt, e−iθt; q)∞

=
∞∑

n=0

Hn(x; a|q)
(q; q)n

tn, x = cos θ. (3.18.13)

(eiθt; q)∞ · 1φ1

(
aeiθ

eiθt

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(−1)nq(
n
2)

(q; q)n
Hn(x; a|q)tn, x = cos θ. (3.18.14)

(γeiθt; q)∞
(eiθt; q)∞

2φ1

(
γ, aeiθ

γeiθt

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(γ; q)n

(q; q)n
Hn(x; a|q)tn, x = cos θ, γ arbitrary. (3.18.15)

References. [58], [72], [73], [162].

3.19 Continuous q-Laguerre

Definitions. The continuous q-Laguerre polynomials can be obtained from the continuous q-
Jacobi polynomials defined by (3.10.1) by taking the limit β →∞ :

P (α)
n (x|q) =

(qα+1; q)n

(q; q)n
3φ2

(
q−n, q

1
2 α+ 1

4 eiθ, q
1
2 α+ 1

4 e−iθ

qα+1, 0

∣∣∣∣∣ q; q
)

(3.19.1)

=
(q

1
2 α+ 3

4 e−iθ; q)n

(q; q)n
q( 1

2 α+ 1
4 )neinθ

2φ1

(
q−n, q

1
2 α+ 1

4 eiθ

q−
1
2 α+ 1

4−neiθ

∣∣∣∣∣ q; q− 1
2 α+ 1

4 e−iθ

)
, x = cos θ.

Orthogonality. For α ≥ −1
2 we have

1
2π

1∫
−1

w(x)√
1− x2

P (α)
m (x|q)P (α)

n (x|q)dx =
1

(q, qα+1; q)∞
(qα+1; q)n

(q; q)n
q(α+ 1

2 )nδmn, (3.19.2)

where

w(x) := w(x; qα|q) =
∣∣∣∣ (e2iθ; q)∞
(q

1
2 α+ 1

4 eiθ, q
1
2 α+ 3

4 eiθ; q)∞

∣∣∣∣2 =

∣∣∣∣∣ (eiθ,−eiθ; q
1
2 )∞

(q
1
2 α+ 1

4 eiθ; q
1
2 )∞

∣∣∣∣∣
2

=
h(x, 1)h(x,−1)h(x, q

1
2 )h(x,−q

1
2 )

h(x, q
1
2 α+ 1

4 )h(x, q
1
2 α+ 3

4 )
,

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.
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Recurrence relations.

2xP (α)
n (x|q) = q−

1
2 α− 1

4 (1− qn+1)P (α)
n+1(x|q)

+ qn+ 1
2 α+ 1

4 (1 + q
1
2 )P (α)

n (x|q) + q
1
2 α+ 1

4 (1− qn+α)P (α)
n−1(x|q). (3.19.3)

Normalized recurrence relations.

xpn(x) = pn+1(x) +
1
2
qn+ 1

2 α+ 1
4 (1 + q

1
2 )pn(x) +

1
4
(1− qn)(1− qn+α)pn−1(x), (3.19.4)

where

P (α)
n (x|q) =

2nq( 1
2 α+ 1

4 )n

(q; q)n
pn(x).

q-Difference equations.

(1− q)2Dq

[
w̃(x; qα+1|q)Dqy(x)

]
+4q−n+1(1− qn)w̃(x; qα|q)y(x) = 0, y(x) = P (α)

n (x|q), (3.19.5)

where

w̃(x; qα|q) :=
w(x; qα|q)√

1− x2
.

Forward shift operator.

δqP
(α)
n (x|q) = −q−n+ 1

2 α+ 3
4 (eiθ − e−iθ)P (α+1)

n−1 (x|q), x = cos θ (3.19.6)

or equivalently

DqP
(α)
n (x|q) =

2q−n+ 1
2 α+ 5

4

1− q
P

(α+1)
n−1 (x|q). (3.19.7)

Backward shift operator.

δq

[
w̃(x; qα|q)P (α)

n (x|q)
]

= q−
1
2 α− 1

4 (1− qn+1)(eiθ − e−iθ)w̃(x; qα−1|q)P (α−1)
n+1 (x|q), x = cos θ (3.19.8)

or equivalently

Dq

[
w̃(x; qα|q)P (α)

n (x|q)
]

= −2q−
1
2 α+ 1

4
1− qn+1

1− q
w̃(x; qα−1|q)P (α−1)

n+1 (x|q). (3.19.9)

Rodrigues-type formula.

w̃(x; qα|q)P (α)
n (x|q) =

(
q − 1

2

)n
q

1
4 n2+ 1

2 nα

(q; q)n
(Dq)

n [
w̃(x; qα+n|q)

]
. (3.19.10)

Generating functions.

(qα+ 1
2 t, qα+1t; q)∞

(q
1
2 α+ 1

4 eiθt, q
1
2 α+ 1

4 e−iθt; q)∞
=

∞∑
n=0

P (α)
n (x|q)tn, x = cos θ. (3.19.11)

1
(eiθt; q)∞

2φ1

(
q

1
2 α+ 1

4 eiθ, q
1
2 α+ 3

4 eiθ

qα+1

∣∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

P
(α)
n (x|q)tn

(qα+1; q)nq( 1
2 α+ 1

4 )n
, x = cos θ. (3.19.12)

(t; q)∞ · 2φ1

(
q

1
2 α+ 1

4 eiθ, q
1
2 α+ 1

4 e−iθ

qα+1

∣∣∣∣∣ q; t
)

=
∞∑

n=0

(−1)nq(
n
2)

(qα+1; q)n
P (α)

n (x|q)tn, x = cos θ. (3.19.13)
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(γeiθt; q)∞
(eiθt; q)∞

3φ2

(
γ, q

1
2 α+ 1

4 eiθ, q
1
2 α+ 3

4 eiθ

qα+1, γeiθt

∣∣∣∣∣ q; e−iθt

)

=
∞∑

n=0

(γ; q)n

(qα+1; q)n

Pn(x|q)
q( 1

2 α+ 1
4 )n

tn, x = cos θ, γ arbitrary. (3.19.14)

Remark. If we let β tend to infinity in (3.10.14) and renormalize we obtain

P (α)
n (x; q) =

(qα+1; q)n

(q; q)n
3φ2

(
q−n, q

1
2 eiθ, q

1
2 e−iθ

qα+1,−q

∣∣∣∣∣ q; q
)

, x = cos θ. (3.19.15)

These two q-analogues of the Laguerre polynomials are connected by the following quadratic
transformation :

P (α)
n (x|q2) = qnαP (α)

n (x; q).

Reference. [64].

3.20 Little q-Laguerre / Wall

Definition.

pn(x; a|q) = 2φ1

(
q−n, 0

aq

∣∣∣∣ q; qx) (3.20.1)

=
1

(a−1q−n; q)n
2φ0

(
q−n, x−1

−

∣∣∣∣ q; x

a

)
.

Orthogonality.

∞∑
k=0

(aq)k

(q; q)k
pm(qk; a|q)pn(qk; a|q) =

(aq)n

(aq; q)∞
(q; q)n

(aq; q)n
δmn, 0 < a < q−1. (3.20.2)

Recurrence relation.

−xpn(x; a|q) = Anpn+1(x; a|q)− (An + Cn) pn(x; a|q) + Cnpn−1(x; a|q), (3.20.3)

where  An = qn(1− aqn+1)

Cn = aqn(1− qn).

Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn)pn(x) + aq2n−1(1− qn)(1− aqn)pn−1(x), (3.20.4)

where

pn(x; a|q) =
(−1)nq−(n

2)

(aq; q)n
pn(x).

q-Difference equation.

−q−n(1− qn)xy(x) = ay(qx) + (x− a− 1)y(x) + (1− x)y(q−1x), y(x) = pn(x; a|q). (3.20.5)

Forward shift operator.

pn(x; a|q)− pn(qx; a|q) = −q−n+1(1− qn)
1− aq

xpn−1(x; aq|q) (3.20.6)

107



or equivalently

Dqpn(x; a|q) = − q−n+1(1− qn)
(1− q)(1− aq)

pn−1(x; aq|q). (3.20.7)

Backward shift operator.

apn(x; a|q)− (1− x)pn(q−1x; a|q) = (a− 1)pn+1(x; q−1a|q) (3.20.8)

or equivalently

Dq−1 [w(x;α|q)pn(x; qα|q)] =
1− qα

qα−1(1− q)
w(x;α− 1|q)pn+1(x; qα−1|q), (3.20.9)

where
w(x;α|q) = (qx; q)∞xα.

Rodrigues-type formula.

w(x;α|q)pn(x; qα|q) =
qnα+(n

2)(1− q)n

(qα+1; q)n

(
Dq−1

)n [w(x;α + n|q)] . (3.20.10)

Generating function.

(t; q)∞
(xt; q)∞

0φ1

(
−
aq

∣∣∣∣ q; aqxt

)
=

∞∑
n=0

(−1)nq(
n
2)

(q; q)n
pn(x; a|q)tn. (3.20.11)

Remark. If we set a = qα and change q to q−1 we find the q-Laguerre polynomials defined by
(3.21.1) in the following way :

pn(x; q−α|q−1) =
(q; q)n

(qα+1; q)n
L(α)

n (−x; q).

References. [13], [25], [71], [121], [123], [124], [169], [193], [279], [280], [323], [392], [396].

3.21 q-Laguerre

Definition.

L(α)
n (x; q) =

(qα+1; q)n

(q; q)n
1φ1

(
q−n

qα+1

∣∣∣∣ q;−qn+α+1x

)
(3.21.1)

=
1

(q; q)n
2φ1

(
q−n,−x

0

∣∣∣∣ q; qn+α+1

)
.

Orthogonality. The q-Laguerre polynomials satisfy two kinds of orthogonality relations, an abso-
lutely continuous one and a discrete one. These orthogonality relations are given by, respectively :

∞∫
0

xα

(−x; q)∞
L(α)

m (x; q)L(α)
n (x; q)dx =

(q−α; q)∞
(q; q)∞

(qα+1; q)n

(q; q)nqn
Γ(−α)Γ(α + 1)δmn, α > −1 (3.21.2)

and
∞∑

k=−∞

qkα+k

(−cqk; q)∞
L(α)

m (cqk; q)L(α)
n (cqk; q)

=
(q,−cqα+1,−c−1q−α; q)∞

(qα+1,−c,−c−1q; q)∞
(qα+1; q)n

(q; q)nqn
δmn, α > −1 and c > 0. (3.21.3)
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Recurrence relation.

−q2n+α+1xL(α)
n (x; q) = (1− qn+1)L(α)

n+1(x; q)

−
[
(1− qn+1) + q(1− qn+α)

]
L(α)

n (x; q) + q(1− qn+α)L(α)
n−1(x; q). (3.21.4)

Normalized recurrence relation.

xpn(x) = pn+1(x) + q−2n−α−1
[
(1− qn+1) + q(1− qn+α)

]
pn(x)

+ q−4n−2α+1(1− qn)(1− qn+α)pn−1(x), (3.21.5)

where

L(α)
n (x; q) =

(−1)nqn(n+α)

(q; q)n
pn(x).

q-Difference equation.

−qα(1− qn)xy(x) = qα(1 + x)y(qx)− [1 + qα(1 + x)] y(x) + y(q−1x), (3.21.6)

where
y(x) = L(α)

n (x; q).

Forward shift operator.

L(α)
n (x; q)− L(α)

n (qx; q) = −qα+1xL
(α+1)
n−1 (qx; q) (3.21.7)

or equivalently

DqL
(α)
n (x; q) = − qα+1

1− q
L

(α+1)
n−1 (qx; q). (3.21.8)

Backward shift operator.

L(α)
n (x; q)− qα(1 + x)L(α)

n (qx; q) = (1− qn+1)L(α−1)
n+1 (x; q) (3.21.9)

or equivalently

Dq

[
w(x;α; q)L(α)

n (x; q)
]

=
1− qn+1

1− q
w(x;α− 1; q)L(α−1)

n+1 (x; q), (3.21.10)

where
w(x;α; q) =

xα

(−x; q)∞
.

Rodrigues-type formula.

w(x;α; q)L(α)
n (x; q) =

(1− q)n

(q; q)n
(Dq)

n [w(x;α + n; q)] . (3.21.11)

Generating functions.

1
(t; q)∞

1φ1

(
−x

0

∣∣∣∣ q; qα+1t

)
=

∞∑
n=0

L(α)
n (x; q)tn. (3.21.12)

1
(t; q)∞

0φ1

(
−

qα+1

∣∣∣∣ q;−qα+1xt

)
=

∞∑
n=0

L
(α)
n (x; q)

(qα+1; q)n
tn. (3.21.13)

(t; q)∞ · 0φ2

(
−

qα+1, t

∣∣∣∣ q;−qα+1xt

)
=

∞∑
n=0

(−1)nq(
n
2)

(qα+1; q)n
L(α)

n (x; q)tn. (3.21.14)
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(γt; q)∞
(t; q)∞

1φ2

(
γ

qα+1, γt

∣∣∣∣ q;−qα+1xt

)
=

∞∑
n=0

(γ; q)n

(qα+1; q)n
L(α)

n (x; q)tn, γ arbitrary. (3.21.15)

Remarks. The q-Laguerre polynomials are sometimes called the generalized Stieltjes-Wigert
polynomials.

If we change q to q−1 we obtain the little q-Laguerre (or Wall) polynomials given by (3.20.1)
in the following way :

L(α)
n (x; q−1) =

(qα+1; q)n

(q; q)nqnα
pn(−x; qα|q).

The q-Laguerre polynomials defined by (3.21.1) and the alternative q-Charlier polynomials
given by (3.22.1) are related in the following way :

Kn(qx; a; q)
(q; q)n

= L(x−n)
n (aqn; q).

The q-Laguerre polynomials defined by (3.21.1) and the q-Charlier polynomials given by
(3.23.1) are related in the following way :

Cn(−x;−q−α; q)
(q; q)n

= L(α)
n (x; q).

Since the Stieltjes and Hamburger moment problems corresponding to the q-Laguerre polyno-
mials are indeterminate there exist many different weight functions.
References. [11], [13], [42], [43], [64], [71], [116], [121], [123], [124], [156], [193], [203], [235], [246],
[319].

3.22 Alternative q-Charlier

Definition.

Kn(x; a; q) = 2φ1

(
q−n,−aqn

0

∣∣∣∣ q; qx) (3.22.1)

= (q−n+1x; q)n · 1φ1

(
q−n

q−n+1x

∣∣∣∣ q;−aqn+1x

)
= (−aqnx)n · 2φ1

(
q−n, x−1

0

∣∣∣∣ q;−q−n+1

a

)
.

Orthogonality.

∞∑
k=0

ak

(q; q)k
q(

k+1
2 )Km(qk; a; q)Kn(qk; a; q) = (q; q)n(−aqn; q)∞

anq(
n+1

2 )

(1 + aq2n)
δmn, a > 0. (3.22.2)

Recurrence relation.

−xKn(x; a; q) = AnKn+1(x; a; q)− (An + Cn)Kn(x; a; q) + CnKn−1(x; a; q), (3.22.3)

where 
An = qn (1 + aqn)

(1 + aq2n)(1 + aq2n+1)

Cn = aq2n−1 (1− qn)
(1 + aq2n−1)(1 + aq2n)

.
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Normalized recurrence relation.

xpn(x) = pn+1(x) + (An + Cn)pn(x) + An−1Cnpn−1(x), (3.22.4)

where
Kn(x; a; q) = (−1)nq−(n

2)(−aqn; q)npn(x).

q-Difference equation.

−q−n(1− qn)(1 + aqn)xy(x) = axy(qx)− (ax + 1− x)y(x) + (1− x)y(q−1x), (3.22.5)

where
y(x) = Kn(x; a; q).

Forward shift operator.

Kn(x; a; q)−Kn(qx; a; q) = −q−n+1(1− qn)(1 + aqn)xKn−1(x; aq2; q) (3.22.6)

or equivalently

DqKn(x; a; q) = −q−n+1(1− qn)(1 + aqn)
1− q

Kn−1(x; aq2; q). (3.22.7)

Backward shift operator.

aqx−1Kn(qx; a; q)− (1− qx)Kn(qx−1x; a; q) = −Kn+1(qx; aq−2; q) (3.22.8)

or equivalently

∇ [w(x; a; q)Kn(qx; a; q)]
∇qx

=
q2

a(1− q)
w(x; aq−2; q)Kn+1(qx; aq−2; q), (3.22.9)

where

w(x; a; q) =
axq(

x
2)

(q; q)x
.

Rodrigues-type formula.

w(x; a; q)Kn(qx; a; q) = an(1− q)nqn(n−1) (∇q)
n [

w(x; aq2n; q)
]
, (3.22.10)

where
∇q :=

∇
∇qx

.

Generating functions.

0φ1

(
−
0

∣∣∣∣ q;−aqx+1t

)
2φ0

(
q−x, 0
−

∣∣∣∣ q; qxt

)
=

∞∑
n=0

Kn(qx; a; q)
(q; q)n

tn, x = 0, 1, 2, . . . . (3.22.11)

(t; q)∞
(xt; q)∞

1φ3

(
xt

0, 0, t

∣∣∣∣ q;−aqxt

)
=

∞∑
n=0

(−1)nq(
n
2)

(q; q)n
Kn(x; a; q)tn. (3.22.12)

Remark. The alternative q-Charlier polynomials defined by (3.22.1) and the q-Laguerre polyno-
mials given by (3.21.1) related in the following way :

Kn(qx; a; q)
(q; q)n

= L(x−n)
n (aqn; q).

References. No references known.
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3.23 q-Charlier

Definition.

Cn(q−x; a; q) = 2φ1

(
q−n, q−x

0

∣∣∣∣ q;−qn+1

a

)
(3.23.1)

= (−a−1q; q)n · 1φ1

(
q−n

−a−1q

∣∣∣∣ q;−qn+1−x

a

)
.

Orthogonality.

∞∑
x=0

ax

(q; q)x
q(

x
2)Cm(q−x; a; q)Cn(q−x; a; q) = q−n(−a; q)∞(−a−1q, q; q)nδmn, a > 0. (3.23.2)

Recurrence relation.

q2n+1(1− q−x)Cn(q−x) = aCn+1(q−x)
− [a + q(1− qn)(a + qn)]Cn(q−x) + q(1− qn)(a + qn)Cn−1(q−x), (3.23.3)

where
Cn(q−x) := Cn(q−x; a; q).

Normalized recurrence relation.

xpn(x) = pn+1(x) +
[
1 + q−2n−1 {a + q(1− qn)(a + qn)}

]
pn(x)

+ aq−4n+1(1− qn)(a + qn)pn−1(x), (3.23.4)

where

Cn(q−x; a; q) =
(−1)nqn2

an
pn(q−x).

q-Difference equation.

qny(x) = aqxy(x + 1)− qx(a− 1)y(x) + (1− qx)y(x− 1), y(x) = Cn(q−x; a; q). (3.23.5)

Forward shift operator.

Cn(q−x−1; a; q)− Cn(q−x; a; q) = −a−1q−x(1− qn)Cn−1(q−x; aq−1; q) (3.23.6)

or equivalently
∆Cn(q−x; a; q)

∆q−x
= −q(1− qn)

a(1− q)
Cn−1(q−x; aq−1; q). (3.23.7)

Backward shift operator.

Cn(q−x; a; q)− a−1q−x(1− qx)Cn(q−x+1; a; q) = Cn+1(q−x; aq; q) (3.23.8)

or equivalently

∇ [w(x; a; q)Cn(q−x; a; q)]
∇q−x

=
1

1− q
w(x; aq; q)Cn+1(q−x; aq; q), (3.23.9)

where

w(x; a; q) =
axq(

x+1
2 )

(q; q)x
.

Rodrigues-type formula.

w(x; a; q)Cn(q−x; a; q) = (1− q)n (∇q)
n [

w(x; aq−n; q)
]
, (3.23.10)
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where
∇q :=

∇
∇q−x

.

Generating functions.

1
(t; q)∞

1φ1

(
q−x

0

∣∣∣∣ q;−a−1qt

)
=

∞∑
n=0

Cn(q−x; a; q)
(q; q)n

tn. (3.23.11)

1
(t; q)∞

0φ1

(
−

−a−1q

∣∣∣∣ q;−a−1q−x+1t

)
=

∞∑
n=0

Cn(q−x; a; q)
(−a−1q, q; q)n

tn. (3.23.12)

Remark. The q-Charlier polynomials defined by (3.23.1) and the q-Laguerre polynomials given
by (3.21.1) are related in the following way :

Cn(−x;−q−α; q)
(q; q)n

= L(α)
n (x; q).

References. [28], [67], [193], [208], [261], [323], [410].

3.24 Al-Salam-Carlitz I

Definition.

U (a)
n (x; q) = (−a)nq(

n
2)2φ1

(
q−n, x−1

0

∣∣∣∣ q; qx

a

)
. (3.24.1)

Orthogonality. ∫ 1

a

(qx, a−1qx; q)∞U (a)
m (x; q)U (a)

n (x; q)dqx

= (−a)n(1− q)(q; q)n(q, a, a−1q; q)∞q(
n
2)δmn, a < 0. (3.24.2)

Recurrence relation.

xU (a)
n (x; q) = U

(a)
n+1(x; q) + (a + 1)qnU (a)

n (x; q)− aqn−1(1− qn)U (a)
n−1(x; q). (3.24.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + (a + 1)qnpn(x)− aqn−1(1− qn)pn−1(x), (3.24.4)

where
U (a)

n (x; q) = pn(x).

q-Difference equation.

(1− qn)x2y(x) = aqn−1y(qx)−
[
aqn−1 + qn(1− x)(a− x)

]
y(x)

+ qn(1− x)(a− x)y(q−1x), y(x) = U (a)
n (x; q). (3.24.5)

Forward shift operator.

U (a)
n (x; q)− U (a)

n (qx; q) = (1− qn)xU
(a)
n−1(x; q) (3.24.6)

or equivalently

DqU
(a)
n (x; q) =

1− qn

1− q
U

(a)
n−1(x; q). (3.24.7)

Backward shift operator.

aU (a)
n (x; q)− (1− x)(a− x)U (a)

n (q−1x; q) = −q−nxU
(a)
n+1(x; q) (3.24.8)
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or equivalently

Dq−1

[
w(x; a; q)U (a)

n (x; q)
]

=
q−n+1

a(1− q)
w(x; a; q)U (a)

n+1(x; q), (3.24.9)

where
w(x; a; q) = (qx, a−1qx; q)∞.

Rodrigues-type formula.

w(x; a; q)U (a)
n (x; q) = anq

1
2 n(n−3)(1− q)n

(
Dq−1

)n [w(x; a; q)] . (3.24.10)

Generating function.
(t, at; q)∞
(xt; q)∞

=
∞∑

n=0

U
(a)
n (x; q)
(q; q)n

tn. (3.24.11)

Remark. The Al-Salam-Carlitz I polynomials are related to the Al-Salam-Carlitz II polynomials
defined by (3.25.1) in the following way :

U (a)
n (x; q−1) = V (a)

n (x; q).

References. [13], [17], [19], [60], [67], [121], [123], [132], [193], [216], [233], [252], [410].

3.25 Al-Salam-Carlitz II

Definition.

V (a)
n (x; q) = (−a)nq−(n

2)2φ0

(
q−n, x

−

∣∣∣∣ q; qn

a

)
. (3.25.1)

Orthogonality.

∞∑
k=0

qk2
ak

(q; q)k(aq; q)k
V (a)

m (q−k; q)V (a)
n (q−k; q) =

(q; q)nan

(aq; q)∞qn2 δmn, a > 0. (3.25.2)

Recurrence relation.

xV (a)
n (x; q) = V

(a)
n+1(x; q) + (a + 1)q−nV (a)

n (x; q) + aq−2n+1(1− qn)V (a)
n−1(x; q). (3.25.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + (a + 1)q−npn(x) + aq−2n+1(1− qn)pn−1(x), (3.25.4)

where
V (a)

n (x; q) = pn(x).

q-Difference equation.

−(1− qn)x2y(x) = (1− x)(a− x)y(qx)− [(1− x)(a− x) + aq] y(x)
+ aqy(q−1x), y(x) = V (a)

n (x; q). (3.25.5)

Forward shift operator.

V (a)
n (x; q)− V (a)

n (qx; q) = q−n+1(1− qn)xV
(a)
n−1(qx; q) (3.25.6)

or equivalently

DqV
(a)
n (x; q) =

q−n+1(1− qn)
1− q

V
(a)
n−1(qx; q). (3.25.7)

Backward shift operator.

aV (a)
n (x; q)− (1− x)(a− x)V (a)

n (qx; q) = −qnxV
(a)
n+1(x; q) (3.25.8)
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or equivalently

Dq

[
w(x; a; q)V (a)

n (x; q)
]

= − qn

a(1− q)
w(x; a; q)V (a)

n+1(x; q), (3.25.9)

where
w(x; a; q) =

1
(x, a−1x; q)∞

.

Rodrigues-type formula.

w(x; a; q)V (a)
n (x; q) = an(q − 1)nq−(n

2) (Dq)
n [w(x; a; q)] . (3.25.10)

Generating functions.

(xt; q)∞
(t, at; q)∞

=
∞∑

n=0

(−1)nq(
n
2)

(q; q)n
V (a)

n (x; q)tn. (3.25.11)

(at; q)∞ · 1φ1

( x

at

∣∣∣ q; t) =
∞∑

n=0

qn(n−1)

(q; q)n
V (a)

n (x; q)tn. (3.25.12)

Remark. The Al-Salam-Carlitz II polynomials are related to the Al-Salam-Carlitz I polynomials
defined by (3.24.1) in the following way :

V (a)
n (x; q−1) = U (a)

n (x; q).

References. [13], [17], [19], [59], [84], [120], [121], [123], [132], [169], [216].

3.26 Continuous q-Hermite

Definition.

Hn(x|q) = einθ
2φ0

(
q−n, 0
−

∣∣∣∣ q; qne−2iθ

)
, x = cos θ. (3.26.1)

Orthogonality.

1
2π

1∫
−1

w(x|q)√
1− x2

Hm(x|q)Hn(x|q)dx =
δmn

(qn+1; q)∞
, (3.26.2)

where
w(x|q) =

∣∣(e2iθ; q
)
∞

∣∣2 = h(x, 1)h(x,−1)h(x, q
1
2 )h(x,−q

1
2 ),

with

h(x, α) :=
∞∏

k=0

[
1− 2αxqk + α2q2k

]
=
(
αeiθ, αe−iθ; q

)
∞ , x = cos θ.

Recurrence relation.

2xHn(x|q) = Hn+1(x|q) + (1− qn)Hn−1(x|q). (3.26.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) +
1
4
(1− qn)pn−1(x), (3.26.4)

where
Hn(x|q) = 2npn(x).

q-Difference equation.

(1− q)2Dq [w̃(x|q)Dqy(x)] + 4q−n+1(1− qn)w̃(x|q)y(x) = 0, y(x) = Hn(x|q), (3.26.5)
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where

w̃(x|q) :=
w(x|q)√
1− x2

.

Forward shift operator.

δqHn(x|q) = −q−
1
2 n(1− qn)(eiθ − e−iθ)Hn−1(x|q), x = cos θ (3.26.6)

or equivalently

DqHn(x|q) =
2q−

1
2 (n−1)(1− qn)

1− q
Hn−1(x|q). (3.26.7)

Backward shift operator.

δq [w̃(x|q)Hn(x|q)] = q−
1
2 (n+1)(eiθ − e−iθ)w̃(x|q)Hn+1(x|q), x = cos θ (3.26.8)

or equivalently

Dq [w̃(x|q)Hn(x|q)] = −2q−
1
2 n

1− q
w̃(x|q)Hn+1(x|q). (3.26.9)

Rodrigues-type formula.

w̃(x|q)Hn(x|q) =
(

q − 1
2

)n

q
1
4 n(n−1) (Dq)

n [w̃(x|q)] . (3.26.10)

Generating functions.

1

|(eiθt; q)∞|2
=

1
(eiθt, e−iθt; q)∞

=
∞∑

n=0

Hn(x|q)
(q; q)n

tn, x = cos θ. (3.26.11)

(eiθt; q)∞ · 1φ1

(
0

eiθt

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(−1)nq(
n
2)

(q; q)n
Hn(x|q)tn, x = cos θ. (3.26.12)

(γeiθt; q)∞
(eiθt; q)∞

2φ1

(
γ, 0
γeiθt

∣∣∣∣ q; e−iθt

)
=

∞∑
n=0

(γ; q)n

(q; q)n
Hn(x|q)tn, x = cos θ, γ arbitrary. (3.26.13)

Remark. The continuous q-Hermite polynomials can also be written as :

Hn(x|q) =
n∑

k=0

(q; q)n

(q; q)k(q; q)n−k
ei(n−2k)θ, x = cos θ.

References. [7], [13], [14], [24], [31], [43], [44], [53], [54], [58], [64], [65], [66], [67], [73], [83], [93],
[98], [101], [165], [189], [193], [219], [229], [238], [240], [323], [363], [364], [365], [378].

3.27 Stieltjes-Wigert

Definition.

Sn(x; q) =
1

(q; q)n
1φ1

(
q−n

0

∣∣∣∣ q;−qn+1x

)
. (3.27.1)

Orthogonality.
∞∫
0

Sm(x; q)Sn(x; q)
(−x,−qx−1; q)∞

dx = − ln q

qn

(q; q)∞
(q; q)n

δmn. (3.27.2)

Recurrence relation.

−q2n+1xSn(x; q) = (1− qn+1)Sn+1(x; q)− [1 + q − qn+1]Sn(x; q) + qSn−1(x; q). (3.27.3)
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Normalized recurrence relation.

xpn(x) = pn+1(x) + q−2n−1
[
1 + q − qn+1

]
pn(x) + q−4n+1(1− qn)pn−1(x), (3.27.4)

where

Sn(x; q) =
(−1)nqn2

(q; q)n
pn(x).

q-Difference equation.

−x(1− qn)y(x) = xy(qx)− (x + 1)y(x) + y(q−1x), y(x) = Sn(x; q). (3.27.5)

Forward shift operator.

Sn(x; q)− Sn(qx; q) = −qxSn−1(q2x; q) (3.27.6)

or equivalently
DqSn(x; q) = − q

1− q
Sn−1(q2x; q). (3.27.7)

Backward shift operator.

Sn(x; q)− xSn(qx; q) = (1− qn+1)Sn+1(q−1x; q), (3.27.8)

or equivalently

Dq [w(x; q)Sn(x; q)] =
1− qn+1

1− q
q−1w(q−1x; q)Sn+1(q−1x; q), (3.27.9)

where
w(x; q) =

1
(−x,−qx−1; q)∞

.

Rodrigues-type formula.

w(x; q)Sn(x; q) =
qn(1− q)n

(q; q)n
((Dq)

n
w) (qnx; q). (3.27.10)

Generating functions.

1
(t; q)∞

0φ1

(
−
0

∣∣∣∣ q;−qxt

)
=

∞∑
n=0

Sn(x; q)tn. (3.27.11)

(t; q)∞ · 0φ2

(
−
0, t

∣∣∣∣ q;−qxt

)
=

∞∑
n=0

(−1)nq(
n
2)Sn(x; q)tn. (3.27.12)

(γt; q)∞
(t; q)∞

1φ2

(
γ

0, γt

∣∣∣∣ q;−qxt

)
=

∞∑
n=0

(γ; q)nSn(x; q)tn, γ arbitrary. (3.27.13)

Remark. Since the Stieltjes and Hamburger moment problems corresponding to the Stieltjes-
Wigert polynomials are indeterminate there exist many different weight functions. For instance,
they are also orthogonal with respect to the weight function

w(x) =
γ√
π

exp
(
−γ2 ln2 x

)
, x > 0, with γ2 = − 1

2 ln q
.

References. [42], [43], [73], [122], [123], [132], [323], [387], [388], [391], [398].

117



3.28 Discrete q-Hermite I

Definition. The discrete q-Hermite I polynomials are Al-Salam-Carlitz I polynomials with a =
−1 :

hn(x; q) = U (−1)
n (x; q) = q(

n
2)2φ1

(
q−n, x−1

0

∣∣∣∣ q;−qx

)
(3.28.1)

= xn
2φ0

(
q−n, q−n+1

−

∣∣∣∣ q2;
q2n−1

x2

)
.

Orthogonality.∫ 1

−1

(qx,−qx; q)∞hm(x; q)hn(x; q)dqx = (1− q)(q; q)n(q,−1,−q; q)∞q(
n
2)δmn. (3.28.2)

Recurrence relation.

xhn(x; q) = hn+1(x; q) + qn−1(1− qn)hn−1(x; q). (3.28.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + qn−1(1− qn)pn−1(x), (3.28.4)

where
hn(x; q) = pn(x).

q-Difference equation.

−q−n+1x2y(x) = y(qx)− (1 + q)y(x) + q(1− x2)y(q−1x), y(x) = hn(x; q). (3.28.5)

Forward shift operator.

hn(x; q)− hn(qx; q) = (1− qn)xhn−1(x; q) (3.28.6)

or equivalently

Dqhn(x; q) =
1− qn

1− q
hn−1(x; q). (3.28.7)

Backward shift operator.

hn(x; q)− (1− x2)hn(q−1x; q) = q−nxhn+1(x; q) (3.28.8)

or equivalently

Dq−1 [w(x; q)hn(x; q)] = −q−n+1

1− q
w(x; q)hn+1(x; q), (3.28.9)

where
w(x; q) = (qx,−qx; q)∞.

Rodrigues-type formula.

w(x; q)hn(x; q) = (q − 1)nq
1
2 n(n−3)

(
Dq−1

)n [w(x; q)] . (3.28.10)

Generating function.
(t2; q2)∞
(xt; q)∞

=
∞∑

n=0

hn(x; q)
(q; q)n

tn. (3.28.11)

Remark. The discrete q-Hermite I polynomials are related to the discrete q-Hermite II polyno-
mials defined by (3.29.1) in the following way :

hn(ix; q−1) = inh̃n(x; q).

References. [13], [17], [67], [83], [98], [193], [208], [283].
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3.29 Discrete q-Hermite II

Definition. The discrete q-Hermite II polynomials are Al-Salam-Carlitz II polynomials with
a = −1 :

h̃n(x; q) = i−nV (−1)
n (ix; q) = i−nq−(n

2)2φ0

(
q−n, ix

−

∣∣∣∣ q;−qn

)
(3.29.1)

= xn
2φ1

(
q−n, q−n+1

0

∣∣∣∣ q2;− q2

x2

)
.

Orthogonality.

∞∑
k=−∞

[
h̃m(cqk; q)h̃n(cqk; q) + h̃m(−cqk; q)h̃n(−cqk; q)

]
w(cqk; q)qk

= 2
(q2,−c2q,−c−2q; q2)∞
(q,−c2,−c−2q2; q2)∞

(q; q)n

qn2 δmn, c > 0, (3.29.2)

where
w(x; q) =

1
(ix,−ix; q)∞

=
1

(−x2; q2)∞
.

Recurrence relation.

xh̃n(x; q) = h̃n+1(x; q) + q−2n+1(1− qn)h̃n−1(x; q). (3.29.3)

Normalized recurrence relation.

xpn(x) = pn+1(x) + q−2n+1(1− qn)pn−1(x), (3.29.4)

where
h̃n(x; q) = pn(x).

q-Difference equation.

−(1− qn)x2h̃n(x; q) = (1 + x2)h̃n(qx; q)− (1 + x2 + q)h̃n(x; q) + qh̃n(q−1x; q). (3.29.5)

Forward shift operator.

h̃n(x; q)− h̃n(qx; q) = q−n+1(1− qn)xh̃n−1(qx; q) (3.29.6)

or equivalently

Dqh̃n(x; q) =
q−n+1(1− qn)

1− q
h̃n−1(qx; q). (3.29.7)

Backward shift operator.

h̃n(x; q)− (1 + x2)h̃n(qx; q) = −qnxh̃n+1(x; q) (3.29.8)

or equivalently

Dq

[
w(x; q)h̃n(x; q)

]
= − qn

1− q
w(x; q)h̃n+1(x; q). (3.29.9)

Rodrigues-type formula.

w(x; q)h̃n(x; q) = (q − 1)nq−(n
2) (Dq)

n [w(x; q)] . (3.29.10)

Generating functions.
(−xt; q)∞
(−t2; q2)∞

=
∞∑

n=0

q(
n
2)

(q; q)n
h̃n(x; q)tn. (3.29.11)
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(−it; q)∞ · 1φ1

(
ix

−it

∣∣∣∣ q; it) =
∞∑

n=0

(−1)nqn(n−1)

(q; q)n
h̃n(x; q)tn. (3.29.12)

Remark. The discrete q-Hermite II polynomials are related to the discrete q-Hermite I polyno-
mials defined by (3.28.1) in the following way :

h̃n(x; q−1) = i−nhn(ix; q).

References. [83], [283].
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Chapter 4

Limit relations between basic
hypergeometric orthogonal
polynomials

4.1 Askey-Wilson

Askey-Wilson → Continuous dual q-Hahn.

The continuous dual q-Hahn polynomials defined by (3.3.1) simply follow from the Askey-Wilson
polynomials given by (3.1.1) by setting d = 0 in (3.1.1) :

pn(x; a, b, c, 0|q) = pn(x; a, b, c|q). (4.1.1)

Askey-Wilson → Continuous q-Hahn.

The continuous q-Hahn polynomials defined by (3.4.1) can be obtained from the Askey-Wilson
polynomials given by (3.1.1) by the substitutions θ → θ + φ, a → aeiφ, b → beiφ, c → ce−iφ and
d → de−iφ :

pn(cos(θ + φ); aeiφ, beiφ, ce−iφ, de−iφ|q) = pn(cos(θ + φ); a, b, c, d; q). (4.1.2)

Askey-Wilson → Big q-Jacobi.

The big q-Jacobi polynomials defined by (3.5.1) can be obtained from the Askey-Wilson polyno-
mials by setting x → 1

2a−1x, b = a−1αq, c = a−1γq and d = aβγ−1 in

p̃n(x; a, b, c, d|q) =
anpn(x; a, b, c, d|q)

(ab, ac, ad; q)n

defined by (3.1.1) and then taking the limit a → 0 :

lim
a→0

p̃n

(
x

2a
; a,

αq

a
,
γq

a
,
aβ

γ

∣∣∣∣ q) = Pn(x;α, β, γ; q). (4.1.3)

Askey-Wilson → Continuous q-Jacobi.

If we take a = q
1
2 α+ 1

4 , b = q
1
2 α+ 3

4 , c = −q
1
2 β+ 1

4 and d = −q
1
2 β+ 3

4 in the definition (3.1.1)
of the Askey-Wilson polynomials and change the normalization we find the continuous q-Jacobi
polynomials given by (3.10.1) :

q( 1
2 α+ 1

4 )npn

(
x; q

1
2 α+ 1

4 , q
1
2 α+ 3

4 ,−q
1
2 β+ 1

4 ,−q
1
2 β+ 3

4

∣∣∣ q)
(q,−q

1
2 (α+β+1),−q

1
2 (α+β+2); q)n

= P (α,β)
n (x|q). (4.1.4)
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In [345] M. Rahman takes a = q
1
2 , b = qα+ 1

2 , c = −qβ+ 1
2 and d = −q

1
2 to obtain after a change of

normalization the continuous q-Jacobi polynomials defined by (3.10.14) :

q
1
2 npn

(
x; q

1
2 , qα+ 1

2 ,−qβ+ 1
2 ,−q

1
2

∣∣∣ q)
(q,−q,−q; q)n

= P (α,β)
n (x; q). (4.1.5)

As was pointed out in section 0.6 these two q-analogues of the Jacobi polynomials are not really
different, since they are connected by the quadratic transformation

P (α,β)
n (x|q2) =

(−q; q)n

(−qα+β+1; q)n
qnαP (α,β)

n (x; q).

Askey-Wilson → Continuous q-ultraspherical / Rogers.

If we set a = β
1
2 , b = β

1
2 q

1
2 , c = −β

1
2 and d = −β

1
2 q

1
2 in the definition (3.1.1) of the Askey-Wilson

polynomials and change the normalization we obtain the continuous q-ultraspherical (or Rogers)
polynomials defined by (3.10.15). In fact we have :

(β2; q)npn

(
x;β

1
2 , β

1
2 q

1
2 ,−β

1
2 ,−β

1
2 q

1
2

∣∣∣ q)
(βq

1
2 ,−β,−βq

1
2 , q; q)n

= Cn(x;β|q). (4.1.6)

4.2 q-Racah

q-Racah → Big q-Jacobi.

The big q-Jacobi polynomials defined by (3.5.1) can be obtained from the q-Racah polynomials
by setting δ = 0 in the definition (3.2.1) :

Rn(µ(x); a, b, c, 0|q) = Pn(q−x; a, b, c; q). (4.2.1)

q-Racah → q-Hahn.

The q-Hahn polynomials follow from the q-Racah polynomials by the substitution δ = 0 and
γq = q−N in the definition (3.2.1) of the q-Racah polynomials :

Rn(µ(x);α, β, q−N−1, 0|q) = Qn(q−x;α, β, N |q). (4.2.2)

Another way to obtain the q-Hahn polynomials from the q-Racah polynomials is by setting γ = 0
and δ = β−1q−N−1 in the definition (3.2.1) :

Rn(µ(x);α, β, 0, β−1q−N−1|q) = Qn(q−x;α, β, N |q). (4.2.3)

And if we take αq = q−N , β → βγqN+1 and δ = 0 in the definition (3.2.1) of the q-Racah
polynomials we find the q-Hahn polynomials given by (3.6.1) in the following way :

Rn(µ(x); q−N−1, βγqN+1, γ, 0|q) = Qn(q−x; γ, β,N |q). (4.2.4)

Note that µ(x) = q−x in each case.

q-Racah → Dual q-Hahn.

To obtain the dual q-Hahn polynomials from the q-Racah polynomials we have to take β = 0 and
αq = q−N in (3.2.1) :

Rn(µ(x); q−N−1, 0, γ, δ|q) = Rn(µ(x); γ, δ, N |q), (4.2.5)
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with
µ(x) = q−x + γδqx+1.

We may also take α = 0 and β = δ−1q−N−1 in (3.2.1) to obtain the dual q-Hahn polynomials
from the q-Racah polynomials :

Rn(µ(x); 0, δ−1q−N−1, γ, δ|q) = Rn(µ(x); γ, δ, N |q), (4.2.6)

with
µ(x) = q−x + γδqx+1.

And if we take γq = q−N , δ → αδqN+1 and β = 0 in the definition (3.2.1) of the q-Racah
polynomials we find the dual q-Hahn polynomials given by (3.7.1) in the following way :

Rn(µ(x);α, 0, q−N−1, αδqN+1|q) = Rn(µ(x);α, δ,N |q), (4.2.7)

with
µ(x) = q−x + αδqx+1.

q-Racah → q-Krawtchouk.

The q-Krawtchouk polynomials defined by (3.15.1) can be obtained from the q-Racah polyno-
mials by setting αq = q−N , β = −pqN and γ = δ = 0 in the definition (3.2.1) of the q-Racah
polynomials :

Rn(q−x; q−N−1,−pqN , 0, 0|q) = Kn(q−x; p, N ; q). (4.2.8)

Note that µ(x) = q−x in this case.

q-Racah → Dual q-Krawtchouk.

The dual q-Krawtchouk polynomials defined by (3.17.1) easily follow from the q-Racah polynomials
given by (3.2.1) by using the substitutions α = β = 0, γq = q−N and δ = c :

Rn(µ(x); 0, 0, q−N−1, c|q) = Kn(λ(x); c,N |q). (4.2.9)

Note that
µ(x) = λ(x) = q−x + cqx−N .

4.3 Continuous dual q-Hahn

Askey-Wilson → Continuous dual q-Hahn.

The continuous dual q-Hahn polynomials defined by (3.3.1) simply follow from the Askey-Wilson
polynomials given by (3.1.1) by setting d = 0 in (3.1.1) :

pn(x; a, b, c, 0|q) = pn(x; a, b, c|q).

Continuous dual q-Hahn → Al-Salam-Chihara.

The Al-Salam-Chihara polynomials defined by (3.8.1) simply follow from the continuous dual
q-Hahn polynomials by taking c = 0 in the definition (3.3.1) of the continuous dual q-Hahn
polynomials :

pn(x; a, b, 0|q) = Qn(x; a, b|q). (4.3.1)
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4.4 Continuous q-Hahn

Askey-Wilson → Continuous q-Hahn.

The continuous q-Hahn polynomials defined by (3.4.1) can be obtained from the Askey-Wilson
polynomials given by (3.1.1) by the substitutions θ → θ + φ, a → aeiφ, b → beiφ, c → ce−iφ and
d → de−iφ :

pn(cos(θ + φ); aeiφ, beiφ, ce−iφ, de−iφ|q) = pn(cos(θ + φ); a, b, c, d; q).

Continuous q-Hahn → q-Meixner-Pollaczek.

The q-Meixner-Pollaczek polynomials defined by (3.9.1) simply follow from the continuous q-Hahn
polynomials if we set d = a and b = c = 0 in the definition (3.4.1) of the continuous q-Hahn
polynomials :

pn(cos(θ + φ); a, 0, 0, a; q)
(q; q)n

= Pn(cos(θ + φ); a|q). (4.4.1)

4.5 Big q-Jacobi

Askey-Wilson → Big q-Jacobi.

The big q-Jacobi polynomials defined by (3.5.1) can be obtained from the Askey-Wilson polyno-
mials by setting x → 1

2a−1x, b = a−1αq, c = a−1γq and d = aβγ−1 in

p̃n(x; a, b, c, d|q) =
anpn(x; a, b, c, d|q)

(ab, ac, ad; q)n

defined by (3.1.1) and then taking the limit a → 0 :

lim
a→0

p̃n

(
x

2a
; a,

αq

a
,
γq

a
,
aβ

γ

∣∣∣∣ q) = Pn(x;α, β, γ; q).

q-Racah → Big q-Jacobi.

The big q-Jacobi polynomials defined by (3.5.1) can be obtained from the q-Racah polynomials
by setting δ = 0 in the definition (3.2.1) :

Rn(µ(x); a, b, c, 0|q) = Pn(q−x; a, b, c; q).

Big q-Jacobi → Big q-Laguerre.

If we set b = 0 in the definition (3.5.1) of the big q-Jacobi polynomials we obtain the big q-Laguerre
polynomials given by (3.11.1) :

Pn(x; a, 0, c; q) = Pn(x; a, c; q). (4.5.1)

Big q-Jacobi → Little q-Jacobi.

The little q-Jacobi polynomials defined by (3.12.1) can be obtained from the big q-Jacobi polyno-
mials by the substitution x → cqx in the definition (3.5.1) and then by the limit c →∞ :

lim
c→∞

Pn(cqx; a, b, c; q) = pn(x; a, b|q). (4.5.2)

Big q-Jacobi → q-Meixner.

If we take the limit a → ∞ in the definition (3.5.1) of the big q-Jacobi polynomials we simply
obtain the q-Meixner polynomials defined by (3.13.1) :

lim
a→∞

Pn(q−x; a, b, c; q) = Mn(q−x; c,−b−1; q). (4.5.3)
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4.6 q-Hahn

q-Racah → q-Hahn.

The q-Hahn polynomials follow from the q-Racah polynomials by the substitution δ = 0 and
γq = q−N in the definition (3.2.1) of the q-Racah polynomials :

Rn(µ(x);α, β, q−N−1, 0|q) = Qn(q−x;α, β, N |q).

Another way to obtain the q-Hahn polynomials from the q-Racah polynomials is by setting γ = 0
and δ = β−1q−N−1 in the definition (3.2.1) :

Rn(µ(x);α, β, 0, β−1q−N−1|q) = Qn(q−x;α, β, N |q).

And if we take αq = q−N , β → βγqN+1 and δ = 0 in the definition (3.2.1) of the q-Racah
polynomials we find the q-Hahn polynomials given by (3.6.1) in the following way :

Rn(µ(x); q−N−1, βγqN+1, γ, 0|q) = Qn(q−x; γ, β,N |q).

Note that µ(x) = q−x in each case.

q-Hahn → Little q-Jacobi.

If we set x → N −x in the definition (3.6.1) of the q-Hahn polynomials and take the limit N →∞
we find the little q-Jacobi polynomials :

lim
N→∞

Qn(qx−N ;α, β, N |q) = pn(qx;α, β|q), (4.6.1)

where pn(qx;α, β|q) is defined by (3.12.1).

q-Hahn → q-Meixner.

The q-Meixner polynomials defined by (3.13.1) can be obtained from the q-Hahn polynomials by
setting α = b and β = −b−1c−1q−N−1 in the definition (3.6.1) of the q-Hahn polynomials and
letting N →∞ :

lim
N→∞

Qn

(
q−x; b,−b−1c−1q−N−1, N |q

)
= Mn(q−x; b, c; q). (4.6.2)

q-Hahn → Quantum q-Krawtchouk.

The quantum q-Krawtchouk polynomials defined by (3.14.1) simply follow from the q-Hahn poly-
nomials by setting β = p in the definition (3.6.1) of the q-Hahn polynomials and taking the limit
α →∞ :

lim
α→∞

Qn(q−x;α, p,N |q) = Kqtm
n (q−x; p,N ; q). (4.6.3)

q-Hahn → q-Krawtchouk.

If we set β = −α−1q−1p in the definition (3.6.1) of the q-Hahn polynomials and then let α → 0
we obtain the q-Krawtchouk polynomials defined by (3.15.1) :

lim
α→0

Qn

(
q−x;α,− p

αq
,N

∣∣∣∣ q) = Kn(q−x; p, N ; q). (4.6.4)

q-Hahn → Affine q-Krawtchouk.

The affine q-Krawtchouk polynomials defined by (3.16.1) can be obtained from the q-Hahn poly-
nomials by the substitution α = p and β = 0 in (3.6.1) :

Qn(q−x; p, 0, N |q) = KAff
n (q−x; p, N ; q). (4.6.5)
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4.7 Dual q-Hahn

q-Racah → Dual q-Hahn.

To obtain the dual q-Hahn polynomials from the q-Racah polynomials we have to take β = 0 and
αq = q−N in (3.2.1) :

Rn(µ(x); q−N−1, 0, γ, δ|q) = Rn(µ(x); γ, δ, N |q),

with
µ(x) = q−x + γδqx+1.

We may also take α = 0 and β = δ−1q−N−1 in (3.2.1) to obtain the dual q-Hahn polynomials
from the q-Racah polynomials :

Rn(µ(x); 0, δ−1q−N−1, γ, δ|q) = Rn(µ(x); γ, δ, N |q),

with
µ(x) = q−x + γδqx+1.

And if we take γq = q−N , δ → αδqN+1 and β = 0 in the definition (3.2.1) of the q-Racah
polynomials we find the dual q-Hahn polynomials given by (3.7.1) in the following way :

Rn(µ(x);α, 0, q−N−1, αδqN+1|q) = Rn(µ(x);α, δ,N |q),

with
µ(x) = q−x + αδqx+1.

Dual q-Hahn → Affine q-Krawtchouk.

The affine q-Krawtchouk polynomials defined by (3.16.1) can be obtained from the dual q-Hahn
polynomials by the substitution γ = p and δ = 0 in (3.7.1) :

Rn(µ(x); p, 0, N |q) = KAff
n (q−x; p, N ; q). (4.7.1)

Note that µ(x) = q−x in this case.

Dual q-Hahn → Dual q-Krawtchouk.

The dual q-Krawtchouk polynomials defined by (3.17.1) can be obtained from the dual q-Hahn
polynomials by setting δ = cγ−1q−N−1 in (3.7.1) and then letting γ → 0 :

lim
γ→0

Rn

(
µ(x); γ,

c

γ
q−N−1

∣∣∣∣ q) = Kn(λ(x); c,N |q). (4.7.2)

4.8 Al-Salam-Chihara

Continuous dual q-Hahn → Al-Salam-Chihara.

The Al-Salam-Chihara polynomials defined by (3.8.1) simply follow from the continuous dual
q-Hahn polynomials by taking c = 0 in the definition (3.3.1) of the continuous dual q-Hahn
polynomials :

pn(x; a, b, 0|q) = Qn(x; a, b|q).

Al-Salam-Chihara → Continuous big q-Hermite.

If we take the limit b → 0 in the definition (3.8.1) of the Al-Salam-Chihara polynomials we simply
obtain the continuous big q-Hermite polynomials given by (3.18.1) :

lim
b→0

Qn(x; a, b|q) = Hn(x; a|q). (4.8.1)
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Al-Salam-Chihara → Continuous q-Laguerre.

The continuous q-Laguerre polynomials defined by (3.19.1) can be obtained from the Al-Salam-
Chihara polynomials given by (3.8.1) by taking a = q

1
2 α+ 1

4 and b = q
1
2 α+ 3

4 :

Qn

(
x; q

1
2 α+ 1

4 , q
1
2 α+ 3

4

∣∣∣ q) =
(q; q)n

q( 1
2 α+ 1

4 )n
P (α)

n (x|q). (4.8.2)

4.9 q-Meixner-Pollaczek

Continuous q-Hahn → q-Meixner-Pollaczek.

The q-Meixner-Pollaczek polynomials defined by (3.9.1) simply follow from the continuous q-Hahn
polynomials if we set d = a and b = c = 0 in the definition (3.4.1) of the continuous q-Hahn
polynomials :

pn(cos(θ + φ); a, 0, 0, a; q)
(q; q)n

= Pn(cos(θ + φ); a|q).

q-Meixner-Pollaczek → Continuous q-ultraspherical / Rogers.

If we take θ = 0 and a = β in the definition (3.9.1) of the q-Meixner-Pollaczek polynomials we
obtain the continuous q-ultraspherical (or Rogers) polynomials given by (3.10.15) :

Pn(cos φ;β|q) = Cn(cos φ;β|q). (4.9.1)

q-Meixner-Pollaczek → Continuous q-Laguerre.

If we take eiφ = q−
1
4 , a = q

1
2 α+ 1

2 and eiθ → q
1
4 eiθ in the definition (3.9.1) of the q-Meixner-

Pollaczek polynomials we obtain the continuous q-Laguerre polynomials given by (3.19.1) :

Pn(cos(θ + φ); q
1
2 α+ 1

2 |q) = q−( 1
2 α+ 1

4 )nP (α)
n (cos θ|q). (4.9.2)

4.10 Continuous q-Jacobi

Askey-Wilson → Continuous q-Jacobi.

If we take a = q
1
2 α+ 1

4 , b = q
1
2 α+ 3

4 , c = −q
1
2 β+ 1

4 and d = −q
1
2 β+ 3

4 in the definition (3.1.1)
of the Askey-Wilson polynomials and change the normalization we find the continuous q-Jacobi
polynomials given by (3.10.1) :

q( 1
2 α+ 1

4 )npn

(
x; q

1
2 α+ 1

4 , q
1
2 α+ 3

4 ,−q
1
2 β+ 1

4 ,−q
1
2 β+ 3

4

∣∣∣ q)
(q,−q

1
2 (α+β+1),−q

1
2 (α+β+2); q)n

= P (α,β)
n (x|q).

In [345] M. Rahman takes a = q
1
2 , b = qα+ 1

2 , c = −qβ+ 1
2 and d = −q

1
2 to obtain after a change of

normalization the continuous q-Jacobi polynomials defined by (3.10.14) :

q
1
2 npn

(
x; q

1
2 , qα+ 1

2 ,−qβ+ 1
2 ,−q

1
2

∣∣∣ q)
(q,−q,−q; q)n

= P (α,β)
n (x; q).

As was pointed out in section 0.6 these two q-analogues of the Jacobi polynomials are not really
different, since they are connected by the quadratic transformation

P (α,β)
n (x|q2) =

(−q; q)n

(−qα+β+1; q)n
qnαP (α,β)

n (x; q).

127



Continuous q-Jacobi → Continuous q-Laguerre.

The continuous q-Laguerre polynomials given by (3.19.1) and (3.19.15) follow simply from the
continuous q-Jacobi polynomials defined by (3.10.1) and (3.10.14) respectively by taking the limit
β →∞ :

lim
β→∞

P (α,β)
n (x|q) = P (α)

n (x|q) (4.10.1)

and

lim
β→∞

P (α,β)
n (x; q) =

P
(α)
n (x; q)
(−q; q)n

. (4.10.2)

4.10.1 Continuous q-ultraspherical / Rogers

Askey-Wilson → Continuous q-ultraspherical / Rogers.

If we set a = β
1
2 , b = β

1
2 q

1
2 , c = −β

1
2 and d = −β

1
2 q

1
2 in the definition (3.1.1) of the Askey-Wilson

polynomials and change the normalization we obtain the continuous q-ultraspherical (or Rogers)
polynomials defined by (3.10.15). In fact we have :

(β2; q)npn

(
x;β

1
2 , β

1
2 q

1
2 ,−β

1
2 ,−β

1
2 q

1
2

∣∣∣ q)
(βq

1
2 ,−β,−βq

1
2 , q; q)n

= Cn(x;β|q).

q-Meixner-Pollaczek → Continuous q-ultraspherical / Rogers.

If we take θ = 0 and a = β in the definition (3.9.1) of the q-Meixner-Pollaczek polynomials we
obtain the continuous q-ultraspherical (or Rogers) polynomials given by (3.10.15) :

Pn(cos φ;β|q) = Cn(cos φ;β|q).

Continuous q-ultraspherical / Rogers → Continuous q-Hermite.

The continuous q-Hermite polynomials defined by (3.26.1) can be obtained from the continuous
q-ultraspherical (or Rogers) polynomials given by (3.10.15) by taking the limit β → 0. In fact we
have

lim
β→0

Cn(x;β|q) =
Hn(x|q)
(q; q)n

. (4.10.3)

4.11 Big q-Laguerre

Big q-Jacobi → Big q-Laguerre.

If we set b = 0 in the definition (3.5.1) of the big q-Jacobi polynomials we obtain the big q-Laguerre
polynomials given by (3.11.1) :

Pn(x; a, 0, c; q) = Pn(x; a, c; q).

Big q-Laguerre → Little q-Laguerre / Wall.

The little q-Laguerre (or Wall) polynomials defined by (3.20.1) can be obtained from the big
q-Laguerre polynomials by taking x → bqx in (3.11.1) and then letting b →∞ :

lim
b→∞

Pn(bqx; a, b; q) = pn(x; a|q). (4.11.1)

Big q-Laguerre → Al-Salam-Carlitz I.

If we set x → aqx and b → ab in the definition (3.11.1) of the big q-Laguerre polynomials and take
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the limit a → 0 we obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

lim
a→0

Pn(aqx; a, ab; q)
an

= U (b)
n (x; q). (4.11.2)

4.12 Little q-Jacobi

Big q-Jacobi → Little q-Jacobi.

The little q-Jacobi polynomials defined by (3.12.1) can be obtained from the big q-Jacobi polyno-
mials by the substitution x → cqx in the definition (3.5.1) and then by the limit c →∞ :

lim
c→∞

Pn(cqx; a, b, c; q) = pn(x; a, b|q).

q-Hahn → Little q-Jacobi.

If we set x → N −x in the definition (3.6.1) of the q-Hahn polynomials and take the limit N →∞
we find the little q-Jacobi polynomials :

lim
N→∞

Qn(qx−N ;α, β, N |q) = pn(qx;α, β|q),

where pn(qx;α, β|q) is defined by (3.12.1).

Little q-Jacobi → Little q-Laguerre / Wall.

The little q-Laguerre (or Wall) polynomials defined by (3.20.1) are little q-Jacobi polynomials with
b = 0. So if we set b = 0 in the definition (3.12.1) of the little q-Jacobi polynomials we obtain the
little q-Laguerre (or Wall) polynomials :

pn(x; a, 0|q) = pn(x; a|q). (4.12.1)

Little q-Jacobi → q-Laguerre.

If we substitute a = qα and x → −b−1q−1x in the definition (3.12.1) of the little q-Jacobi polyno-
mials and then let b tend to infinity we find the q-Laguerre polynomials given by (3.21.1) :

lim
b→∞

pn

(
− x

bq
; qα, b

∣∣∣∣ q) =
(q; q)n

(qα+1; q)n
L(α)

n (x; q). (4.12.2)

Little q-Jacobi → Alternative q-Charlier.

If we set b → −a−1q−1b in the definition (3.12.1) of the little q-Jacobi polynomials and then take
the limit a → 0 we obtain the alternative q-Charlier polynomials given by (3.22.1) :

lim
a→0

pn

(
x; a,− b

aq

∣∣∣∣ q) = Kn(x; b; q). (4.12.3)

4.13 q-Meixner

Big q-Jacobi → q-Meixner.

If we take the limit a → ∞ in the definition (3.5.1) of the big q-Jacobi polynomials we simply
obtain the q-Meixner polynomials defined by (3.13.1) :

lim
a→∞

Pn(q−x; a, b, c; q) = Mn(q−x; c,−b−1; q).
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q-Hahn → q-Meixner.

The q-Meixner polynomials defined by (3.13.1) can be obtained from the q-Hahn polynomials by
setting α = b and β = −b−1c−1q−N−1 in the definition (3.6.1) of the q-Hahn polynomials and
letting N →∞ :

lim
N→∞

Qn

(
q−x; b,−b−1c−1q−N−1, N |q

)
= Mn(q−x; b, c; q).

q-Meixner → q-Laguerre.

The q-Laguerre polynomials defined by (3.21.1) can be obtained from the q-Meixner polynomials
given by (3.13.1) by setting b = qα and q−x → cqαx in the definition (3.13.1) of the q-Meixner
polynomials and then taking the limit c →∞ :

lim
c→∞

Mn(cqαx; qα, c; q) =
(q; q)n

(qα+1; q)n
L(α)

n (x; q). (4.13.1)

q-Meixner → q-Charlier.

The q-Meixner polynomials and the q-Charlier polynomials defined by (3.13.1) and (3.23.1) respec-
tively are simply related by the limit b → 0 in the definition (3.13.1) of the q-Meixner polynomials.
In fact we have

Mn(x; 0, a; q) = Cn(x; a; q). (4.13.2)

q-Meixner → Al-Salam-Carlitz II.

The Al-Salam-Carlitz II polynomials defined by (3.25.1) can be obtained from the q-Meixner
polynomials defined by (3.13.1) by setting b = −c−1a in the definition (3.13.1) of the q-Meixner
polynomials and then taking the limit c ↓ 0 :

lim
c↓0

Mn

(
x;−a

c
, c; q

)
=
(
−1

a

)n

q(
n
2)V (a)

n (x; q). (4.13.3)

4.14 Quantum q-Krawtchouk

q-Hahn → Quantum q-Krawtchouk.

The quantum q-Krawtchouk polynomials defined by (3.14.1) simply follow from the q-Hahn poly-
nomials by setting β = p in the definition (3.6.1) of the q-Hahn polynomials and taking the limit
α →∞ :

lim
α→∞

Qn(q−x;α, p,N |q) = Kqtm
n (q−x; p,N ; q).

Quantum q-Krawtchouk → Al-Salam-Carlitz II.

If we set p = a−1q−N−1 in the definition (3.14.1) of the quantum q-Krawtchouk polynomials and
let N →∞ we obtain the Al-Salam-Carlitz II polynomials given by (3.25.1). In fact we have

lim
N→∞

Kqtm
n (x; a−1q−N−1, N ; q) =

(
−1

a

)n

q(
n
2)V (a)

n (x; q). (4.14.1)

4.15 q-Krawtchouk

q-Racah → q-Krawtchouk.

The q-Krawtchouk polynomials defined by (3.15.1) can be obtained from the q-Racah polyno-
mials by setting αq = q−N , β = −pqN and γ = δ = 0 in the definition (3.2.1) of the q-Racah
polynomials :

Rn(q−x; q−N−1,−pqN , 0, 0|q) = Kn(q−x; p, N ; q).
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Note that µ(x) = q−x in this case.

q-Hahn → q-Krawtchouk.

If we set β = −α−1q−1p in the definition (3.6.1) of the q-Hahn polynomials and then let α → 0
we obtain the q-Krawtchouk polynomials defined by (3.15.1) :

lim
α→0

Qn

(
q−x;α,− p

αq
,N

∣∣∣∣ q) = Kn(q−x; p, N ; q).

q-Krawtchouk → Alternative q-Charlier.

If we set x → N − x in the definition (3.15.1) of the q-Krawtchouk polynomials and then take the
limit N →∞ we obtain the alternative q-Charlier polynomials defined by (3.22.1) :

lim
N→∞

Kn

(
qx−N ; p, N ; q

)
= Kn(qx; p; q). (4.15.1)

q-Krawtchouk → q-Charlier.

The q-Charlier polynomials given by (3.23.1) can be obtained from the q-Krawtchouk polyno-
mials defined by (3.15.1) by setting p = a−1q−N in the definition (3.15.1) of the q-Krawtchouk
polynomials and then taking the limit N →∞ :

lim
N→∞

Kn

(
q−x; a−1q−N , N ; q

)
= Cn(q−x; a; q). (4.15.2)

4.16 Affine q-Krawtchouk

q-Hahn → Affine q-Krawtchouk.

The affine q-Krawtchouk polynomials defined by (3.16.1) can be obtained from the q-Hahn poly-
nomials by the substitution α = p and β = 0 in (3.6.1) :

Qn(q−x; p, 0, N |q) = KAff
n (q−x; p, N ; q).

Dual q-Hahn → Affine q-Krawtchouk.

The affine q-Krawtchouk polynomials defined by (3.16.1) can be obtained from the dual q-Hahn
polynomials by the substitution γ = p and δ = 0 in (3.7.1) :

Rn(µ(x); p, 0, N |q) = KAff
n (q−x; p, N ; q).

Note that µ(x) = q−x in this case.

Affine q-Krawtchouk → Little q-Laguerre / Wall.

If we set x → N −x in the definition (3.16.1) of the affine q-Krawtchouk polynomials and take the
limit N →∞ we simply obtain the little q-Laguerre (or Wall) polynomials defined by (3.20.1) :

lim
N→∞

KAff
n (qx−N ; p,N ; q) = pn(qx; p; q). (4.16.1)

4.17 Dual q-Krawtchouk

q-Racah → Dual q-Krawtchouk.

The dual q-Krawtchouk polynomials defined by (3.17.1) easily follow from the q-Racah polynomials
given by (3.2.1) by using the substitutions α = β = 0, γq = q−N and δ = c :

Rn(µ(x); 0, 0, q−N−1, c|q) = Kn(λ(x); c,N |q).
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Note that
µ(x) = λ(x) = q−x + cqx−N .

Dual q-Hahn → Dual q-Krawtchouk.

The dual q-Krawtchouk polynomials defined by (3.17.1) can be obtained from the dual q-Hahn
polynomials by setting δ = cγ−1q−N−1 in (3.7.1) and then letting γ → 0 :

lim
γ→0

Rn

(
µ(x); γ,

c

γ
q−N−1

∣∣∣∣ q) = Kn(λ(x); c,N |q).

Dual q-Krawtchouk → Al-Salam-Carlitz I.

If we set c = a−1 in the definition (3.17.1) of the dual q-Krawtchouk polynomials and take the
limit N →∞ we simply obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

lim
N→∞

Kn

(
λ(x);

1
a
,N

∣∣∣∣ q) =
(
−1

a

)n

q−(n
2)U (a)

n (qx; q). (4.17.1)

Note that λ(x) = q−x + a−1qx−N .

4.18 Continuous big q-Hermite

Al-Salam-Chihara → Continuous big q-Hermite.

If we take the limit b → 0 in the definition (3.8.1) of the Al-Salam-Chihara polynomials we simply
obtain the continuous big q-Hermite polynomials given by (3.18.1) :

lim
b→0

Qn(x; a, b|q) = Hn(x; a|q).

Continuous big q-Hermite → Continuous q-Hermite.

The continuous q-Hermite polynomials defined by (3.26.1) can easily be obtained from the con-
tinuous big q-Hermite polynomials given by (3.18.1) by taking a = 0 :

Hn(x; 0|q) = Hn(x|q). (4.18.1)

4.19 Continuous q-Laguerre

Al-Salam-Chihara → Continuous q-Laguerre.

The continuous q-Laguerre polynomials defined by (3.19.1) can be obtained from the Al-Salam-
Chihara polynomials given by (3.8.1) by taking a = q

1
2 α+ 1

4 and b = q
1
2 α+ 3

4 :

Qn

(
x; q

1
2 α+ 1

4 , q
1
2 α+ 3

4

∣∣∣ q) =
(q; q)n

q( 1
2 α+ 1

4 )n
P (α)

n (x|q).

q-Meixner-Pollaczek → Continuous q-Laguerre.

If we take eiφ = q−
1
4 , a = q

1
2 α+ 1

2 and eiθ → q
1
4 eiθ in the definition (3.9.1) of the q-Meixner-

Pollaczek polynomials we obtain the continuous q-Laguerre polynomials given by (3.19.1) :

Pn(cos(θ + φ); q
1
2 α+ 1

2 |q) = q−( 1
2 α+ 1

4 )nP (α)
n (cos θ|q).
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Continuous q-Jacobi → Continuous q-Laguerre.

The continuous q-Laguerre polynomials given by (3.19.1) and (3.19.15) follow simply from the
continuous q-Jacobi polynomials defined by (3.10.1) and (3.10.14) respectively by taking the limit
β →∞ :

lim
β→∞

P (α,β)
n (x|q) = P (α)

n (x|q)

and

lim
β→∞

P (α,β)
n (x; q) =

P
(α)
n (x; q)
(−q; q)n

.

Continuous q-Laguerre → Continuous q-Hermite.

The continuous q-Hermite polynomials given by (3.26.1) can be obtained from the continuous
q-Laguerre polynomials defined by (3.19.1) by taking the limit α →∞ in the following way :

lim
α→∞

P
(α)
n (x|q)

q( 1
2 α+ 1

4 )n
=

Hn(x|q)
(q; q)n

. (4.19.1)

4.20 Little q-Laguerre

Big q-Laguerre → Little q-Laguerre / Wall.

The little q-Laguerre (or Wall) polynomials defined by (3.20.1) can be obtained from the big
q-Laguerre polynomials by taking x → bqx in (3.11.1) and then letting b →∞ :

lim
b→∞

Pn(bqx; a, b; q) = pn(x; a|q).

Little q-Jacobi → Little q-Laguerre / Wall.

The little q-Laguerre (or Wall) polynomials defined by (3.20.1) are little q-Jacobi polynomials with
b = 0. So if we set b = 0 in the definition (3.12.1) of the little q-Jacobi polynomials we obtain the
little q-Laguerre (or Wall) polynomials :

pn(x; a, 0|q) = pn(x; a|q).

Affine q-Krawtchouk → Little q-Laguerre / Wall.

If we set x → N −x in the definition (3.16.1) of the affine q-Krawtchouk polynomials and take the
limit N →∞ we simply obtain the little q-Laguerre (or Wall) polynomials defined by (3.20.1) :

lim
N→∞

KAff
n (qx−N ; p, N ; q) = pn(qx; p; q).

4.21 q-Laguerre

Little q-Jacobi → q-Laguerre.

If we substitute a = qα and x → −b−1q−1x in the definition (3.12.1) of the little q-Jacobi polyno-
mials and then let b tend to infinity we find the q-Laguerre polynomials given by (3.21.1) :

lim
b→∞

pn

(
− x

bq
; qα, b

∣∣∣∣ q) =
(q; q)n

(qα+1; q)n
L(α)

n (x; q).

q-Meixner → q-Laguerre.

The q-Laguerre polynomials defined by (3.21.1) can be obtained from the q-Meixner polynomials
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given by (3.13.1) by setting b = qα and q−x → cqαx in the definition (3.13.1) of the q-Meixner
polynomials and then taking the limit c →∞ :

lim
c→∞

Mn(cqαx; qα, c; q) =
(q; q)n

(qα+1; q)n
L(α)

n (x; q).

q-Laguerre → Stieltjes-Wigert.

If we set x → xq−α in the definition (3.21.1) of the q-Laguerre polynomials and take the limit
α →∞ we simply obtain the Stieltjes-Wigert polynomials given by (3.27.1) :

lim
α→∞

L(α)
n

(
xq−α; q

)
= Sn(x; q). (4.21.1)

4.22 Alternative q-Charlier

Little q-Jacobi → Alternative q-Charlier.

If we set b → −a−1q−1b in the definition (3.12.1) of the little q-Jacobi polynomials and then take
the limit a → 0 we obtain the alternative q-Charlier polynomials given by (3.22.1) :

lim
a→0

pn

(
x; a,− b

aq

∣∣∣∣ q) = Kn(x; b; q).

q-Krawtchouk → Alternative q-Charlier.

If we set x → N − x in the definition (3.15.1) of the q-Krawtchouk polynomials and then take the
limit N →∞ we obtain the alternative q-Charlier polynomials defined by (3.22.1) :

lim
N→∞

Kn

(
qx−N ; p, N ; q

)
= Kn(qx; p; q).

Alternative q-Charlier → Stieltjes-Wigert.

The Stieltjes-Wigert polynomials defined by (3.27.1) can be obtained from the alternative q-
Charlier polynomials by setting x → a−1x in the definition (3.22.1) of the alternative q-Charlier
polynomials and then taking the limit a →∞. In fact we have

lim
a→∞

Kn

(x

a
; a; q

)
= (q; q)nSn(x; q). (4.22.1)

4.23 q-Charlier

q-Meixner → q-Charlier.

The q-Meixner polynomials and the q-Charlier polynomials defined by (3.13.1) and (3.23.1) respec-
tively are simply related by the limit b → 0 in the definition (3.13.1) of the q-Meixner polynomials.
In fact we have

Mn(x; 0, a; q) = Cn(x; a; q).

q-Krawtchouk → q-Charlier.

The q-Charlier polynomials given by (3.23.1) can be obtained from the q-Krawtchouk polyno-
mials defined by (3.15.1) by setting p = a−1q−N in the definition (3.15.1) of the q-Krawtchouk
polynomials and then taking the limit N →∞ :

lim
N→∞

Kn

(
q−x; a−1q−N , N ; q

)
= Cn(q−x; a; q).
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q-Charlier → Stieltjes-Wigert.

If we set q−x → ax in the definition (3.23.1) of the q-Charlier polynomials and take the limit
a →∞ we obtain the Stieltjes-Wigert polynomials given by (3.27.1) in the following way :

lim
a→∞

Cn(ax; a; q) = (q; q)nSn(x; q). (4.23.1)

4.24 Al-Salam-Carlitz I

Big q-Laguerre → Al-Salam-Carlitz I.

If we set x → aqx and b → ab in the definition (3.11.1) of the big q-Laguerre polynomials and take
the limit a → 0 we obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

lim
a→0

Pn(aqx; a, ab; q)
an

= U (b)
n (x; q).

Dual q-Krawtchouk → Al-Salam-Carlitz I.

If we set c = a−1 in the definition (3.17.1) of the dual q-Krawtchouk polynomials and take the
limit N →∞ we simply obtain the Al-Salam-Carlitz I polynomials given by (3.24.1) :

lim
N→∞

Kn

(
λ(x);

1
a
,N

∣∣∣∣ q) =
(
−1

a

)n

q−(n
2)U (a)

n (qx; q).

Note that λ(x) = q−x + a−1qx−N .

Al-Salam-Carlitz I → Discrete q-Hermite I.

The discrete q-Hermite I polynomials defined by (3.28.1) can easily be obtained from the Al-
Salam-Carlitz I polynomials given by (3.24.1) by the substitution a = −1 :

U (−1)
n (x; q) = hn(x; q). (4.24.1)

4.25 Al-Salam-Carlitz II

q-Meixner → Al-Salam-Carlitz II.

The Al-Salam-Carlitz II polynomials defined by (3.25.1) can be obtained from the q-Meixner
polynomials defined by (3.13.1) by setting b = −c−1a in the definition (3.13.1) of the q-Meixner
polynomials and then taking the limit c ↓ 0 :

lim
c↓0

Mn

(
x;−a

c
, c; q

)
=
(
−1

a

)n

q(
n
2)V (a)

n (x; q).

Quantum q-Krawtchouk → Al-Salam-Carlitz II.

If we set p = a−1q−N−1 in the definition (3.14.1) of the quantum q-Krawtchouk polynomials and
let N →∞ we obtain the Al-Salam-Carlitz II polynomials given by (3.25.1). In fact we have

lim
N→∞

Kqtm
n (x; a−1q−N−1, N ; q) =

(
−1

a

)n

q(
n
2)V (a)

n (x; q).

Al-Salam-Carlitz II → Discrete q-Hermite II.

The discrete q-Hermite II polynomials defined by (3.29.1) follow from the Al-Salam-Carlitz II
polynomials given by (3.25.1) by the substitution a = −1 in the following way :

i−nV (−1)
n (ix; q) = h̃n(x; q). (4.25.1)
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4.26 Continuous q-Hermite

Continuous big q-Hermite → Continuous q-Hermite.

The continuous q-Hermite polynomials defined by (3.26.1) can easily be obtained from the con-
tinuous big q-Hermite polynomials given by (3.18.1) by taking a = 0 :

Hn(x; 0|q) = Hn(x|q).

Continuous q-Laguerre → Continuous q-Hermite.

The continuous q-Hermite polynomials given by (3.26.1) can be obtained from the continuous
q-Laguerre polynomials defined by (3.19.1) by taking the limit α →∞ in the following way :

lim
α→∞

P
(α)
n (x|q)

q( 1
2 α+ 1

4 )n
=

Hn(x|q)
(q; q)n

.

4.27 Stieltjes-Wigert

q-Laguerre → Stieltjes-Wigert.

If we set x → xq−α in the definition (3.21.1) of the q-Laguerre polynomials and take the limit
α →∞ we simply obtain the Stieltjes-Wigert polynomials given by (3.27.1) :

lim
α→∞

L(α)
n

(
xq−α; q

)
= Sn(x; q).

Alternative q-Charlier → Stieltjes-Wigert.

The Stieltjes-Wigert polynomials defined by (3.27.1) can be obtained from the alternative q-
Charlier polynomials by setting x → a−1x in the definition (3.22.1) of the alternative q-Charlier
polynomials and then taking the limit a →∞. In fact we have

lim
a→∞

Kn

(x

a
; a; q

)
= (q; q)nSn(x; q).

q-Charlier → Stieltjes-Wigert.

If we set q−x → ax in the definition (3.23.1) of the q-Charlier polynomials and take the limit
a →∞ we obtain the Stieltjes-Wigert polynomials given by (3.27.1) in the following way :

lim
a→∞

Cn(ax; a; q) = (q; q)nSn(x; q).

4.28 Discrete q-Hermite I

Al-Salam-Carlitz I → Discrete q-Hermite I.

The discrete q-Hermite I polynomials defined by (3.28.1) can easily be obtained from the Al-
Salam-Carlitz I polynomials given by (3.24.1) by the substitution a = −1 :

U (−1)
n (x; q) = hn(x; q).

4.29 Discrete q-Hermite II

Al-Salam-Carlitz II → Discrete q-Hermite II.

The discrete q-Hermite II polynomials defined by (3.29.1) follow from the Al-Salam-Carlitz II
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polynomials given by (3.25.1) by the substitution a = −1 in the following way :

i−nV (−1)
n (ix; q) = h̃n(x; q).
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Chapter 5

From basic to classical
hypergeometric orthogonal
polynomials

5.1 Askey-Wilson → Wilson

To find the Wilson polynomials defined by (1.1.1) from the Askey-Wilson polynomials we set
a → qa, b → qb, c → qc, d → qd and eiθ = qix (or θ = ln qx) in the definition (3.1.1) and take the
limit q ↑ 1 :

lim
q↑1

pn( 1
2

(
qix + q−ix

)
; qa, qb, qc, qd|q)

(1− q)3n
= Wn(x2; a, b, c, d). (5.1.1)

5.2 q-Racah → Racah

If we set α → qα, β → qβ , γ → qγ , δ → qδ in the definition (3.2.1) of the q-Racah polynomials
and let q ↑ 1 we easily obtain the Racah polynomials defined by (1.2.1) :

lim
q↑1

Rn(µ(x); qα, qβ , qγ , qδ|q) = Rn(λ(x);α, β, γ, δ), (5.2.1)

where  µ(x) = q−x + qx+γ+δ+1

λ(x) = x(x + γ + δ + 1).

5.3 Continuous dual q-Hahn → Continuous dual Hahn

To find the continuous dual Hahn polynomials defined by (1.3.1) from the continuous dual q-Hahn
polynomials we set a → qa, b → qb, c → qc and eiθ = qix (or θ = ln qx) in the definition (3.3.1)
and take the limit q ↑ 1 :

lim
q↑1

pn( 1
2

(
qix + q−ix

)
; qa, qb, qc|q)

(1− q)2n
= Sn(x2; a, b, c). (5.3.1)

5.4 Continuous q-Hahn → Continuous Hahn

If we set a → qa, b → qb, c → qc, d → qd and e−iθ = qix (or θ = ln q−x) in the definition
(3.4.1) of the continuous q-Hahn polynomials and take the limit q ↑ 1 we find the continuous Hahn
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polynomials given by (1.4.1) in the following way :

lim
q↑1

pn(cos(ln q−x + φ); qa, qb, qc, qd; q)
(1− q)n(q; q)n

= (−2 sinφ)npn(x; a, b, c, d). (5.4.1)

5.5 Big q-Jacobi → Jacobi

If we set c = 0, a = qα and b = qβ in the definition (3.5.1) of the big q-Jacobi polynomials and let
q ↑ 1 we find the Jacobi polynomials given by (1.8.1) :

lim
q↑1

Pn(x; qα, qβ , 0; q) =
P

(α,β)
n (2x− 1)

P
(α,β)
n (1)

. (5.5.1)

If we take c = −qγ for arbitrary real γ instead of c = 0 we find

lim
q↑1

Pn(x; qα, qβ ,−qγ ; q) =
P

(α,β)
n (x)

P
(α,β)
n (1)

. (5.5.2)

5.5.1 Big q-Legendre → Legendre / Spherical

If we set c = 0 in the definition (3.5.13) of the big q-Legendre polynomials and let q ↑ 1 we simply
obtain the Legendre (or spherical) polynomials defined by (1.8.57) :

lim
q↑1

Pn(x; 0; q) = Pn(2x− 1). (5.5.3)

If we take c = −qγ for arbitrary real γ instead of c = 0 we find

lim
q↑1

Pn(x;−qγ ; q) = Pn(x). (5.5.4)

5.6 q-Hahn → Hahn

The Hahn polynomials defined by (1.5.1) simply follow from the q-Hahn polynomials given by
(3.6.1), after setting α → qα and β → qβ , in the following way :

lim
q↑1

Qn(q−x; qα, qβ , N |q) = Qn(x;α, β, N). (5.6.1)

5.7 Dual q-Hahn → Dual Hahn

The dual Hahn polynomials given by (1.6.1) follow from the dual q-Hahn polynomials by simply
taking the limit q ↑ 1 in the definition (3.7.1) of the dual q-Hahn polynomials after applying the
substitution γ → qγ and δ → qδ :

lim
q↑1

Rn(µ(x); qγ , qδ, N |q) = Rn(λ(x); γ, δ, N), (5.7.1)

where  µ(x) = q−x + qx+γ+δ+1

λ(x) = x(x + γ + δ + 1).

5.8 Al-Salam-Chihara → Meixner-Pollaczek

If we set a = qλe−iφ, b = qλeiφ and eiθ = qixeiφ in the definition (3.8.1) of the Al-Salam-Chihara
polynomials and take the limit q ↑ 1 we obtain the Meixner-Pollaczek polynomials given by (1.7.1)
in the following way :

lim
q↑1

Qn

(
cos(ln qx + φ); qλeiφ, qλe−iφ|q

)
(q; q)n

= P (λ)
n (x;φ). (5.8.1)

139



5.9 q-Meixner-Pollaczek → Meixner-Pollaczek

To find the Meixner-Pollaczek polynomials defined by (1.7.1) from the q-Meixner-Pollaczek poly-
nomials we substitute a = qλ and eiθ = q−ix(or θ = ln q−x) in the definition (3.9.1) of the
q-Meixner-Pollaczek polynomials and take the limit q ↑ 1 to find :

lim
q↑1

Pn(cos(ln q−x + φ); qλ|q) = P (λ)
n (x;−φ). (5.9.1)

5.10 Continuous q-Jacobi → Jacobi

If we take the limit q ↑ 1 in the definitions (3.10.1) and (3.10.14) of the continuous q-Jacobi
polynomials we simply find the Jacobi polynomials defined by (1.8.1) :

lim
q↑1

P (α,β)
n (x|q) = P (α,β)

n (x) (5.10.1)

and
lim
q↑1

P (α,β)
n (x; q) = P (α,β)

n (x). (5.10.2)

5.10.1 Continuous q-ultraspherical / Rogers → Gegenbauer / Ultra-
spherical

If we set β = qλ in the definition (3.10.15) of the continuous q-ultraspherical (or Rogers) polyno-
mials and let q tend to one we obtain the Gegenbauer (or ultraspherical) polynomials given by
(1.8.15) :

lim
q↑1

Cn(x; qλ|q) = C(λ)
n (x). (5.10.3)

5.10.2 Continuous q-Legendre → Legendre / Spherical

The Legendre (or spherical) polynomials defined by (1.8.57) easily follow from the continuous
q-Legendre polynomials given by (3.10.32) by taking the limit q ↑ 1 :

lim
q↑1

Pn(x; q) = Pn(x). (5.10.4)

Of course, we also have
lim
q↑1

Pn(x|q) = Pn(x). (5.10.5)

5.11 Big q-Laguerre → Laguerre

The Laguerre polynomials defined by (1.11.1) can be obtained from the big q-Laguerre polynomials
by the substitution a = qα and b = (1 − q)−1qβ in the definition (3.11.1) of the big q-Laguerre
polynomials and the limit q ↑ 1 :

lim
q↑1

Pn(x; qα, (1− q)−1qβ ; q) =
L

(α)
n (x− 1)

L
(α)
n (0)

. (5.11.1)

5.12 Little q-Jacobi → Jacobi / Laguerre

Little q-Jacobi → Jacobi

The Jacobi polynomials defined by (1.8.1) simply follow from the little q-Jacobi polynomials
defined by (3.12.1) in the following way :

lim
q↑1

pn(x; qα, qβ |q) =
P

(α,β)
n (1− 2x)

P
(α,β)
n (1)

. (5.12.1)
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Little q-Jacobi → Laguerre

If we take a = qα, b = −qβ for arbitrary real β and x → 1
2 (1 − q)x in the definition (3.12.1) of

the little q-Jacobi polynomials and then take the limit q ↑ 1 we obtain the Laguerre polynomials
given by (1.11.1) :

lim
q↑1

pn

(
1
2
(1− q)x; qα,−qβ

∣∣∣∣ q) =
L

(α)
n (x)

L
(α)
n (0)

. (5.12.2)

5.12.1 Little q-Legendre → Legendre / Spherical

If we take the limit q ↑ 1 in the definition (3.12.12) of the little q-Legendre polynomials we simply
find the Legendre (or spherical) polynomials given by (1.8.57) :

lim
q↑1

pn(x|q) = Pn(1− 2x). (5.12.3)

5.13 q-Meixner → Meixner

To find the Meixner polynomials defined by (1.9.1) from the q-Meixner polynomials given by
(3.13.1) we set b = qβ−1 and c → (1− c)−1c and let q ↑ 1 :

lim
q↑1

Mn

(
q−x; qβ−1,

c

1− c
; q
)

= Mn(x;β, c). (5.13.1)

5.14 Quantum q-Krawtchouk → Krawtchouk

The Krawtchouk polynomials given by (1.10.1) easily follow from the quantum q-Krawtchouk
polynomials defined by (3.14.1) in the following way :

lim
q↑1

Kqtm
n (q−x; p, N ; q) = Kn(x; p−1, N). (5.14.1)

5.15 q-Krawtchouk → Krawtchouk

If we take the limit q ↑ 1 in the definition (3.15.1) of the q-Krawtchouk polynomials we simply
find the Krawtchouk polynomials given by (1.10.1) in the following way :

lim
q↑1

Kn(q−x; p, N ; q) = Kn

(
x;

1
p + 1

, N

)
. (5.15.1)

5.16 Affine q-Krawtchouk → Krawtchouk

If we let q ↑ 1 in the definition (3.16.1) of the affine q-Krawtchouk polynomials we obtain :

lim
q↑1

KAff
n (q−x; p, N |q) = Kn(x; 1− p, N), (5.16.1)

where Kn(x; 1− p, N) is the Krawtchouk polynomial defined by (1.10.1).

5.17 Dual q-Krawtchouk → Krawtchouk

If we set c = 1− p−1 in the definition (3.17.1) of the dual q-Krawtchouk polynomials and take the
limit q ↑ 1 we simply find the Krawtchouk polynomials given by (1.10.1) :

lim
q↑1

Kn

(
λ(x); 1− 1

p
,N |q

)
= Kn(x; p, N). (5.17.1)
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5.18 Continuous big q-Hermite → Hermite

If we set a = 0 and x → x
√

1
2 (1− q) in the definition (3.18.1) of the continuous big q-Hermite

polynomials and let q tend to one, we obtain the Hermite polynomials given by (1.13.1) in the
following way :

lim
q↑1

Hn

(
x
(

1−q
2

) 1
2 ; 0

∣∣∣ q)(
1−q
2

)n
2

= Hn(x). (5.18.1)

If we take a → a
√

2(1− q) and x → x
√

1
2 (1− q) in the definition (3.18.1) of the continuous

big q-Hermite polynomials and take the limit q ↑ 1 we find the Hermite polynomials defined by
(1.13.1) with shifted argument :

lim
q↑1

Hn

(
x
(

1−q
2

) 1
2 ; a

√
2(1− q)

∣∣∣ q)(
1−q
2

)n
2

= Hn(x− a). (5.18.2)

5.19 Continuous q-Laguerre → Laguerre

If we set x → qx in the definitions (3.19.1) and (3.19.15) of the continuous q-Laguerre polynomials
and take the limit q ↑ 1 we find the Laguerre polynomials defined by (1.11.1). In fact we have :

lim
q↑1

P (α)
n (qx|q) = L(α)

n (2x) (5.19.1)

and
lim
q↑1

P (α)
n (qx; q) = L(α)

n (x). (5.19.2)

5.20 Little q-Laguerre / Wall → Laguerre / Charlier

Little q-Laguerre / Wall → Laguerre

If we set a = qα and x → (1 − q)x in the definition (3.20.1) of the little q-Laguerre (or Wall)
polynomials and let q tend to one, we obtain the Laguerre polynomials given by (1.11.1) :

lim
q↑1

pn((1− q)x; qα|q) =
L

(α)
n (x)

L
(α)
n (0)

. (5.20.1)

Little q-Laguerre / Wall → Charlier

If we set a → (q − 1)a and x → qx in the definition (3.20.1) of the little q-Laguerre (or Wall)
polynomials and take the limit q ↑ 1 we obtain the Charlier polynomials given by (1.12.1) in the
following way :

lim
q↑1

pn(qx; (q − 1)a|q)
(1− q)n

=
Cn(x; a)

an
. (5.20.2)

5.21 q-Laguerre → Laguerre / Charlier

q-Laguerre → Laguerre

If we set x → (1− q)x in the definition (3.21.1) of the q-Laguerre polynomials and take the limit
q ↑ 1 we obtain the Laguerre polynomials given by (1.11.1) :

lim
q↑1

L(α)
n ((1− q)x; q) = L(α)

n (x). (5.21.1)
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q-Laguerre → Charlier

If we set x → −q−x and qα = a−1(q− 1)−1 (or α = −(ln q)−1 ln(q− 1)a) in the definition (3.21.1)
of the q-Laguerre polynomials, multiply by (q; q)n, and take the limit q ↑ 1 we obtain the Charlier
polynomials given by (1.12.1) :

lim
q↑1

(q; q)nL(α)
n (−q−x; q) = Cn(x; a), qα =

1
a(q − 1)

or α = − ln(q − 1)a
ln q

. (5.21.2)

5.22 Alternative q-Charlier → Charlier

If we set x → qx and a → a(1−q) in the definition (3.22.1) of the alternative q-Charlier polynomials
and take the limit q ↑ 1 we find the Charlier polynomials given by (1.12.1) :

lim
q↑1

Kn(qx; a(1− q); q)
(q − 1)n

= anCn(x; a). (5.22.1)

5.23 q-Charlier → Charlier

If we set a → a(1 − q) in the definition (3.23.1) of the q-Charlier polynomials and take the limit
q ↑ 1 we obtain the Charlier polynomials defined by (1.12.1) :

lim
q↑1

Cn(q−x; a(1− q); q) = Cn(x; a). (5.23.1)

5.24 Al-Salam-Carlitz I → Charlier / Hermite

Al-Salam-Carlitz I → Charlier

If we set a → a(q− 1) and x → qx in the definition (3.24.1) of the Al-Salam-Carlitz I polynomials
and take the limit q ↑ 1 after dividing by an(1 − q)n we obtain the Charlier polynomials defined
by (1.12.1) :

lim
q↑1

U
(a(q−1))
n (qx; q)

(1− q)n
= anCn(x; a). (5.24.1)

Al-Salam-Carlitz I → Hermite

If we set x → x
√

1− q2 and a → a
√

1− q2− 1 in the definition (3.24.1) of the Al-Salam-Carlitz I
polynomials, divide by (1− q2)

n
2 , and let q tend to one we obtain the Hermite polynomials given

by (1.13.1) with shifted argument. In fact we have

lim
q↑1

U
(a
√

1−q2−1)
n (x

√
1− q2; q)

(1− q2)
n
2

=
Hn(x− a)

2n
. (5.24.2)

5.25 Al-Salam-Carlitz II → Charlier / Hermite

Al-Salam-Carlitz II → Charlier

If we set a → a(1−q) and x → q−x in the definition (3.25.1) of the Al-Salam-Carlitz II polynomials
and taking the limit q ↑ 1 we find

lim
q↑1

V
(a(1−q))
n (q−x; q)

(q − 1)n
= anCn(x; a). (5.25.1)
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Al-Salam-Carlitz II → Hermite

If we set x → x
√

1− q2 and a → a
√

1− q2 +1 in the definition (3.25.1) of the Al-Salam-Carlitz II
polynomials, divide by (1− q2)

n
2 , and let q tend to one we obtain the Hermite polynomials given

by (1.13.1) with shifted argument. In fact we have

lim
q↑1

V
(a
√

1−q2+1)
n (x

√
1− q2; q)

(1− q2)
n
2

=
Hn(x− 2)

2n
. (5.25.2)

5.26 Continuous q-Hermite → Hermite

The Hermite polynomials defined by (1.13.1) can be obtained from the continuous q-Hermite

polynomials given by (3.26.1) by setting x → x
√

1
2 (1− q). In fact we have

lim
q↑1

Hn

(
x
(

1−q
2

) 1
2
∣∣∣ q)(

1−q
2

)n
2

= Hn(x). (5.26.1)

5.27 Stieltjes-Wigert → Hermite

The Hermite polynomials defined by (1.13.1) can be obtained from the Stieltjes-Wigert polynomials
given by (3.27.1) by setting x → q−1x

√
2(1− q) + 1 and taking the limit q ↑ 1 in the following

way :

lim
q↑1

(q; q)nSn(q−1x
√

2(1− q) + 1; q)(
1−q
2

)n
2

= (−1)nHn(x). (5.27.1)

5.28 Discrete q-Hermite I → Hermite

The Hermite polynomials defined by (1.13.1) can be found from the discrete q-Hermite I polyno-
mials given by (3.28.1) in the following way :

lim
q↑1

hn

(
x
√

1− q2; q
)

(1− q2)
n
2

=
Hn(x)

2n
. (5.28.1)

5.29 Discrete q-Hermite II → Hermite

The Hermite polynomials defined by (1.13.1) can also be found from the discrete q-Hermite II
polynomials given by (3.29.1) in a similar way :

lim
q↑1

h̃n

(
x
√

1− q2; q
)

(1− q2)
n
2

=
Hn(x)

2n
. (5.29.1)
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[55] R. Askey & M.E.H. Ismail : Recurrence relations, continued fractions and orthogonal
polynomials. Memoirs of the American Mathematical Society 300, Providence, Rhode Island,
1984.

[56] R. Askey, M.E.H. Ismail & T. Koornwinder : Weighted permutation problems and
Laguerre polynomials. Journal of Combinatorial Theory A 25, 1978, 277-287.

[57] R. Askey, T.H. Koornwinder & M. Rahman : An integral of products of ultraspherical
functions and a q-extension. Journal of the London Mathematical Society (2) 33, 1986,
133-148.

[58] R.A. Askey, M. Rahman & S.K. Suslov : On a general q-Fourier transformation with
nonsymmetric kernels. Journal of Computational and Applied Mathematics 68, 1996, 25-55.

[59] R. Askey & S.K. Suslov : The q-harmonic oscillator and an analogue of the Charlier
polynomials. Journal of Physics A. Mathematical and General 26, 1993, L693-L698.

[60] R. Askey & S.K. Suslov : The q-harmonic oscillator and the Al-Salam and Carlitz
polynomials. Letters in Mathematical Physics 29, 1993, 123-132.

[61] R. Askey & S. Wainger : A convolution structure for Jacobi series. American Journal of
Mathematics 91, 1969, 463-485.

[62] R. Askey & J. Wilson : A set of orthogonal polynomials that generalize the Racah coef-
ficients or 6− j symbols. SIAM Journal on Mathematical Analysis 10, 1979, 1008-1016.

[63] R. Askey & J. Wilson : A set of hypergeometric orthogonal polynomials. SIAM Journal
on Mathematical Analysis 13, 1982, 651-655.

[64] R. Askey & J.A. Wilson : Some basic hypergeometric orthogonal polynomials that gener-
alize Jacobi polynomials. Memoirs of the American Mathematical Society 319, Providence,
Rhode Island, 1985.

[65] N.M. Atakishiyev : On the Fourier-Gauss transforms of some q-exponential and q-
trigonometric functions. Journal of Physics A. Mathematical and General 29, 1996, 7177-
7181.

[66] N.M. Atakishiyev & P. Feinsilver : On the coherent states for the q-Hermite polyno-
mials and related Fourier transformation. Journal of Physics A. Mathematical and General
29, 1996, 1659-1664.

[67] N.M. Atakishiyev, M. Rahman & S.K. Suslov : On classical orthogonal polynomials.
Constructive Approximation 11, 1995, 181-226.

[68] N.M. Atakishiyev & S.K. Suslov : The Hahn and Meixner polynomials of an imaginary
argument and some of their applications. Journal of Physics A. Mathematical and General
18, 1985, 1583-1596.

[69] N.M. Atakishiyev & S.K. Suslov : Continuous orthogonality property for some classical
polynomials of a discrete variable. Revista Mexicana de Fisica 34, 1988, 541-563.

[70] N.M. Atakishiyev & S.K. Suslov : On the Askey-Wilson polynomials. Constructive
Approximation 8, 1992, 363-369.

[71] M.K. Atakishiyeva & N.M. Atakishiyev : q-Laguerre and Wall polynomials are related
by the Fourier-Gauss transform. Journal of Physics A. Mathematical and General 30, 1997,
L429-L432.

148



[72] M.K. Atakishiyeva & N.M. Atakishiyev : Fourier-Gauss transforms of the continuous
big q-Hermite polynomials. Journal of Physics A. Mathematical and General 30, 1997, L559-
L565.

[73] M.K. Atakishiyeva & N.M. Atakishiyev : Fourier-Gauss transforms of the Al-Salam-
Chihara polynomials. Journal of Physics A. Mathematical and General 30, 1997, L655-L661.

[74] R. Azor, J. Gillis & J.D. Victor : Combinatorial applications of Hermite polynomials.
SIAM Journal on Mathematical Analysis 13, 1982, 879-890.

[75] W.N. Bailey : The generating function of Jacobi polynomials. Journal of the London
Mathematical Society 13, 1938, 8-12.

[76] E. Badertscher & T.H. Koornwinder : Continuous Hahn polynomials of differential
operator argument and analysis on Riemannian symmetric spaces of constant curvature.
Canadian Journal of Mathematics 44, 1992, 750-773.

[77] W.W. Barrett : An alternative approach to Laguerre polynomial identities in combina-
torics. Canadian Journal of Mathematics 31, 1979, 312-319.

[78] H. Bavinck : On the zeros of certain linear combinations of Chebyshev polynomials. Journal
of Computational and Applied Mathematics 65, 1995, 19-26.

[79] H. Bavinck : A new result for Laguerre polynomials. Journal of Physics A. Mathematical
and General 29, 1996, L277-L279.

[80] H. Bavinck & H. van Haeringen : Difference equations for generalized Meixner polyno-
mials. Journal of Mathematical Analysis and Applications 184, 1994, 453-463.

[81] H. Bavinck & R. Koekoek : On a difference equation for generalizations of Charlier
polynomials. Journal of Approximation Theory 81, 1995, 195-206.

[82] C. Berg : Integrals involving Gegenbauer and Hermite polynomials on the imaginary axis.
Aequationes Mathematicae 40, 1990, 83-88.

[83] C. Berg & M.E.H. Ismail : q-Hermite polynomials and classical orthogonal polynomials.
Canadian Journal of Mathematics 48, 1996, 43-63.

[84] C. Berg & G. Valent : Nevanlinna extremal measures for some orthogonal polynomials
related to birth and death processes. Journal of Computational and Applied Mathematics
57, 1995, 29-43.

[85] B.R. Bhonsle : On a series of Rainville involving Legendre polynomials. Proceedings of
the American Mathematical Society 8, 1957, 10-14.

[86] G.G. Bilodeau : Gegenbauer polynomials and fractional derivatives. The American Math-
ematical Monthly 71, 1964, 1026-1028.

[87] G.G. Bilodeau : On the summability of series of Hermite polynomials. Journal of Mathe-
matical Analysis and Applications 8, 1964, 406-422.

[88] B. Bojanov & G. Nikolov : Duffin and Schaeffer type inequality for ultraspherical poly-
nomials. Journal of Approximation Theory 84, 1996, 129-138.

[89] F. Brafman : Generating functions of Jacobi and related polynomials. Proceedings of the
American Mathematical Society 2, 1951, 942-949.

[90] F. Brafman : An ultraspherical generating function. Pacific Journal of Mathematics 7,
1957, 1319-1323.

149



[91] F. Brafman : Some generating functions for Laguerre and Hermite polynomials. Canadian
Journal of Mathematics 9, 1957, 180-187.

[92] W.C. Brenke : On generating functions of polynomial systems. The American Mathemat-
ical Monthly 52, 1945, 297-301.

[93] D.M. Bressoud : A simple proof of Mehler’s formula for q-Hermite polynomials. Indiana
University Mathematics Journal 29, 1980, 577-580.

[94] D.M. Bressoud : Linearization and related formulas for q-ultraspherical polynomials.
SIAM Journal on Mathematical Analysis 12, 1981, 161-168.

[95] J.W. Brown : New generating functions for classical polynomials. Proceedings of the Amer-
ican Mathematical Society 21, 1969, 263-268.

[96] B.M. Brown, W.D. Evans & M.E.H. Ismail : The Askey-Wilson polynomials and q-
Sturm-Liouville problems. Mathematical Proceedings of the Cambridge Philosophical Society
119, 1996, 1-16.

[97] B.M. Brown & M.E.H. Ismail : A right inverse of the Askey-Wilson operator. Proceed-
ings of the American Mathematical Society 123, 1995, 2071-2079.

[98] J. Bustoz & M.E.H. Ismail : The associated ultraspherical polynomials and their q-
analogues. Canadian Journal of Mathematics 34, 1982, 718-736.

[99] J. Bustoz & M.E.H. Ismail : Turán inequalities for ultraspherical and continuous q-
ultraspherical polynomials. SIAM Journal on Mathematical Analysis 14, 1983, 807-818.

[100] J. Bustoz & M.E.H. Ismail : A positive trigonometric sum. SIAM Journal on Mathe-
matical Analysis 20, 1989, 176-181.

[101] J. Bustoz & M.E.H. Ismail : Turán inequalities for symmetric orthogonal polynomials.
International Journal of Mathematics and Mathematical Sciences 20, 1997, 1-7.

[102] J. Bustoz & N. Savage : Inequalities for ultraspherical and Laguerre polynomials. SIAM
Journal on Mathematical Analysis 10, 1979, 902-912.

[103] J. Bustoz & N. Savage : Inequalities for ultraspherical and Laguerre polynomials II.
SIAM Journal on Mathematical Analysis 11, 1980, 876-884.

[104] C. Campigotto, Yu.F. Smirnov & S.G. Enikeev : q-Analogue of the Krawtchouk and
Meixner orthogonal polynomials. Journal of Computational and Applied Mathematics 57,
1995, 87-97.

[105] L. Carlitz : Some arithmetic properties of the Legendre polynomials. Proceedings of the
Cambridge Philosophical Society 53, 1957, 265-268.

[106] L. Carlitz : A note on the Laguerre polynomials. The Michigan Mathematical Journal 7,
1960, 219-223.

[107] L. Carlitz : On the product of two Laguerre polynomials. Journal of the London Mathe-
matical Society 36, 1961, 399-402.

[108] L. Carlitz : Some generating functions of Weisner. Duke Mathematical Journal 28, 1961,
523-529.

[109] L. Carlitz : A characterization of the Laguerre polynomials. Monatshefte für Mathematik
66, 1962, 389-392.

[110] L. Carlitz : The generating function for the Jacobi polynomial. Rendiconti del Seminario
Matematico della Università di Padova 38, 1967, 86-88.
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[203] F.A. Grünbaum & L. Haine : The q-version of a theorem of Bochner. Journal of Com-
putational and Applied Mathematics 68, 1996, 103-114.
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[208] W. Hahn : Über Orthogonalpolynome, die q-Differenzengleichungen genügen. Mathematis-
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